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Outline

+ Solving Transmission time-harmonic Maxwell problem
U Well-posedness
U Regularity in weighted Sobole v Spaces

+ Anisotr opic estimates for edge elements
U Local estimate on the interpolation operator

U Global estimates - cutoff functions

+ Conclusions

References: Vector elements: Duran (et al.) '99,'00, Nicaise (et al.) '01

Laplace problem: Apel (et al.) '92-'02, Duran '98-'99, Formaggia-Perotto '02

Anisotr opic edge elements — p.2/1%



Solving time-harmonic Maxwell equations

Notations:

P partition: = [+ j Jg_j (n; outer normal ),
=[j@;n@

; . I R piecewise constant functions on P

u: ! C3 Electric eld, uj = u;

[pJu:=n; u+n ujon j,[nJu:=1_[npl

(M ;" )
curl Leurlu 12"u=f
0
=0
=0 @
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Variational Formulation

Natural functional space:
Ho(curl ;) = fu2L?() :cullu2L?) uge n= 0g
Variational formulation:

Findu 2 Ho(curl ;) sit.8v 2 Ho(eurl ;)

(M
Yeurl u curl v 12"y v = f v:

Theorem: There exists a sequence f! i9j o diverging to innity such
that: forall ! Zf!;g; o,(M; ) admits aunique solution U .
Proof : Material dependent Hodg e decomposition:
Ho(curl ;) = Xn 71 H3()
XN = fu2 Ho(ur ;) "u rp=0;8p2H) g

Main property: X n | L?() compact. The use of the decomposition for both trial and

test functions produce two independent elliptic problems.
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Regularity results (based on

0
Ve () Ve E and C denote the set of edges and cor-

ners and V.); V.°; Ve(c) denote neighborhoods
of (open) edges, corner s and edge-corner.

Nomenc lature: re(X) = dist(x ;€)
re(x) = dist(x ;c)
L™P () =fu2P() 8] )] m =( -; 3):
8e2 E r. %re TV 7l@u2 LP(Ve(C))
re "1 2l@u2 LP(VY)

8c2C .1 l@u2 P(VY)g:
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Regularity results (based on

0
Ve () Ve E and C denote the set of edges and cor-

ners and V.); V.°; Ve(c) denote neighborhoods
of (open) edges, corner s and edge-corner.

Nomenc lature: re(X) = dist(x ;€)
re(x) = dist(x ;c)
L™P () = fu2 LP() :8j ) m ( 2; 3):
8e2 E r. %re TV 7l@u2 LP(Ve(C))
re "1 2l@u2 LP(VY)

8c2C .1 l@u2 P(VY)g:

g2 Hg() st. q2Cr () )
9 >0:9g2L™() ,p2[2;:3[;8m.
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Regularity results - contin ued

Space for vector elds:
L™P () = fu2t™ () 3:8jj m = ( »:
8e2 E r.t" 2re 1 Y1 2l@ug 2 LP(Ve(C))
re i@ us 2 LP(V)g
Theorem Let f 2 C1 () ,and u the solution of (M= ). There exists
> Q:foranym and p2 [2;3[,u2 L™ () ,curlu2 L™ ()

and
U= U, + us+rq wth us 2 L™ () ;curl us2 L™ ()

g2 L")
ur 2 W™ () :curl uy 2 WMP ()
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Regularity results - contin ued

Space for vector elds:
L™P () = fu2t™ () 3:8jj m = ( »:
8e2 E r.t" 2re 1 Y1 2l@ug 2 LP(Ve(C))
re i@ us 2 LP(V)g
Theorem Let f 2 C1 () ,and u the solution of (M= ). There exists
> Q:foranym and p2 [2;3[,u2 L™ () ,curlu2 L™ ()

and
U= U, + us+rq wth us 2 L™ () ;curl us2 L™ ()

a2 " P()
ur 2 W™P () :curl uy 2 WM™P ()
Embedding ) regularity in standar d Sobole v scale

u2 H¥=? () culu2 H¥™ ()
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Galerkin approximation

Th family of triangulations for h = maxgor, diamfK g.

Xy family of nite dimensional spaces: fXhwgn o Ho(curl ;)
satisfying the discrete compactness property

Galerkin problem:

Finduh 2 X s.t.8vh 2 Xy

(2) R . -
curl u, curl vp ! “"up Vvph = f vh:

Theorem : ! not eigenvalue for (1), 9h? : 8h < h?,(2) admits a
unique solution up and

ku uhkx.virzn‘x ku vpkx:
h h

+ Choose Edge elements approximation to ensure convergence
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Edge element approximation

Let T, be made of parallelepipeds and/or tetrahedra. X generated by
K= k(K)=Fc&+ck K 2Th
Nk = Qk 1kk  Qrk 1k Qkkxk 1
Nk=Px 1 Pk 1 X
a(R) = FKTu( K X)
Suitab le choice for the degrees of freedom ;

Optimality of Galerkin ensures that:

ku upkx . h'¥ fkukyi-2 () + keurl ukyi-2 () Q.
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Edge element approximation

Let T, be made of parallelepipeds and/or tetrahedra. X generated by
K= k(K)=Fc&+ck K 2Th
Nk = Qk 1kk  Qrk 1k Qkkxk 1
Nk=Px 1 Pk 1 X
a(R) = FKTu( K X)
Suitab le choice for the degrees of freedom ;

Optimality of Galerkin ensures that:

ku upkx . h'¥ fkukyi-2 () + keurl ukyi-2 () Q.

+ Approximation is limited by the r st singularity exponent.

+ Analysis of the optimal rearranging for degrees of freedom to exploit
regularity in weighted Sobolev scale. If X $ Ny :

ku Uhkx -k
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Anisotropic mesh re nement

Edge singularity ) anisotr opic elements in Ve0 and Ve(C) .
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Anisotropic mesh re nement

Edge singularity ) anisotr opic elements in Ve0 and Ve(C) .

Let K be the reference tetrahedr on/cube . Elements in the mesh are
generated by K = ¢ (K).
Assumption on the transf ormation K -
Let Hx = diagfd;;d,;d3g and K = H K . Then
KX= HkBk&=BxHkZX
with kB k K ; kB g k uniformly bounded from above and below.

Call ,‘f and " the local interpolation operator s on K and K

respectivel y. They verify:

J=D g ; « = T7ITu

Which can be rewritten as: B "H K LAH B :
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Anisotropic mesh re nement - LP estimate

" diagonal (cubes). Then: HKlAHK = " and from
kN " Kieey - K@ K p ey, we get
K' ﬁ Kok - Pj j=kk(JT@ UK ek y:
Recalling nowthat ¢ = Hx Bk ,JT = BE H k , whic h implies:
K’ 0Kk - ij:kkHK@'kLp(K)
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Anisotropic mesh re nement - LP estimate

" diagonal (cubes). Then: HKlAHK = " and from
kN " Kpey - K@ 'Ky, we get:
K' ﬁ Kok - Pj j=kk(JT@ UK ek y:
Recalling nowthat ¢ = Hx Bk ,JT = BE H k , whic h implies:
K’ h ' Keeqiy - ij:kkHK@'kLp(K)

™ not diagonal (tetrahedr on) ) it mixes components. f " g = "

HKlAHK — d—j_’\ij .
|

Call K = Hg K . then on K we have:
k' | kLp(K)' i LP(K)

P3 d;

n Kok - [ =1 —-—d—m kH @' kLp(K)
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Anisotropic estimate - L" estimate for the curl

Commuting diagram property: curl &' = R curl '
where R [ is the Raviart-Thomas interpolant in H (div ; K ).
Vector transf ormation for Rr'f

(RK') «=@RJI ) «
but , R is always diagonal on diver gence free vector elds.

For both tetrahedra and parallelepiqus, we get:
keurl * curl " Kieky . o KH @ curl ' Kiok)
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Anisotropic estimate - L" estimate for the curl
Commuting diagram property: curl &' = R curl '
where R [ is the Raviart-Thomas interpolant in H (div ; K ).
Vector transf ormation for Rr'f
(RK') «=@RJI ) «
but , R is always diagonal on diver gence free vector elds.

For both tetrahedra and parallelepiqus, we get:
keurl * curl " Kieky . o KH @ curl ' Kiok)

Summary:
P P d,
1 K 3 1
k h Kiek) - j j=k j=1 an ikHK@ jkLp(K)
i

P
keurl * curl ' Kieky - ok KH @ curl ' Kiok)

-
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Anisotropic mesh re nement - contin ued

0O

Suppose that Ty is split in interior ,

¢ VP, &' VP, o(c) " Ve(c).

Nomenc lature: re(X) = dist(x ;€); r.(x) = dist(x ;c) X 2
L o, set of elements having a vertex in C;
L, set of elements K 2 T,, suchthat K\ @ 6 ::

ek = MiNyok Fe(X) 5 ek = MINyok Ie(X) K6 Li:
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Anisotropic mesh re nement - contin ued

Suppose that Ty, is split in  © ' interior,

¢ VY, el Vo, e(0) ' Ve(c).
Nomenc lature: re(X) = dist(x ;€); r.(x) = dist(x ;c) X 2
L o, set of elements having a vertex in C;
L, set of elements K 2 T,, suchthat K\ @ 6 ::
fek = MINyok re(X) ; TFexk = MiNyog Fe(X) K 6 Lig:
Assumption on the mesh sizes (on Hg ):
K cnNLy d, = = d, ' hré;K =k ds
e(c) NnLy = = d» '
e\ L1 =
e(C) \ L1 =
2 Lo =

K
K
K
K
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Anisotropic mesh re nement - contin ued

Interpolation estimates + mesh re nement strategy: 8K 2 Ty nlLq:

K’ n ki - hfj@ JLPk (k)

k curl ' curl ,‘f KLo(k) - h*j@ curl * J| Pk (K )

Sketch of the proof.
Let us look at K 2 ¢(c) nL1; with k = 1 (to x ideas) b—

P P
k' hKip(k) - o1 2 KHK @' jkipky * o g di @' skip(k)

r2(1 (20 )
Last term . hk—S— @'3 3t rere @' 3Kip(ky and ‘;1— r2re
re e
recalling the de nition of L™P | we end the proof 2 .

The same technique can not be applied to K 2 L1 :::

+ Approximation by zero by means of cut-off functions.
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Last element approximation

We have to proof that there exists a cut-off function p :
h OonlL; and h lonThonLy[ Lo

k hl kLmip () . k' kLmip ()
k(@ n)" kpme (y . K kLm;pl() ] 1= L

Use of the cut-off function.
u=fu + pus+r g+ f(1 ustr (I r)gg= us+ u;
Use as best t: h(uq),

ku Unkx . infvhth ku vhkx . Kkuj h(ul)kX + kuoky

+ Choice for the size of the last element (=) implies ku,kx . hk:

+ Stability of the cut-off function and interpolation estimate implies:
kU1 h(ul)kX . hkkUkLkz .k
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Conclusions

+ We have proven algebraic convergence for edge elements of any
order for a suitab le family of meshes
Fully tensor product re ned meshes belong to the family
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Conclusions

We have proven algebraic convergence for edge elements of any
order for a suitab le family of meshes

Fully tensor product re ned meshes belong to the family

This opens the way towards hp  adaptive edge elements
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Conclusions

We have proven algebraic convergence for edge elements of any
order for a suitab le family of meshes
Fully tensor product re ned meshes belong to the family

This opens the way towards hp  adaptive edge elements

The same reasoning can in principle be applied to obtain algebraic
convergence for Galerkin B.E.M. in electr omagnetic scattering.

Thanks for your attention
http://www.imati.cnr.it/ annalisa
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