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1. Introduction

Hilbert space frames provide a crucial theoretical underpinning for compression, storage and transmission of signals be-
cause they provide robust and stable representation of vectors. They also have applications in mathematics and engineering
in a wide variety of areas including sampling theory [1], operator theory [17], harmonic analysis [15], nonlinear sparse
approximation [9], pseudo-differential operators [16], and quantum computing [10].

In many situations it is useful to think of a signal as being a vector x in a Hilbert space and being represented as a
(finite or infinite) sequence ({x;, x));°;, where (x;) is a frame, i.e. a sequence in H which satisfies for some 0 <a <b,

a\|x||2<Z|(x,-,x)}2<b||x||2, whenever x € H. (1)

Since the sequence (x;) does not have to be (and usually is not) a basis for H, the representation of an x € H as the sequence
({xi,x))72, includes some redundancy, which, for example, can be used to correct errors in transmissions [13]. Using a
Hilbert space as the underlying space has, inter alia, the advantage of an easy reconstruction formula. Nevertheless, there
are circumstances which make it necessary to leave the confines of a Hilbert space, and generalize frames to the category
of Banach spaces. One such instance occurs when we wish to replace the frame coefficients by quantized coefficients, i.e. by
integer multiples of a given § > 0.

An example of such a situation is described by Daubechies and DeVore in [6]: Let f € Ly(—o00, 00) be a band-limited

function, to wit, the support of the Fourier transform f‘ is contained in [—£2, £2] for some £2 > 0. For simplicity we assume
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that 2 = . Now we can think ofjAr as an element of Ly[—m, 7], write f on [—m, 7] as a series in e~™, n e Z, and apply
the inversion formula for the Fourier transform. This leads to the sampling formula
sin(xwr —ni)

fo=) fm————, xeR.

X7t —niw
nez

This series converges ‘badly.’ In particular it is not absolutely convergent in general. Therefore we consider some A > 1 and
think of the space Ly[—7, 7] as being embedded (in the natural way) into Ly[—Am, A7r]. The family of functions (e ~™/*),cz
forms an orthogonal basis for Ly[—Am,Am], and it can be viewed as a frame for the ‘smaller’ space Ly[—m, ] (see Sec-
tion 2). We write f(§) =27 A(€) - f(£), where p: R — [0,1/v/27] is Coo, Pli_rr.n] = 1/v/27, and p|(_so1n)Uiar.00) = 0.
Now we can express f on [—A7w, Ar] as a series in (e~™/*) and apply the inverse transform once again. This leads to the
expansion

f® =%Zf(%>p<?<— ;) xR,

nez

which not only converges faster, but is also absolutely unconditionally convergent, since p is C, and, thus, o and all its
derivatives are in L1 (R).

Now assume that || f|l;,, <1 (note that bandlimited functions are bounded in L). It was shown in [6] that the ¥ — A-
quantization algorithm can be used to find a sequence (qn)nez C {—1, 1} for which

1 n 1.,
‘f(X) - Xanp(X— X)' < Xllp ll,, forxeR.

nez

This means that our approximation does not hold in L, (and it need not for the applications at hand) but it does hold in
the Banach space Lo, (in fact in C(R)).

We consider therefore a signal to be an arbitrary vector x in a Banach space X and ask if there is a dictionary (e;),
e.g. some sequence (e;) whose span is dense in X, so that x can be approximated in norm, up to some € > 0, by a linear
combination of the e;'s using only coefficients from a discrete alphabet, i.e. the integer multiples of some given §. The case
that (e;) is a non-redundant system, for example a basis, or, more generally, a total fundamental minimal system, was treated
in [8]. It was shown there, for example, that if (e;) is a semi-normalized fundamental and total minimal system which has
the property that for some ¢, > 0 every vector of the form x =", _p aje;, with E C N finite, can be e-approximated by a
vector X =) ;i 8kie;, with (k;) C Z, then (e;) must have a subsequence which is either equivalent to unit-vector basis of cg,
or to the summing basis for cg. Conversely, every separable Banach space X containing cyp admits such a total fundamental
minimal system.

In this work we will concentrate on redundant dictionaries. Our model for redundant dictionaries will be frames in
Banach spaces. In Section 2 we shall recall their definition and make some elementary observations. Before we tackle
the problem of coefficient quantization with respect to frames, we first have to ask ourselves what exactly we mean by
a meaningful coefficient quantization. In Section 3 we recall the notion Net Quantization Property (NQP) as introduced for
fundamental systems in [8]. We shall then present several examples of systems which formally satisfy the NQP, but on the
other hand clearly do not accomplish the goals of quantization, namely data compression and easy reconstruction. These
examples will lead us to a notion of quantization which is more restrictive, and more meaningful, in the case of redundant
systems.

In Section 4 we ask under which circumstances one can approximate a vector in a Banach space X by a vector with
quantized coefficients which are bounded in some associated sequence space Z with a basis (z;) (see Definition 4.1). If (z;)
has nontrivial lower estimates this is only possible if one reconciles with the fact that the length of the frame increases
exponentially with the dimension of the underlying space. We shall show this type of quantization cannot happen if (z;)
satisfies nontrivial lower and upper estimates. The proof of these facts utilizes volume arguments and must therefore be
formulated first in the finite dimensional case. An infinite dimensional argument proves directly that the associated space Z
with a semi-normalized basis (z;) cannot be reflexive. In particular, there is no semi-normalized frame (x;) for an infinite
dimensional Hilbert space so that for some choice of 0 <¢,5 <1 and C > 1, every x € H, ||x|| =1, can be g-approximated
by a vector X =Y 8kix;, with (k;) C Z and ) §%k? < C.

In Section 5 we consider conditions under which an n-dimensional space admits, for given ¢,8 > 0 and C > 1, a finite
frame (xi)f’:l, so that every element in the zonotope {Zf’:] aix;: |aj] <1} can be g-approximated by some element from
{ZINZ] Skixi: ki € Z, |ki] < C/8}. Using results from convex geometry we shall show that this is only possible for spaces
X with trivial cotype. Among others, we provide an answer to a question raised in [8] and prove that £; does not have a
semi-normalized basis with the NQP.

In the final section we will state some open problems.

All Banach spaces are considered to be spaces over the real field R. Sx and By, denote the unit sphere and the unit ball
of a Banach space X, respectively. For a set S we denote by coo(S), or simply cgo, if S =N, the set of all families x = (&)scs
with finite support, supp(x) = {s € S: &s # 0}. The unit vector basis of cqg, as well as the unit vector basis of £;, 1 < p < o0,
and cg is denoted by (e;).
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A Schauder basis, or simply a basis, of a Banach space X is a sequence (x,), which has the property that every x can be
uniquely written as a norm converging series x = > _ a;x;. It follows then from the Uniform Boundedness Principle that the
coordinate functionals (x}), x; : X — R, ) _a;x; — a, are bounded (cf. [11]) and the projections Py, with

n
Pp:X— X, x:Za,—xiHZaixi, forneN
i=1

are continuous and uniformly bounded in the operator norm. We call C = sup,cy || Prll the basis constant of (x;) and K =
SuPo<msn IIPn — Pmll (Po = 0) the projection constant of (x;). Note that C < K < 2C. We call (xp) monotone if C =1 and
bimonotone if also K = 1. A basis (x,) is called unconditional if for any x € X the unique representation x = Y _ apx, converges
unconditionally. This is equivalent (cf. [11]) to the property that for all (a;) € cgo

Ky :sup{HZiaixi : HZaixiH :1} < 0.

If X is a finite dimensional space we can represent it isometrically as (R", | - ||) where | - || is a norm function on R",
With this representation we consider the Lebesgue measure of a measurable set A C R" and denote it by Vol(A). Of course
Vol(A) depends on the representation of X. Nevertheless, if we only consider certain ratios of volumes this is not the
case. Therefore, the quotient Vol(A)/Vol(B) is well defined even in abstract finite dimensional spaces without any specific
representation.

2. Frames in Hilbert spaces and Banach spaces

In this section we give a short review of the concept of frames in Banach spaces, and make some preparatory observa-
tions. Let us start with the well known notion of Hilbert space frames.

Definition 2.1. Let H be a (finite or infinite dimensional) Hilbert space. A sequence (xj)jey in H, J=Nor J=({1,2,...,N},
for some N € N, is called a frame of H or Hilbert frame for H if there are 0 <a < b < oo so that

allx| <" |(x.x;)|> <blx|> for all x € H. )
jeN

For a frame (x;)jcy of H we consider the operator

O:H— 60, x> ((xx)
its adjoint
O*: (M) > H,  Ejar Y X
jel
and their product
I=0%0@:H—>H, x> ) (XXX
jel
Since
2
allx|> <) [ ix.x))] =<x,Z<x,xj>x,~>:<x,1<x>)<b||x||2,
jeN jeN

I is a positive and invertible operator with aldy <1 <bldy and thus,

x=1"Tol() =Y (x.x)I"(x)), or

jeN
x=Iol ') =Y (I (. x)x; =D (x. 7 x))x;.
jeN jeN

For an introduction to the theory of Hilbert space frames we refer the reader to [2] and [4]. We follow [17] and [5] for
the generalization of frames to Banach spaces.

Definition 2.2 (Schauder frame). Let X be a (finite or infinite dimensional) separable Banach space. A sequence (xj, f)jeJ,
with (xj)jey C X, (fj)jeg C X*,and J=Nor J={1,2,...,N}, for some N €N, is called a (Schauder) frame of X if for every
xeX

x=ij(x)xj. 3)

jel
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In case that J =N, we mean that the series in (3) converges in norm, i.e. that x = limp_ oo Z’}:l fi0x;.

An unconditional frame of X is a frame (x;, fi)icy for X for which the convergence in (3) is unconditional.
We call a frame (x;, f;) bounded if

sup [lxill <oo and sup | fill < oo,
1 1

and semi-normalized if (x;) and (f;) are semi-normalized, ie. if O <infj||x;|| <sup;|lxi| <oco and 0 < infj| fi|| <
sup; || fill < oo.

In the following remark we make some easy observations.
Remark 2.3. Let (;, fi)icy be a frame of X.

(a) If inficn %]l > 0, then fi ““> 0 as i — oo.
(b) Using the Uniform Boundedness Principle we deduce that

> fitoxi

1=m

K = sup sup

xeBx m<n

< Q.

This implies that if infjcy [|Xi]| > O then (f;) is bounded and if infjcyy || fi|| > O then (x;) is bounded.
We call K the projection constant of (x;, fi). The projection constant for finite frames is defined accordingly.
(c) For all f € X* and x € X it follows that

fo= f( Zf;»(x)m) =) fiof(x)= lim ( Zf(xi)fi)oo,
i=1 i=1

i=1

and, thus,

f=w*=>"fexfi.

i=1

Moreover, for m < n in N it follows that

Y o fenfi| = sup D Fefi0| <IUfI sup | 3 fitxoxi| < KIS, 4)
i=m X€BX | j=m XE€BX | i=m

and
Y o fenfi| = sup D feofio| = sup f(Zfi(X)Xi)- (5)
i=m XE€BX | j=m Xebx i=m

(d) If (x4, fi) is an unconditional frame it follows from the Uniform Boundedness Principle that

Ky = sup sup HZG,-f,—(x)xi H < 00.
xeBx (o7)C{£1}

We call K, the unconditional constant of (x;, fi).
The following proposition is a slight variation of [5, Theorem 2.6].

Proposition 2.4. Let X be a separable Banach space and let (x;)icy C X and (fi)iey C X*, withJ=NorJ={1,2,..., N} for some
NeN.

(a) (i, fi)iey is a Schauder frame of X if and only if there is a Banach space Z with a Schauder basis (z;)icy and corresponding coor-
dinate functionals (z{), an isomorphic embedding T : X — Z and a bounded linear surjectivemap S : Z — X,sothat S o T =Idx
(i.e. X is isomorphic to a complemented subspace of Z), and S(z;) = x;, fori € J, and T*(z}") = f;, for i € J, with x; # 0.
Moreover S and T can be chosen so that ||S|| =1 and ||T|| < K, where K is the projection constant of (x;, fi), and (z;) can be
chosen to be a bimonotone basis with ||z;|| = ||x;|| if i € J, with x; # 0.

(b) (xi, fi)iey is an unconditional frame of X if and only if there is a Banach space Z with an unconditional basis (z;) and correspond-
ing coordinate functionals (z{"), an isomorphic embedding T : X — Z and a surjection S : Z — X, so that So T =Idx, S(z;) = x;,
foriel, and T*(zf) = fi fori € J, with x; # 0.
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Proof. (a) Part “=.” Assume that (x;, fi)icy is a frame of X and let K be the projection constant of (x;, fi)icy. We put
J={iel x # 0}, denote the unit vector basis of coo(J) by (zi) and define on cgo(J) the following norm || - ||z:

| Zan PO

ie] ieln{m,m+1,...n}
It follows easily that (z;) is a bimonotone basic sequence and, thus, a basis of the completion of coo(J) with respect to | - ||z,
which we denote by Z.
The map

S:Z—- X, ZaijHZanj,

is linear and bounded with ||S|| = 1. Secondly, define

T:X—>2Z,  x=) fioxi=) fixi— ) fiz.

ie] ie] ie]

1/2

+ ( > a,?) for (a;) CR. (6)
X A ~
ieJ\J

= max
7 m<n

Remark 2.3 (b) yields for x € X
H > fikzi
ie]

and, thus, that T is linear and bounded with ||T|| < K. Clearly it follows that S o T =Idx, which implies that T is an
isomorphic embedding and that S is a surjection. Finally, if (z]) are the coordinate functionals of (z;) we deduce for x € X
and i € J that

= sup
V4 m<n

= sup

fi(0)xi fi)x;
<
X m<n

ieJn{m,m+1,...n} ieJN{m,m+1,...n}

< K,
X

fix) if x; #0,

T =) = | 1 TH 70
1— Y

which finishes the proof of “ =.”

In order to show the converse in (a), assume that Z is a space with a basis (z;);cy and that S:Z — X is a bounded
linear surjection, and T : X — Z an isomorphic embedding, with S o T =Idx. Put x; = S(z;) and f; = T*(z}), for i € J. Then
for x € X,

X=SoT(X) = s(z zj‘(T(x))z,-) =Y T*Z)®S@) =Y fitxi,

which implies that (x;, fi)icy is a frame of X.
For the proof of (b) we replace (6) by

1/2
Za,-zi ZO,‘G,‘X;‘ + ( Z a,2> (7)
ie] X

ie] ie\J

= max
7 (GnCiEy
and note that arguments similar to those in the proof of (a) yield (b). O

Definition 2.5. Let (x;, fi) be a frame of a Banach space X and let Z be a space with a basis (z;) and corresponding
coordinate functionals (z§). We call (Z, (z;)) an associated space to (x;, f;) or a sequence space associated to (x;, f;) and (z;) an
associated basis, if

S:Z—> X, ZaiziHZa,-xi and T:X— Z, X=Zf,-(x)xi|—>2fi(x)z,-

X #0

are bounded operators. We call S the associated reconstruction operator and T the associated decomposition operator or analysis
operator.
In this case, following [14] we call the triple ((x;), (fi), Z) an atomic decomposition of X.

Remark 2.6. By Proposition 2.4 the property of Banach space X to admit a frame is equivalent to the property of X being
isomorphic to a complemented subspace of a space Z with basis. It was shown independently by Pelczynski [26] and
Johnson, Rosenthal and Zippin [19] (see also [3, Theorem 3.13]) that the latter property is equivalent to X having the
Bounded Approximation Property. X is said to have the Bounded Approximation Property if there is a A > 1, so that for every
& > 0 and every compact set K C X there is a finite rank operator T : X — X with ||T|| < X so that ||T(x) — x|| < &€ whenever
xeK.
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Remark 2.7. Let (xj);cy be a Hilbert frame of a Hilbert space H and let @ and I be defined as in the paragraph following
Definition 2.1. We choose Z to be ¢3(J), S = ©®* and

T=0ol'tH—>t x> (IM.x)ej=> (17" x))e;
jel jel
and observe that So T =1Idp, and for j €] it follows that S(e;) = ®*(e;) = xj, and

T*(ej)(x):(x,l_l(xj)) (xeH) and, thus T*(ej) ="' (x;).

Thus, if (x;) is a Hilbert frame, then ((x;), (I"1(x;)) is a Schauder frame for which Z = ¢,(J) together with its unit vector
basis is an associated space.

Conversely, let (x;, fi) be a Schauder frame of a Hilbert space H and assume that Z = ¢, (J) with its unit vector basis is
an associated space. Denote by T : H — £,(J) and S : ¢3(J) — H the associated decomposition, respectively reconstruction
operator. Then it follows that for all x € H

Y02 = Y (Sen. X = (er. S* ) = [ s* 0.

Thus, since S* is an isomorphic embedding of H into ¢, it follows that (x;) is a Hilbert frame.
In the following observation we show that we can always expand a frame by a bounded linear operator.

Proposition 2.8. Let (x;, fi) be a frame of a Banach space X and let Z be a space with a basis (z;) which is associated to (x;, f;).
Furthermore assume that Y is another space with a basis (y;) and let V : Y — X be linear and bounded.
Let Zt = Z @ Y (ie. the product space Z x Y with the norm defined by ||(z, y)|lco = max(||z|l, |yI), forze Z and y € Y) and
define (z;)) C Z, (%) C X and (f;) C X* by
5 { (Zij2, Aij2Yij2)s 4 {Xi/z +Xij2V(¥ij2) ifi even,
(Za+1)/2, —Ai+1)/2Y (+1)/2) Xi+1)2 — Mi+1)2V (Yi+1)2)  ifiodd,
7 1 fip2 if i even,
i= .
1 favny2 ifiodd,
Nzl

where A; = ||zj|l/1ly;ll, for j € N (for example zy = z1 — \‘I‘yﬂl‘\ yiand zy =z1 + Tl y1). Then (i, f,-) is a frame of X, (z;) is a basis

for Z and (Z, (%)) is an associated space for (%;, fl

Proof. Let T: X — Z and S : Z — X be the associated decomposition and reconstruction operator, respectively. Note that
the operators

S:Z0Y—>X, @Y S@+V(QY and T:X—>Z&Y, x> (T(x),0)

are bounded and linear and that S o T =Idyx and S(Z;) = &;, for i € N. It is easy to verify that (Z;) is a basis of Z for which
its coordinate functionals (Zz}) are given by (denote the coordinate functionals of (y;) by (¥}))

s { %(Z?/z’ %[.}’T/z) if i even,
i~ )1 1. % e
7(2?1'_'_1)/2, _)L_iy<i+])/2) if i odd.
It follows for x € X that
s 7 fip(x)/2 if i even, .
Fehw=gdm =1 =T,
fi+12(x)/2 if i odd

which yields T*(i;“) = fi, for i € N. Thus, the claim follows from Proposition 2.4. O

3. Three examples

In [8] the following notion of quantization was introduced and studied for non-redundant systems.

Definition 3.1. Let (x;)icy be a fundamental system for X, with J =N or J = ({1,2,...,N}, for some N € N
(i.e. span(x;: ieJ)=X) and let ¢ > 0 and § > 0 be given. We say that (x;)icy has the (e, §)-Net Quantization Property
(abbr. (g, 8)-NQP) if for any x = "; . aix; € X, E C J is finite, there exists a sequence (k;) C Z, supp(k;) = {i € N: k; #£0} is
finite, such that

Hx—Zkiéxi <e. (8)

We say that (x;) has the NQP if (x;) has the (&, §)-NQP for some ¢ > 0 and § > 0.
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When we ask whether or not in a certain representation of vectors the coefficients can be replaced by quantized coeffi-
cients, we are often interested in memorizing data as economically as possible, and reconstructing them with as little error
as possible. With this in mind, we will exhibit in this section three examples, all of which satisfy the conditions (NQP) if
we extend this notion word for word to frames. However, they show that it is not always meaningful to apply these notion
to redundant systems like frames. These examples will then also guide us to more appropriate quantization concepts for
frames in the next sections.

The first example (Example 3.2) is a tight Hilbert frame (f;) in S¢, (i.e. a =b) consisting of normalized vectors so that
for every x € ¢, there is a sequence (kj) C Z so that ||x — > ;ykifill < 1. But these coefficients (k;) might get arbitrarily
large for elements in By,. This means that we would need an infinite alphabet to approximate vectors which are in By,.

The second example (Example 3.3) is a semi-normalized Hilbert frame (f;) in £, which has the property that for every
x € £y there is a sequence (k;) C Z, so that |x — ) ;.ykifill <1 and (k;) has the additional property that maxen |ki| <1,
if x € By,.

The third example (Example 3.4) is a Schauder frame (f;) of ¢, which has the property that for every x € £, there is a
sequence (k;j) C Z, so that not only max;en |ki| < ||| and [|x — > ;cn ki fill <1, but so that also the support of (k;), i.e. the
set {i € N: k; # 0} is uniformly bounded.

However, in order to approximate even the vectors of a given finite dimensional subspace in Examples 3.3 and 3.4, we
need to use an overproportional number of elements of the frame. More precisely, in both examples the number of frame
elements we would need to approximate the elements of a finite dimensional subspace is not linear with respect to the
dimension.

Finally note that in all three cases we used the fact that a vector can be represented in more than one way by the
elements of the frame, unlike in the situation of bases.

Example 3.2. Let 0 < ¢; < 1/2. For i € N define the following vectors f;_1 and fp; in Sg,.

/ 2 / 2
fric1=+/1—¢€7ez1+e¢iex and fri=—¢giezi-1+4/1—¢fe.

Clearly (f;) is an orthonormal basis for ¢, and we let F = {e;: i € NJU{fj: i € N}. Then F is a tight frame (as is any finite
union of orthonormal bases) and the sequence (z;) with

zoic1 =e3i—1 — faic1 = (1— /1 —¢€?)eai_1 — giei,
ZZi:eZi_fZi:‘Eeri—l —‘,—(1 —‘/1 —8i2)€2i, fOriEN.

is an orthogonal basis and ||zpi—1| = ||z2il| = O (&;). Thus, if (&;) converges fast enough to 0 it follows that for any x € ¢;
there is a family (k;) C Z, with |supp(k;)| < oo, so that

Hx— Zkili H = HX— Zki(ei - f

Example 3.3. Our second example is a semi-normalized Hilbert frame (x;) in ¢ so that

<1.

[o¢]
D= { Zkixii ki € {—1,0,1} and {i: k; #0} is ﬁnite}

i=1
is dense in By,. .
Put (¢;)7°, = (1/2') and partition the unit vector basis (e;) of £ into infinitely many subsequences of infinite length, say

(e(i, j): i, j € N). Then our frame (fy) is defined to be the sequence:

fi=cier+e(l, 1), fa=e(,1),

fa=ciea+e(1,2), fa=e(1,2), fs=ce1+eR,1), fe=e2,1),

fr=cies+e(1,3), fs=e(,3), fo=caez2+e(2,2),

flo=e2,2), fun=cse1+eB,1), fiz=eB3,1),

fa=cres+e(1,4), fis=e(1,4), ..., foo=cee1+e@,1), fan=e@41),

Note that the set of vectors x € By, of the form

x= Y e, peiej= Y (s, (ciej+el, j)) — (i, ed, )

i,jeN i,jeN
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where (e(i, j)) C {—1,0, 1} so that the set {i, j € N: &(i, j) # 0} is finite, are dense in By,. This implies that every x € By, is
the limit of vectors (x,;) with

(xn) C {Zeifi: () C{—=1,0,1}, {ieN: g #0} is ﬁnite}.

The sequence (fy) is a frame. Indeed for any x = > x;e; € £, we have

Z(fi,x)2= Z (fi,x) 2+ Z (fi, %) ZX + Z CiXj + e(l s X))

i even i odd i,jeN
> X112,
gZx +Z2c +2€(l ])x (3—0—22 )||x||2.
i,jeN

Example 3.4. We construct a Schauder frame (x;, f;) of £» so that (x;) is dense in By,.
Let (yn) be dense in By, and choose for each n e N

Xon-1=Yn+en, X =Yn, fon1=en and  fo = —ey.
Clearly, for every x € £,
x=Y (ei.x)ei =Y ({fan-1.X)%an_1+ (fan. X)Xn)
(the above sum is conditionally converging). It follows that ((x), (f)) is a Schauder frame of ¢,. It is clear that (x,) is not

a Hilbert frame.

4. Quantization with Z-bounded coefficients

One way one might avoid examples like the ones mentioned in Section 3 is to impose boundedness conditions on the
quantized coefficients within an associated space Z.

Definition 4.1. Assume (x;, fi)icj, J=N or J={1,2,..., N}, for some N €N, is a frame of a Banach space X. Let Z be a
space with basis (z;) which is associated to (x;, fi)icy. Let £,§ >0, C > 1.

We say that (x;, fi) satisfies the (¢, §, C)-Net Quantization Property with respect to (Z, (z;)) or (g, 8, C)-Z-NQP, if for all x € X
there exists a sequence (k;)ijcy C Z with finite support so that

| S,

We say that (x;, f;) satisfies the NQP with respect to (Z, (z;)) if it satisfies the (e, 8, C)-Z-NQP for some choice of €, >0
and C > 1.

Cllx| and Hx—ZSkixi

. <s. (9)

It is easy to see that the property (&, §, C)-NQP with respect to some associated space is homogeneous in (g, §), meaning
that a frame (x;, fi) is (¢, 8, C)-NQP if and only if for some A > 0 (or for all 1) (x;, fj) satisfies the (Ae, A8, C)-NQP. The
following result, analogous to [8, Theorem 2.4], shows that it is enough to verify that one can quantize the coefficients of
elements x which are in Bx to deduce the NQP.

Proposition 4.2. Assume that (x;) and (z;) are some sequences in Banach spaces X and Z, respectively, and assume that there are
Cop < 00,80 >0and0 < qo < 1, so that for all x € Bx there is a sequence (k;) C Z, (k;) € coo with

” 230ki2i <Cp and HX — Zﬁokixi

Then there are 81 > 0, and C1 < oo only depending on &g, qo and Cq so that for all x € X there is a sequence (k;) C Z, (ki) € coo, with

< qo. (10)

HZslk,»zi < Cy|lxlland Hx—Z&kfxi <1 )
Proof. Choose n; € N and ¢; so that
ni+1
m Go=¢q1 <1 (12)

and put §; = 8o /n1.
We first claim that for any 0 < & < 87 and any x € Bx there is a sequence (k;) € ZN N ¢y so that

” Zk,‘(SZi

< 2Cpand Hx — Z(Skfxi

<q1. (13)
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Indeed, let § < &1 and x € Bx and choose n >nq in N so that 2% <8 < 70 and (k;) C Z so that

0
HZki&)zi <Co and HmX—Zki(SOXi <qo
and, thus, since n > nq,
sn+1
HZki(n—H)ézi HZk S0z ,H +D n+l. oe,
and
s(n+1)

Hx - Zk,ﬁ(n + 1)x;

8o 5
S| ——=x— kidox; <qo— 1) <qp.
H FEETL > kidoxi qOSO('H_ )< q1

By induction on n € N we show that for any § < q'1"181 and any x € By there is a (k;) C Z, (k;) € cgo, SO that

n—1
HZkiézi <2C()Z:q"1 and ”x—Zk,-(Sxi
i=0

For n =1 this is just (13). Assume our claim to be true for n and let § < 814 and x € Bx. By our induction hypothesis, we
can find (k;) C Z, (ki) € cgo, so that (14) holds. Since q{"(x — Y kidx;) € Bx and since Sql_” < 81, we can use our first claim
and choose (IE,~) € ZN N cyp so that

HZI}iqul‘"z,' <2Co and ”ql_” (x — Zk,ﬁx,-) — Z&q]_”f(,'x,- H <q1,

<qf. (14)

and, thus,
n—1
HZ(ki +ki)dzi| < 2Co ZCI'l +2Coq?,
i=0
and
Hx - Z(Sk Xi — ZSklxl <qi,

which finishes the induction step.
Now define C; =2Co Y 2 q] and let x € X be arbitrary.

If ||Ix|| > 1 (this is the only case left to consider) we choose n € N with g < H}<_\I < q'}_l and, by (14) we can choose
(ki) € ZN Ncgg so that

sz. 6_12.
T
which yields

HZI(,‘S]ZI‘

In the following result we consider a finite frame (x;, fl +, of a finite dimensional Banach space X, and exploit the fact
that, if (x;, fz) ; has the (e, § C)-NQP with respect to some space Z having a basis (Zl), 1» then the value

n
S

n—1
ZCOZq§<C1 and ‘
i=0

X kidq
X ko
I1x] 2 x|

<Ciarlxl and |x— Y kidixi|

<qjlIxI<1. O

1 = Vol(Bx)/Vol(¢Bx)

must be smaller then the cardinality of the set
Fe,0 i) = {Zn;éxj: HZ“]’BZ]’H < C}.

Proposition 4.3. Assume f : N — R, f(1) =1, is strictly increasing to co, C > 1,and 0 < 8, & < 1.
Let (x;, fl) 1 be a frame of a Banach space X with n := dim(X) < oo and let Z be an N-dimensional space, N € N, with a nor-

malized basis (z,)l 1» which is associated to (x;, f,-)l’.": 1-Let S : Z — X be the reconstruction operator, and denote by K the projection
constant of (z;). Assume (#A denotes the cardinality of a set A C N)

Fs,0)(xi) is e-dense in Bx, and (15)

> nizj|.

jeA

f@E#A) < whenever A C {1,2,...,N}and (nj)jea C Z\ {0}. (16)
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Then
In(1 2KC
1nN>M—ln ———+1). (17)
f7HC/8) 3
Moreover, assume that g : N — R is strictly increasing and satisfies
n)lnn
fim £Inn_ o (18)
n—oo n

and let X, Z, K, (x;, f,)l » (zl), 1» and S be as above satisfying (15), (16) and, moreover,

Z:I:Zj s

jeA

g(#A) > sup whenever A C {1, 2, ..., N}, (19)

Then it follows that dim(X) < ng, where ng depends only on K, C,||S|, &, 8, f and g and is increasing in K, C,||S]||.
Before providing a proof let us explain Proposition 4.3 in more detail.

Remark 4.4. Condition (16) means that we are in a certain sense “far” away from the space ¢, (in which quantization
can be achieved trivially). Condition (19) implies that the associated basis is “far” from the £1-basis (which also be used to
quantize, as Proposition 4.7 shows). To be more concrete, we consider the following situation.

Assume, for example, that (z;) has an £, lower bound, for some 1< p < o0, i.e. that there is a D1 < oo so that

N 1/p N
(ZI%") <Di| Y iz
i=1

i=1
This means that condition (16) holds if we let f(m)=m!/?/D;. Also assume for simplicity that K =1.

Proposition 4.3 now implies that if X is a finite dimensional Banach space X admitting a frame of length N whose
associated space is Z and which satisfies the quantization condition (15) for some C > 1, ¢ and § > 0 then N is at least an
exponential function of the dimension of X.

If we, moreover, require that (z;) has also an upper £4-estimate, for some 1 < g, i.e. if for some D>

N N 1/q
Zaizi <Dy ( Z |ai|q> for (a)) CR,
i=1

i=1
then the second part of Proposition 4.3 yields that the dimension of X has to be bounded by a constant only depending on
P, q, D1 Dy, C, € and 6.

for (a;) C R.

Proof of Proposition 4.3. First note that, if A C {1,2,...,N} and (nj)jea CZ\ {0} with C > || Z]eA njézjllz > 6 f(#A), then

#A < f~1(C/8) and Inj| < KC/8 for j e A. Thus, (15) and the volume argument, mentioned before the statement of our
proposition, yields

<HF, (x')<< N ><2KC+1>”1(C/‘S”<[N<21<c+])]f1<C/a>
SHEFOD S| 110 ) < : |

which, after taking In(-) on both sides, implies (17).
Now assume that also (19) is satisfied. Let (e;, ef)!_, be an Auerbach basis of X, i.e. |le;|| = |lef|| =1 and e} (e;) = 8. j).
Such a basis always exists (cf. [11, Theorem 5.6]). Choose 0 < 1 < oo so that €(1+1/n) <1 and define for i =1,2,...,n,
Ai= {j €{1,2,...,N}: ef(xj) > €_1nI<Cf_1(C/6)n}.
Then it follows for the right choice of oj = £1, j € A;, that

Z:I:Zj

jeAi

1
> msupH Zj:xj

jeAi

#A;e
||5|| '(XA: ) nlISIKCF=1(C/8)n

g(#A;) =
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and thus
#A; SIKCf~1(C/s
i gnll IKCf~( /)n. (20)
g(#A)) £

Put A=<, Ai- If (nj)j<n CZ is such that Z?’:l onjx; € Fs,c)(xj), then

- " e#{j: nj #£0} ¢
> enxi|< > <Z]ei(x]‘)|)rjngah>]<8|nj<m<7

jeAc jeAc,nj0 \ i=1 n

where the second inequality follows from the definition of the A;’s and the observation at the beginning of the proof, and
the last inequality follows from the fact that

F@: ny#£0) <[ Yoniz| < css. (21)

This implies together with (15) that the set
N
ZTIJ'SZ]' < C}
Jj=1
ise(1+ %)—dense in Bx. Hence, our usual argument comparing volumes and (21) yields

f71c/s) LF=1cys))
#qu(c/a)<21<c +1) S ( #A ) <2KC +1> S 1 ‘
8 LfF1(C/8)) 8 en(1+1/n)"

Taking In(-) on both sides and letting r(¢) =In(¢)g(¢)/¢ for £ € N, and since ¢(1+ 1/n) <1 we conclude by (20) that

! -1 2KC

4KC

< flcys) <1nn + maxIn(#A;) + ln<—>>
i<n k)

=fc/m(1 san( A ) 1(4“))
- (/)<“"+‘?§3‘r( ”(g(#Ai) M
-1
< f‘l(C/8)<1nn+nr(#A10)—n”S”KC£ €/ +1n(_4I;C))

where ig <n is chosen so that #A;, is maximal. By our assumption on g we can find an £g € N so that

1
e(1+1/n)

.7‘1(5,(*) = Hanaxj: (nj) C Z,
jeA

1
nISIKCFH(C/8)re) < 3 ln( ), whenever £ > £g.

If #A;, <{o then

1 = 2KC
nln<m)<f (C/(S)|:lnn+ln£0+ln(T+l)i|,

which implies that n is bounded by a number which only depends on ¢, §, C, f, g and K. If #A;, > £o, then it follows that

n 1 » 4KC

which implies our claim also in that case. O

We shall formulate a corollary of Proposition 4.3 for the infinite dimensional situation. We need first to introduce some
notation and make some observations.

Let (x;, fi)ien be a frame of X. Furthermore assume that X has the m,-property, which means that there is a sequence
P = (Py) of finite rank projections, whose norms are uniformly bounded, and which approximate the identity, i.e.

x= rllirglo Pn(x), in norm for all x € X. (22)

For example, if X has a basis (e;) we could choose for n € N the projection onto the first n coordinates, i.e.

n
P, X— X, ZaieiHZa,—ei.
i=1
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It is easy to see that (P, (x;), filp,(x)) is a frame of the space Xn = Pr(X). Moreover, condition (22) and a straightforward
compactness argument shows that for any n € N and any <1 <1 there is an M, = M(r,n) so that it follows that

N
Z fir X) Pp(xi)
i=1

It follows that the operators (Qp), with

< (1 —=r)|xll, whenever x € X;, and N > M,,. (23)

Mp My
Qn:Xn— Xn, X Y (PECS) X)Pa(x) =D _(fi, X) Pu(xi),
i=1 i=1
are uniformly bounded (||Qn|l < 2, for n € N), invertible and their inverses are uniformly bounded (||Q, <1 forneN).

For x € X, we write
My
x=Q; ' Q) =Y (Pr(f), X)(Q; " o Pn)(xi)
i=1
and deduce therefore that

(™, g™ = ((Qr " o Pa)(xi), PECFD) I

is a finite frame of X;,.
Let Z be a space with basis (z;) which is associated to the frame (x;, f;). It follows easily that the operators (S;;) and (T;)

Sn:Zn=lzi1 i < Mp] = Xp, ZD—)ZGZ,HZG, 1o Pp)(x0),

n Mn
To:Xo—Zn,  x=)_ fi)(Qy" o Pa)(x) = Y fiX)zi
i i=1

™ gi(m),-gMn while T, and S, are the associated

are uniformly bounded, and thus Z, is an associated space for the frame (y;
decomposition and reconstruction operators, respectively.

Finally assume that the frame (x;, f;) satisfies the (g, 8, C)-NQP with respect to Z. Again by compactness and using
Proposition 4.2 we can choose M, = M(r,n) large enough so that it also satisfies the following:

For all n € N and all x € X, there is a sequence (ki)l{\f1 C Z so that

Mp Mp
Zk,-zﬁz,- X— Zﬁkix,'
i=1 i=1

After changing € > 0 and § proportionally, if necessary, and since r > % we can assume that g = % + sup, || Py

For n in N and x € By, we can therefore choose (k,-) Y CZ so that || Z 8kizi|| < C and

< C|x|l and <e. (24)

&
”F < 1.

My

Qu(Xx) = Y 8kiPn(xi)

i=1

x—Zék n_ oPn (x;)

<los'l

M,
X— Y 8kiPa(x))

i=1

Mp
X— Z Skix;

i=1

<[l Qe =x+ [ a '] -

<[ lene —x+ Q] - 1Pal-

1-—r1 e
<——+sup||Pall-=qg<1.
r n r

Thus, for every n € N the frame (P;(fi), (Qn‘1 o Pn)(x,-))f‘i”1 satisfies condition (15) of Proposition 4.3 (for & = q). Therefore
we deduce the following corollary.

Corollary 4.5. Let (x;, fi)ien be a frame of an infinite dimensional Banach space X for which there is a uniformly bounded sequence
(Py) of finite rank projections which approximate the identity. Assume that (x;, fi)ien satisfies the (g, 8, C)-NQP with respect to a
space Z with basis (z;) for some choice of € > 0, § > 0 and C so that q = % + sup, ||Pn||§ < 1 with % <1 < 1. Let (My) be any
sequence in N which satisfies (23) and (24).
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Finally assume that (z;) satisfies the following lower estimate

lim inf n;z;

Jimnef | e

jeA
Then

: (nj)jea CZ\ {0}, ACN, #Azn} = 0. (25)

(a) (Mpy) increases exponentially with the dimension of Xy, i.e. there is a ¢ > 1, so that My, > ¢4imXn) eventually,

Z +z;

n—o00 ;
icA

(b) lim sup L sup{

:ACN, #A:n}>0.

Let us simplify the conditions in Corollary 4.5. Note that (z;) satisfies (25) if it satisfies lower £; estimates for some
q < oo (see Remark 2.6), but that it cannot satisfy the conclusion (b) of Corollary 4.5 in case it satisfies upper £, estimates
for some p > 0. We therefore deduce the following corollary.

Corollary 4.6. Assume that X is an infinite dimensional Banach space with the 7, -property and that Z is a Banach space with a basis
(z;) satisfying for some choice of 1 < q < p < oo lower £, and upper £ estimates.
Then no frame of X has the NQ P with respect to (Z, (z;)).

The following example shows how to construct a frame with respect to a space Z which contains ¢1.

Proposition 4.7. Let (x;, fi)ien be any frame of a Banach space X and let Z be a space with semi-normalized basis (z;), which is
associated to (x;, f;). Then there is aframe (Xi, f,),eN and a basis (z;) on Z @0 1 so that (Xi, fl)leN has Z as an associated space
and has the NQP with respect to Z. Moreover, (X;, fl),eN is semi-normalized if (x;, fi)ien has this property (for example if (x;) is a
normalized basis of X).

Proof. Assume, without loss of generality that ||z;|| =1 for i € N. Choose a quotient map Q : ¢; — X so that (Q (e;): i e N)
is a %-net in Bx and so that ||Q (e;) & x;| > }1 for i € N (which is easy to accomplish). Finally we apply Proposition 2.8 to
Y = ¢; with its unit vector basis (e¢;) and V = Q, and observe that the frame (¥;, fi) and basis (Z;) of Z, as constructed
there, has the property that for any x € By there is an i € N so that

Xoi — Xpi—1
Hx_ Xoi — Xpi-1 1

2
which implies by Proposition 4.2 that (x;, fi)ien has the NQP with respect to (z;).
By construction of (x;, f;) in Proposition 2.8 it follows that (f;) is semi-normalized if (f;) has this property and since
1Q (e)) £ x| > §, for i € N, it follows that

1 1. B
=[x-Qe] <5 and HE(ZZI“ZZf—l)

o=

< IXill < sup [lxj]l + 1,
jeN
which implies that (x;, f,-) is semi-normalized if (x;, f;) has this property. O

Finally let us present an infinite dimensional argument implying that if Z is a reflexive space with basis it cannot be the
associated space of a frame (x;, fi)ien, With | x;|| =1, for i € N, which satisfies the NQP.

Proposition 4.8. Assume that Z is a reflexive space with a semi-normalized basis (z;), and assume that (x;, (fi)) is a frame of an
infinite dimensional Banach space X with associated space Z.
Then ((x;), (fi)) cannot have the NQP with respect to Z.

The following result follows from Proposition 4.8 as well as from Corollary 4.6.

Corollary 4.9. A semi-normalized frame of an infinite dimensional Hilbert space H cannot have the NQP with respect to the associated
Hilbert space ¢ (N).

Proof. Proof of Proposition 4.8 We assume w.l.o.g. that (z;) is bimonotone and let T: X — Z and S : Z — X be the associ-
ated decomposition and reconstruction operators, respectively.
For C < oo and & > 0 define
< c}.

00
B(C,g) = ZSI(,‘Z,‘ eZ: (ki) CZ,
i=1
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Assume that (x;, fi) has the NQP with respect to Z. Then we can choose § > 0 small enough and C > 1 large enough so
that S(B(c,s)) is €-dense in By for some 0 <& < 1.
Since (z;) is semi-normalized and Z is reflexive, B s) is weakly compact. Indeed, assume that for n e N,

o0
Vn = Zﬁki(n)z,' € B,s)-

i=1
After passing to subsequence we can assume that for all i € N there is a k; € N so that k?") =k; whenever n > i. Thus, by
bimonotonicity, it follows that || Y1 ; 8kizi|| < C, for all n € N, and, thus, since (z;) is boundedly complete Y :°; skiz; € Z
and || Z;’il 8kizi|| < C. Thus, Z:’i] 8kiz; in B(c,s), and since k}") converges point-wise to (k;) and (z;) is shrinking it is the
weak limit of y,. The support of each element in B(c s) is finite since (z;) is a semi-normalized basis, and thus B s) is
countable. Since S(B(c,s)) is €-dense in X, it follows that the map

E:X* = C(Bcs), with E(x*)(Zék,—zi) = 5kiS* () (@),

is an isomorphic embedding (here C(B(c ) denotes the space of continuous functions on the (compact and metric) space
Bc,s) endowed with the weak topology). Indeed for x* € By there is an x € Bx so that |x*(x)| =1 and a sequence
(ki) € ZNcoo so that ||x — > 8k;x;|| < &, and thus

[E | > [Ee) (3 skizi )| = (D2 dkixi) =1 4+x (D ki = x) > 1 .

But this would mean that X* is isomorphic to a subspace of the space of continuous functions on a countable compact
space, and, thus, hereditarily cg, which is impossible since X is a quotient of a reflexive space and thus also reflexive. O

5. Quantization and cotype
In this section we consider a quantization concept for Schauder frames, which is independent of an associated space.

Definition 5.1. Let (;, fi)icy be a frame of a (finite or infinite dimensional) Banach space X, J=N or J={1,2,..., N}, for
some NeN, and let 0 <&, 0 <8 <1 and 1< C < oo. We say that (x;, fi)icy satisfies the (e, 8, C)-Bounded Coefficient Net
Quantization Property or (g, §, C)-BCNQP if for all (a;)icy € [—1, 11 Ncgo(J) there is a (ki)iey € Z? N cgo(D) so that

Z aixj — Z Skix;

ie] ie]

C
<& and maxlkj| < —.
ie] 1)

Remark 5.2. Let (x;, fi)icy be a frame of X and let 0 <¢,0<é<1and 1< C <oo0.

(a) Since for any (aj)icy € coo(J) and any i € J we can write a; =m;8 + a; with m; € N, |m;|8 < |a;| and |a;| <6, for i € ],
(xi, fi) satisfies the (e, 8, C)-BCNQP implies that

for all (a;)iey € coo(J) there is a (kj)icy € Z2 N coo(J) so that

Za,-xi — Z Skix;

ie] ie]

C
<& and max|kj| < max|a;j| + —. (26)
ie] ie] )

(a) immediately implies.

(b) If (x;, f;) satisfies (&, 8, C)-BCNQP and 0 < A < 1 then (x;, f;) satisfies (,e, A8, 1+ AC)-BCNQP.

(c) If (x;) is a semi-normalized basis of X and (f;) are the coordinate functionals with respect to (x;) and (x;) satisfies
the (¢, 8)-NQP (Definition 3.1), then (x;, f;) satisfies the (¢, 8, C)-BCNQP with C =1 + &sup;cy |l fill. Indeed, for x € X,
x=7;_;a;x;, with |a;] < 1, there is a sequence (k;) € Z with finite support so that ||x — ) 8k;x;|| < & and

smax |ki| < miax(|f,-(x)| +fi <x— ZB/QX,’)D <14 SsileJJII) Il fill.

We will connect the property BCNQP with properties of the cotype of the Banach space.

Definition 5.3. Let p < 2. We say that a Banach space X has type p if there is a ¢ < co so that for all n € N and all vectors

X1,X2,...,% € X,
2\ 172 n 2\ 172 n 1/p
) (5 Sl ) <o Swr)
(O elx1)" i=1

i=1

n
(ave Z +x;
i=1

In that case the smallest such ¢ will be denoted by T, (X).
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Let g > 2. We say that a Banach space X has cotype q if there is a ¢ < oo so that for all n € N and all x1,x3,...,%, € X:

n 1/q n 2\ 1/2 2\ 1/2
(anillq) gc(ave Zj:xi > :C(Z“ Z ) .
i=1 i=1

(oD, {1
The smallest of all these constants will be denoted by C4(X).
We say that X has only trivial type, or only trivial cotype if T(X) = oo for all p > 1, or Cq(X) = oo, for all g < co.

n

OiX;
1

Basic properties of spaces with type and cotype can be found for example in [7] or [28]. We are mainly interested in
estimates of the volume ratio of the unit ball Bx of a finite dimensional space X using Cq(X) and the connection between
finite cotype and the property of containing ¢f’s uniformly.

Assume X is an n-dimensional space which we identify with (R", || - ||). Let E be the John ellipsoid of the unit ball Bx
of X, i.e. the ellipsoid contained in Bx having maximal volume. It was show in [18] (see also [28, Chapter 3]) that E is
unique. We call the ratio Voll/”(Bx)/Voll/”(E) the volume ratio of Bx. Combining [29, Theorem 6], which establishes an
upper estimate for the volume ratio using T,(X*), with a result of Maurey and Pisier [22,23] (see also [7, Proposition 13.17])
estimating T,(X*) and a result of Pisier ([27] (see also [28, Theorem 2.5]) estimating the K-convexity constant K(X) of X,
we obtain the connection between the volume ratio of By and the cotype constant of X.

Theorem 5.4. There is a universal constant d so that for all finite dimensional Banach spaces X, with n = dim(X) > 2, and all
2<q <o,

<V01(Bx)

1/n
<dCq(X)n®@ ] 27
Vol(E) ) dCq(X)n nn, (27)

where E C X is the John ellipsoid of Bx and a(q) := § — %.

We will also need a second upper estimate for the volume ratio due to Milman and Pisier [24].

Theorem 5.5. (See [24], and see also [28, Theorem 10.4].) There is a universal constant A so that for any finite dimensional Banach
space X,

(VO](Bx)

1/n
Vol (E) ) <g(C2(X) 1= AG(X) In(1 + C2(X)) (28)

where E C X is the John ellipsoid of Bx.

The next result describes the connection between the property of having a finite cotype for g < oo and the property of
containing £7's uniformly.

Theorem 5.6. (See [22,23].) For N € N thereis a q(N) € (2, 00) and a C(N) < oo so that:

For any (finite or infinite dimensional) Banach space X which does not

contain a 2-isomorphic copy ofﬁgo we have that Cq(ny(X) < C(N). (29)

Finally we will need the following result from [25]. It is implicitly already contained in [12, pp. 95-97], and it has
probably been known for much longer.

In order to state it we will need the following notation. Let m <n € N and let L C R" be an m-dimensional subspace.
Let Q, be the unit cube in R™. By a simple compactness argument there is a projection P : R" — L for which Vol(P(Qp))
is minimal. In that case we call the image P(Qp) a minimal-volume projection of Q, onto L.

Theorem 5.7. (See [25, Theorem 1].) Let L be a linear subspace of R", and let M be the set of all minimal volume projections of Qn
onto L.
Then M contains a parallelepiped.

We are now in the position to state and to prove the connection between cotype and BCNQP in the finite dimensional
case.
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Theorem 5.8. There is a map ng : [1, 00)% — [0, 00) so that for all finite dimensional Banach spaces X the following holds.
If (x;, f,-)l"\’:1 is a frame of X, with ||xj|| = 1, for i < N, and which satisfies (1, 8, C)-BCNQP for some 0 < § < 1 and C > 1, then for
all2 <q< oo

N > dim(X) In(dim(X)) whenever dim(X) > n()(%, KCq (X)),

S
2qIn(1+ 2%)

where K is the projection constant of (x;, f,<)f’=l.

Proof. Let Z be the space with a basis (zj) and let T: X — Z and S:Z — X be the associated decomposition and the
reconstruction operator as constructed in the proof of Proposition 2.4(a) “=.” Since the x;’s are normalized the z;’s are also
of norm 1. After a linear transformation we can assume that Z =R and (z; i, is the unit vector basis of RN. Since (z;)
is a bimonotone basis it follows that [|zf|| =1, for i < N. Hence Bz C Qn, where Qn denotes the unit cube in RN. Define
L=T(X) and put n =dim(X) = dim(L). Since So T =Idy it follows that P =T o S is a projection from Z onto L and if we
denote the John ellipsoid of T(Bx) by E and we deduce that (recall that by Proposition 2.4(a) ||T|| < K)

ECT(Bx)=PoT(Bx)C P(K-Bz)CP(K-Qp). (30)

By Theorem 5.7 there is a minimal-volume projection M of Qu onto L which is a parallelepiped. Let B, denote the n-di-
mensional Euclidean ball in R". Since there is a universal constant ¢ so that

n
c
VolBp) <| — ) ,
() (ﬁ)
and since
1

1
—EC—ECLNBzCLNQnyCM,
K T

we deduce from the fact that B, is the John ellipsoid of the unit cube in R" [18] (see also [28, Chapter 3]), that
<Vol(P<QN))>”” (Vol(P(QN»)”” - ( Vol(M) )”” _ v
VoI(E) Vol(1 E) ~ \Vol(+E) “ o’

The last inequality follows from applying a linear transformation A to L so that A(M) is a the unit cube in L (with respect
to some orthonormal basis of L) and, thus A(,%E) is an ellipsoid whose volume cannot exceed that of the Euclidean unit
ball in L. Since T : (X, ||- 1) = (L, |- lIT(Bx))» Where | - |lt(gy) is the Minkowski functional for T(By), is an isometry it follows
from Theorem 5.4 that

Vol'/"(T (Bx)) < dCq(X)n*@ In(n) Vol'/" (E)

< deKCy(X)n™ 7 In(n) Vol /" (P(Qu)) (31)

(the universal constant d was introduced in Theorem 5.4).
Since the zonotope

N N
P(QN):TC’S({Zaizi: |ai|<1}>={zaiT(Xi)5 |a,-|<1}
i=1 i=1

contains at most (1 + %)N points from the set D = {)_dn;T(x;): (n;) C Z, maxé§|n;| < C} and since from our assumption
that (x,-f,-)l’.\’ ; satisfies the (1,8, C)-BCNQP it follows that

PQw) C | Jz+T(Bx).
zeD

we deduce that

N 1/ n
(1 n £> S Vol(P(Qn)) > ( n'/d )
F) Vol(T (Bx)) KdcCq(X) In(n)

and, thus,

ninm)  nin(n@m)  nln(dcKCq(X))
“an(1+$ mA+2) ma+ %)

which easily implies our claim. O

In the next result we will show that, up to a constant factor, the result in Theorem 5.8 is sharp. We are using the
simple fact that for any number 0 <r <1 and any m € N, r can be approximated by a finite sum of dyadic numbers, say
F= ZT:] 0j274,05€{0,1}, for j=1,...,m, so that |r —F| <27™.



82 P.G. Casazza et al. / ]. Math. Anal. Appl. 348 (2008) 66-86

Proposition 5.9. Let X be an n-dimensional space with an Auerbach basis (e;, e})_,. Let m € N and let K be the projection constant
of (e))_;. Then there is a frame (x js), f(i,j,5: 1 <i<n, 1< j<m, s=0,1) (ordered lexicographically) so that

1 . . .
5 < <X jsll <2 and | fijs9l=1, f1<i<n, 1<j<mands=0,1, (32)
Y(ag,js: 1<i<n, 1<j<m, s=0,1)C[-1,1]
Ak js:i<n, j<m, s=0,1)C{-3,-2,...,3}

1 n m 1

m
Y ajsXiin =Y Y Y KiioXiis

i=1 j=1 s=0 i=1 j=1 s=0

—m

<l4+n—— 33
+ 1_2—m ( )

2—m
(i.e. X, j.s)» fa,js: 1<i<n, 1< j<m, s=0,1) satisfies the <1 +nW, 1, 3)-BCNQP>.

The projection constant of (X j.s), f,js: 1<i<n, 1<j<m, s=0,1) does not exceed 4K. (34)

Proof. For 1 <i<n and 1< j<m define x jo) =e1, X j1 =e1+ %ei, fd,j,00=—¢f and f j 1) =ej. Since for every
xe X

n m

n n m i
2—]
x=Y ef(xei=) :ZGT(X)eim =Y Fain@xaja + fi.j.0 0.0,
i=1

i=1 j=1 i=1 j=1
X,j,5)» fa,js: 1<i<n, 1<j<m, s=0,1) is a frame of X and it satisfies (32). In order to verify (33) let (a,js):

1<i<n, 1<j<m, s=0,1) C[-1,1] be given. For i =1,2,....n it follows that | YT, a(,-,j,l)%l <1, and, thus, we
can choose (k¢ j1): j <m) C{0,%1} so that for each i <n

Zﬂnm] > 21‘011)1 >

Since the absolute value of M = "I, >i; a(i, j, 1) +a(, j, 0) — k. j1) is at most 3nm we can choose for 1 <i<n and
1<j<m, kijo €{-3,-2,...,2,3} so that a=M — >\, 3" ki j.0), has absolute value at most 1. We compute

me
1—2 m’

(35)

1 m 1
DD adgsoXige — Y . D KajsoXiis

1s i=1 j=1 s=0

n m n

i=1 j

2-J

=0
nom n o m
Z Za(z i 1)31 - Z Zk(l i l)ez —om

i=1 j=1 i=1 j=1
n m
+1) Y aajn +aajo —kijo —kijn
i=1 j=1
n m i
2 2-m
<1 Qi —ki 1) ——— | <1 41—
+H JZ_;( @in ~kKijn) T3 R

which proves (33).
To estimate the projection constant of (X js), fi,j,s): 1 <i<n, 1<j<m, s=0,1) we denote by <jex the lexicographic
order on {(i, j,s): i<n, j<m, s=0,1}, and let

n m
X—Zazez Z Z—a e1+aier +aiei—— =y > fii,4.9 XX j,5)
i=1 j=1 i=1 j=1 s=0,1
and (g, jo, So) <iex (i1, j1,51). Then, if ig < iy,
Z F.j.s X)X j.s5)
(i0,J0,50) Slex (i, J,9) Siex (11, J1,51)
—Jo m 2-1i

= | Yso= 1}[%614—%1 o= m]+ Z —@ig€1 + dig€1 +dig T iy
J=jo+1
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i1-1 m 9—i 1 9-i
+ Y Z(—aiel +ajes +aime,'> +Z(—ai161 +aie +ailmei]> — 15, =0ai €1
i=ig+1 j=1 j=1
i1—1
<2aigl+ | D e + lai, | < 4K x|l
i=ip+1

If ip = i1 similar estimates give the to the same result for the remaining cases and (34) follows. O

Remark 5.10. If we choose in Proposition 5.9 m = [2logn] and thus 27™ ~ 1/n?> we obtain a frame for X of approximate
size 4nlog,(n) having the (3, 1, 3)-BCNQP. Thus as we mentioned earlier, up to a constant Theorem 5.8 is best possible.

Remark 5.11. In Theorem 5.8 we assumed for simplicity that the x;’s of our frame are normalized. It is easy to see
that the same proof works for a general frame, in that case ng depends also on a = min{||x;||: i <N, x; #0} and b =
max({|lxi[l: i <N}.

With a similar proof to that of Theorem 5.8 we derive an upper estimate for min;¢y ||x;||, i < N, assuming that (x;, fi)f\’:1
is a frame of an n-dimensional space X which satisfies the (1,8, C)-BCNQP for some choice of § > 0 and C < oo assuming
that N is proportional to n.

Theorem 5.12. For any choice of § € (0, 1], and C, K, q, c2 > 1 there is a value h = h(8, C, K, q, c2) so that the following holds for all
neN.

If X is an n-dimensional space, N < qn and (x;, f,-)ﬁ\’:1 is a frame of X with projection constant K which has the (1, §, C)-BCNQP,
then if C2(X) < ¢3,

h,C,K,q,c
min x| < "8G K4.¢2)

i<N Jn

Sketch of proof. Let (x;, fi)f’:1 be a frame of X, N < gn, which has the (1, §, C)-BCNQP and projection constant K. As in the
proof of Theorem 5.8 we let Z be the associated space with basis (z;) which was constructed in Proposition 2.4, T: X — Z
the associated decomposition operator, and S the associated reconstruction operator. Let L =T(X), and P =T o S, and let
us also assume that Z=RN and z; = e; for i < N. Note that now ||z;|| = ||x;|| and zi = lIxi~' and we can therefore follow
the proof of Theorem 5.8 replacing Quy by the box

N

- 1 1
o _H[_ il ||x,~||]'

i=1

As in the proof of Theorem 5.8 it follows that %T(Bx) C P(Bz) C P(Qy). For the John ellipsoid E of T(By) it follows
therefore that 11—(E C M, where a M is a minimal volume projection of Qy which is also a parallelepiped in L, and as before
we deduce that K Vol'/*(P(Qn)) > Vol”"(E)ﬁ/c. Instead of applying Theorem 5.4 we now use Theorem 5.5 and letting

o =min;gy ||x;]| we deduce that
Vol'/™(T(Bx)) < g(C2(X)) Vol'/" (E)
< 8C00)CK VoI "(P(Qn)) _ g(Co(X))cK VoI (P(Q))
X ﬁ X ﬁo{ .

We can again compare the volume of the zonotope P(Qy) with the volume of the union | J,.;, z + T(Bx), where D is
defined as in the proof of Theorem 5.4, and deduce that

a N .
<1+£> >(I+E) _ Vol(P(@w)) >( Jna ) .

F) ) ~ Vol(T(Bx)) = \ g(C2(X))cK

Taking the nth root on both sides yields our claim. O

Remark 5.13. In Section 6 we will recall a result of Lyubarskii and Vershinin [21] which shows that for ¢ > 1 there are
g<1,8<1, C<ooso that for any n € N and there is a Hilbert frame (x,-)lN:l of ¢5, with N < gn, so that (x,-)lN:1 satisfies

(¢, 8, C)-BCNQP.

As in the previous section we formulate a corollary of Theorem 5.8 for the infinite dimensional situation.
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Corollary 5.14. Assume that X has the 7 -property and that P = (Py) is a sequence of uniformly bounded projections approximating
point-wise the identity on X. Let (x;, fi) be a frame of X, with (x;) being bounded, and assume for an increasing sequence (L) C N,
0<r,8,&e <1andC < oo that the following conditions are satisfied:

(a) forn e Nand x € X, = Pp(X)
Lp

X=Y {fi. ) Pp(0)
i=1

(b) [IPy(x)|l >, foralln e Nand i < L, and
(c) forallne Nandallx € {Zf;l aixi: lajl <1fori=1,2,..., Ly} thereis a sequence (k;)i<y, so that

<@ =n)lixl,

Ln

X — Z Skix;

i=1
(in particular (x;, f;) satisfies the BCNQP).

<& and néaxlk,ls

Ishn

Then there is either a constant ¢ > 0 so that L, > cdim P, (X) In(dim P, (X)) or the spaces {¢} : n € [N} are uniformly contained
in X.
Proof. From assumption (a) it follows that the operators (Qy), with

Ln

Qu:Xn— X, x> Y (Pr(fi), X)Pa(x),
i=1

are uniformly bounded (||Qx|l < 2, for n € N), invertible and their inverses are uniformly bounded (||Q, II<i forneN).
For x € X, we write

Ln
x=0Q; Q) =Y (fi.x)(Qy " o Pn)(x),

i=1

and deduce therefore that
™ &™)y = (Qa " o Pa) (o filx, )ity

is a frame of X,. We now verify that for n e N (y(">, glm)I , satisfies the (&, 8, C)-BCNQP for some & > 0, which is inde-
pendent of n. Indeed by assumption (c) one can choose for n € N and (aj)f;l €[—1, 1] some (I<,~),-Ll1 C 7 so that

Za Xj — Z(Sk Xi

and, thus,

Zaly(n) Z‘Sk y(ﬂ)

ﬁ

<é¢& and max|k| -
i<y )

o Pn)(xi) Zsm Q" o Pa) (i)

i=1

<8?EXHQH o Py < fsupnPnn—e

Then for n € N and i < L, it follows from assumption (b) that

sup; || Pl sup; [I;]]
Ty AL LI
r

T

”Q ” <y <ipall- Q7| - 1xill <

Thus Theorem 5.8, Remark 5.11 and Theorem 5.6 yield our claim. O

By Remark 5.2, for semi-normalized bases (x;) (together with their coordinate functionals) the properties BCNQP and
NQP are equivalent. We therefore deduce from Theorem 5.8 the following

Corollary 5.15. An infinite dimensional Banach space X with nontrivial cotype cannot have a semi-normalized basis having the NQP.
In particular (see Problem 5.18 in [8]) £1 does not have a semi-normalized basis with the NQP.

Proof. Suppose (x;) is a semi-normalized basis with the (g, §)-NQP. Then we let (P;) be the basis projections and L, =n.
By Corollary 5.14 X does not have finite cotype. O
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6. Concluding remarks and open problems

Kashin’s [20] celebrated result states that for any A > 1 there is a K = K, so that for any ne€ N and any N > An, N € N,
there is an orthogonal projection U from RN onto R" (i.e. U is an n by N matrix whose rows are orthonormal) so that

K
B, C —NU(QN) c KBy (36)

JN

(as before B, is the euclidean unit ball in R" while Qy is the unit cube in RN).
Lyubarskii and Vershinin observed in [21] that the column vectors (u,-)f’= ; form a tight frame (with A =B = 1), that the
first inclusion in (36) yields that every x € B, can be written as

N
K
Xx= Z —au; with ||@)], <1,
= VN e

and that the second inclusion implies that the operator ﬁu :Kgo — {5 is of norm not greater than 1, and that therefore
for given € > 0 there is a sequence (I<i)f\’ 1 CZU[-K /e, K/¢], so that max;¢y |a;K — kie| < € and, thus,

<e and max|eki| < K. (37)

N
uj

x— Y eki—
o YN

Thus, Kashin’s orthogonal projections (which are actually chosen randomly), lead to a frame (xf")),-gN = (ugn)/«/ﬁ)ig,\,
for ¢5, whose length is not larger than a fixed multiple of n, and, for which we can represent any element x in B, as a
quantized linear combination with bounded coefficients. Since the zonotope {Zf\’:1 aixjlaj| <1 fori=1,2,...,N} lies in By,
it follows that the Hilbert frame (X;n))igN satisfies for any ¢ > 0 the (¢, €, K)-BCNQP.

In view of the results presented in Sections 4 and 5 this is the best one could do in the finite dimensional case. We
are therefore interested in extensions of this result by Lyubarskii and Vershinin to other spaces as well as the infinite
dimensional space,

Problem 6.1. Does the above cited result hold for other finite dimensional spaces? More precisely, assume that 0 < §,¢& <1,
C > 1 are fixed. For which n € N and which n-dimensional spaces X can we find a frame (x;, fi)f’=l, with, say N = 2n, so
that for any x € By there is a (ki)f":1 C Z so that

N
X— Z Skix;
i=1

<e¢& and max|8ki| <C.

Remark 6.2. The above presented argument from [21] shows that if there is a quotient Q :Zgo — X, and a frame (x;, fi)f"z 1
of X, so that Q (e;) =x;, fori=1,..., N, and so that for some K < oo Bx C Q (B¢, ) C KBy, then there is for all x€ Bx and
all 8 > 0 a sequence (k;)igxny C Z, so that

N
1
X— ;8k,~xi <1Q18/2<Ks/2 and 1i11<a1\)1<|k,~| <5
Conversely, assume that for some 0 <3,& <1, C > 1 we can find for all x € Bx a sequence (k;) C Z so that
C
5"

Is

N

X— Z(Skix,- <e and max k| <
i=1

Then we can choose by induction for x € Bx a z; with

N
Zn = Zk,?”)(Sx,», (ki) C ZN[—C/8,C/8),
i=1

so that

<&

n
X — Zsi_lz;
i=1
n—1

Indeed assuming zi, ..., z;,_1 have been chosen we apply our assumption to y = ¢&!™"[x — i g1-iz;] € Bx to find z,.
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Thus, it follows that
[e'e) N 00
i—1 i1 51,0
Xx= Ze’ zi= ijZS”é‘kj ,
i=1 j=1 i=1
which means that there is a C; < oo only depending on ¢,8 and C so that
N
Bx C Zaixi: lai| < Cq
j=1

If we define now Q :e& — By, 2+ Zf\’:] Cizixi, and deduce that Q is a quotient map and that Bx C Q (B, ) but we
cannot deduce (at least not obviously) a bound for ||Q ||.

Problem 6.3. Is there an infinite dimensional version of the result of Lyubarskii and Vershinin? Le. for which infinite dimen-
sional Banach spaces X with a basis (e;) does there exist 0 <§,& <1, C > 1 and a frame (x;, fi)ien so that for any x € By,
n = maxsupp(x) < oo, there is a (k,-)?’:l, with, say, N < 2n, so that

N
X — Zﬁk,-xi <& and max|ski| < C?
i=1
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