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First-order formulation

Evolution equations in €2 x ]0,T[:

E J oB
oL _ ccurlB=-" =4 curlE=0. (1)
ot €0 ot
Constraint equations:
dvE= 2, divB=0 inQx]0,T[;(2)
€0

Exn=0, B-n=0 onl x]0,T[. (3)

Initial conditions
E(O) = Eo, B(O) = BO in €2,

To be consistent:

0

divE, =29 4ivBy=0 in o
€0

Eqg xn =0, Bog:n=0 on I.

Charge conservation equation:

divJ—I—%zO in €2 x]0,T].

(4)

(5)
(6)

(7)



Semi-group approach

Evolution operator associated to (1):

- 0 —c curl
A= < c curl 0 ) '

Pivot space: L2(Q) x L2(Q) [Finite energy.]
Domain: D(A) = Hp(curl; 2) x H(curl; ©2)
dense in pivot space.

A is closed and skew-self-adjoint:
= generates semi-group. [Stone’s thm]

Theorem 1 IfJ € ¢! (O,T; LQ(Q)> then (1,4)
has a unique solution

(E,B) e ¢°(0,T;Hp(curl; Q) x H(curl; Q))
n ¢t (o,T; L2(Q) x L2(Q))
If (5-6) and (7) hold, with o € coéo,T; L2(Q)),
then the constraints (2—3) hold Vt and:
(E,B) e (0, T;X xY)
with: X := Hg(curl; 2) N H(div; ),
Y := H(curl; 2) N Hp(div; 2).
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Second-order formulation

— Used in numerical methods
— Allows to almost decouple E and B

Electric field equations:

°E,

6—2 + 2 curlcurl E = —i in Q2 x10,T[; (8)
ot €0

E(0) = Eo, in €; (9)
OE J(O

—(0) = ?curl By — ©) in ; (10)
ot €0

dvE =2 in Q x10,TY, (11)

€0
Exn=0 on I x 10, T]. (12)

+ consistency conditions
-+ charge conservation



Variational approach (a /a Lions) for the
second-order electric field equations

Pivot space: L?(); “Energy” space: Hp(curl; 2)

Theorem 2 IfJ € H! (O,T; LQ(Q)> then
(8—10) has a unique solution

E € c%(0,T; Hy(curl; Q2)) nct (o,T; LQ(Q)) .

If consistency and conservation conditions hold,
then (11) holds vVt and

0€C?(0,T;L7(22)) = Eec?(0,T;X).



Second-order formulation, Magnetic field

0°B 1
— — c2curlcurl B = — curlJ
ot €0

in Q2 x10,7T[; (13)

oB :

B(0) = B, E(O) = —curlEq in €2; (14)
divB =0 in Q x10,T], (15)
B-n=0 on Tl x]0,T7J. (16)

(coccurlB—J)xn=0o0onT x]0,T[. (17)

-+ consistency conditions



Magnetic field equations: Variational theory

Pivot space: L2(X); “Energy” space: H(curl; Q)

Theorem 3 IfJ € L? (0,T; H(curl: 2)) then
(13—14) has a unique solution

B e (0,T;H(curl; Q)) nct (o,T; LQ(Q)) .

If consistency conditions hold, then (15-17)
hold Vt and B € ¢ (0,T:;Y).

Metaphysical Question:
Requirement J € H(curl; ©2) unphysical.

Pragmatic Answer:

— Reasoning: Couple second-order formulation
for E with first-order for B

— Numerical computations with two second-
order formulations work well.



A Pretty Commonplace

If €2 has . then
X and Y C
hence
E, BccO (o,T; ) nct (o,T; HO(Q)) .
The results of Thms 1, 2, 3 are on the

scale C% (0,T; H%(S2)).

In presence of non-convex singularities:

the subspaces
=XnN , =Y N :
are within the natural spaces.

We introduce the splittings

X :
Y :

@Xs, E(t) )
@Ys, B(t) )

+ Eg(1);(18)
+ Bg(t).(19)



A Pretty Commonplace, Cont'd

Theorem 4 As the projection onto closed sub-
spaces is smooth, there holds:

(Er,Eg) € €% (0,T; X Xg),
(Br,Eg) € (0, T; XYg).

Result of Thm 4 : of the
structure of singular subspaces. oOrthogonality, etc.
Generally not optimal : does not exploit it.

When this structure is better known,
can be proven.

Example: in the case of dimension reduction.
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‘Plane’ Cartesian Geometry

z

€2 invariant by translation along z;
w polygon with boundary ~.

y

Es

y5
j v Plane (x,y) transversal
o -
T
Y
W
wa |\ 52 (® e, longitudina vector
y2
Eq
Eg v, y
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Invariance by Translation and Operators

The transversal and longitudinal components
of the field u are defined as:

u | /= Ug € _I_ Uy ey, UH /= Uz €.

In the (x,y) plane we define the operators

divy = Ovg n avy’ oty — Ovy 8?)9[;,
ox oy x Oy
of of
curl f := ——e; — ——ey.
oy ox

If u is invariant by translation (9,u = 0):

divgpu=divu, curlzpu = curlu; + (rotu)) e,.
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Dimension Reduction in Plane Geometry

(i) Transverse electric (TE) mode:

oE
L2 curl B, = —J—L
ot €0
0B,
rotE, =0
ot T =
E,; (0) =Eq,, B:(0) = B,
divE, = 2
€0
EJ_ - T =
do
divJ — =0
Lt
Consistency:
0(0)

divEg, =

€0

in wx ]0,T[, (20)

in wx]0,T[, (21)
in w, (22)
in wx]0,T[, (23)
on v x ]0,T[, (24)
in wx]0,T[. (25)

in w, EOJ_-'T:OOH’)/.
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Dimension Reduction in Plane Geometry

(cont'd)

(ii) Transverse magnetic (TM) mode:

% +curlE, =0

OBz _ 2 rotB| = _Jz

€0

B, (0) =Bg,, Ez(0) = Ep,
divB, =0

EZ:O) B_]_'I/:O

Consistency:

in wx10,T[, (26)

in wx 10,7, (27)
in w, (28)
in wx10,T[, (29)
on v x ]0,T[.(30)

divBg, =0 inw, Fg, =Bg| -v =0 on ~.

Both modes can be rewritten as almost decou-
pled vector and scalar wave equations.

14



Basic Results for Plane Geometry

Here: X := Hp(rot;w) N H(div;w),
Y := H(rot;w) NHp(div;w).

[Infinite length = energy only locally finite]

With these modifications, Thms 1, 2, 3 say:

B, € ¢°(0,T;X)nct (0,7 L3 (w)) ; (31)
c ¢ (O,T; )mcl (o,T; Lf(w)); (32)
B, € c°(0,T;Y)nct (O,T;LQ(w)>; (33)
c ¢ (O,T; )mcl (o,T; LQ(w)). (34)
[+ means zero average.]

z-components are in space.

= Focus on transversal components.
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Decomposition of Transversal Components
w.r.t. Regularity

Xg and Yg are finite-dimensional:
dim X g = dim Y g = # reentrant corners in w.

N¢ .
E, (t) + 3 kP xL,  (35)
1=1

N¢ |
+ Y kP yh,  (36)
1=1

B, (1)

Space regularity controlled by the xg*:
x’fg* e H*% ¢(w), hence E | (t) € H¥min™¢(w).

This regularity is optimal.

Costabel—-Dauge, Assous—Ciarlet,. . .

Time regularity controlled by and the xP.
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Hodge Decomposition of Transversal Comp’'ts

Independently of (35), we split E | (¢) as:

E|(t) = —grad V(t) 4+ curl W (). (37)
V, W unique provided chosen resp. within
d = {¢ € Hi(w) 1 A¢ € LQ(w)},
Vo= {¢ € Hy(w) : Ay € L?(w), O], = o},

‘natural’ spaces of potentials.

By Thms 1 and 2:

v e ¢%0,T;v)ncl(o,T; H}(w)), (38)
w e %0, T;v)ncl(o,T; H: (v)). (39)
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Decomposition of Potentials w.r.t. Regularity

The subspaces of potentials
=>dN : = WVnN ,

are and
V() = + > k{ (1) ¢,  (40)
W(t) = + S 8O vh,.  (41)

We can choose the singular bases s.t.:

—grad gbfg* ~+ curl wg* = 2 ng* + 2

—grad qbfg* — curl zpfg* = 2w, €
The decompositions (35), (40), (41) are linked:
RE) = w (O + @, (42)
= curl — grad + > K,?(t)
+ (=7 @) = £V (D)) (43)

Time reg'ty controlled by V., kY, k.



Equations Satisfied by the Potentials

V solution of elliptic equation
—AV(t) =—>inw, V(t)=0 on~.
W solution of hyperbolic equation

OZW — AW = 8,f in wx]0,T[, (44)
oW =0on ~vx]0,TJ, (45)
W(O) = Wo, 8tW|t:O = W1 in w. (46)

where 0:f, Wy, W7 are defined by:
curl f(t) = —J  (t) + dygrad V (1),
curl Wo = Eg; + grad V(0), Wy = ¢°Bg, + f(0).

W regular enough (39) to be strong solution
to (44—-46) if the latter exists.

Condition:
o f € L1 (0,T; H'(w)) < J e Whi (0, T;L2(w)).
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Space-Time Regularity for the Electric Field

Theorem 5 Assume that the sources satisfy:

o € cO-1—amax—e (O,T; Lz(w)) , Ve >0, (47)

J, e wbl (o,T; L2(w)). (48)
Then the following results hold Ve, € > 0:
ki € COlmemae (o, T;R), (49)

E, € cOl-amax—e (o,T;Hamin—e’(w)). (50)

e Ellipticity 4+ smoothness of projections for V

(563) = V ecOl-emax—¢ (g T; )
c co,l—amax—e (07 T’ )
=
kY e cYlramax—e (0, T; R)
e VW as solution to the scalar wave problem

44—-46) satisfies [Grisvard 92]
( )

- Coal—amax—é (O,T; H1+amax+5(w)> :
k) e ¢Olmamax—¢ (g T R)

e Then (49,50) follow from decomp’'n (42—43).
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Space-Time Regularity for the Electric and
Magnetic Fields (end)

Theorem 6 Under the hypotheses of Thm 5,

.o
e coname (o) (o1
Similarly, if J, € L1 (O,T; ) then:
N
B e cOlmome (o, T (). (52)

Indeed, the z-components satisfy (32,34):
e c®(o,T; )nct(o,7; HO(w)),
hence by interpolation:

e Coal—amax—é (O,T; Hamax+€(w)) .

Remark:
requirement J, € still unphysical,
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Axisymmetric Geometry

z

€2 invariant by rotation around z;
w polygon with boundary v = v4 U 7.

Plane (r,z) meridian

2 v
T

E 3 Y b

wa 3 V3
w E ,
wa Y,
(o) e, azimuthal vector

Tr/Bl E
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Nice Features of the Axisymmetric Geometry

Another Situation =
similar to plane geometry.
(i) ...but often !

(ii) dimension 6 finite = energy finite.
u axisymmetric iff dgpu, 9 , = 0.

Subspaces of axisymmetric fields denoted:
L2(Q), X, H(Q),...
characterised as weighted Sobolev spaces in w.
For axisymmetric fields, the 3D curl and div

operators the meridian and azimuthal
components

Um = Ur €er + Uz ez7 110 — ’U;H eg.
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Nice Features of the Axisymmetric Geometry
(cont'd)

dim YS
dim XS

Sharp vertex: angle greater than

# reentrant circular edges in 2.
id. + # sharp vertices in 2.

m/Bx ~ 130°43" s.t. Py, (cosm/Byx) = 0.

For the +-th sharp vertex define v; as the unique

v €]0,1/2[ s.t. P,(cosw/B;) = 0.

Explicit expressions known for singular bases
[Assous, Ciarlet, L. 02]

XZS*7 yZS*7 ¢1S*7 ¢:L9*

Singular exponents:

Type Primal Dual
edge Q; —Q;
vertex V; —1 —vy;
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Space-Time Regularity for the Electric and
Magnetic Fields (Axisymmetric Case)

space regularity:
X Cc Hmin=¢(Q), Y C H*mMin~¢(Q),

where
Omin \ . __ min Q; (reentrant edges),
omax "\ max v; + 1/2 (sharp vertices) '
Theorem 7 Under the hypotheses
o € (COl—omax—e (o,T; EQ(Q)) . Ve >0, (53)

Im € WH(0,T;T2()), (54)
the following results hold Ve, € > 0:

E € cOlmomax=¢ (o, T; Homin=¢ (). (55)

Similarly, if Jg € L (0, T; ), then:

B ¢ cOt-emax=¢ (o, T; Hmin=¢ () .
(56)
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Conclusion

e ‘Basic’ results, completed with space
decomposition, are sufficient for numerical
appications.

e [ wo-dimensional results are finer:
may provide some

e But they depend crucially on dimension 2:
— Finite dimension of singular spaces
— Simplified Hodge decomposition

— Precise results of Grisvard (92).

Now,
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