SOBOLEV SPACES WITH ONLY TRIVIAL ISOMETRIES, II

GEOFF DIESTEL

ABSTRACT. In this article, we obtain a canonical form for surjective linear isometries
T: Wf(U) — Wf (U) provided U is an open, bounded, connected, domain with Lipschitz

boundary, 1 < p < oo, p # 2 and T[C(U)] = C(U). We will show there exists |c| = 1

and mapping 7 that is a composition of a translation and a sign-changing permutation

of coordinates such that T'f = cf(7). As a corollary, if k > 7, all surjective isometries
T : W} (U) — W}F(U) have this trivial form by the Sobolev Imbedding Theorem.

1. INTRODUCTION

Let 1 <p < ooand k,n € N. If U is an open, bounded and connected domain in R",
we define the Sobolev Space W]',“(U) to be the space distributions identified by functions
f:U — Cin LP(U) such that

I, =D ID*fIIE < oo

lo| <k

Here and throughout the remainder of the article we use the convention D*f = f if « is
the zero multi-index. Also, |a| =aq + -+ + .

For 1 < p < oo let (WF(U))* denote the dual of WF(U). Each L € (WF(U))* can be
identified with a unique v = (va)|q|<k such that each v, € Ly(U) and

(L.1) =3 /U DO f(x)ou(z) de.

la|<k

(1.2) IZIE .= > llvall?

<k
For f,g € WF(U), let Ly € (WE(U))* be the support functional of f identified with vy
such that (vg)a = ||£|; F|D* f[P~>DF for all [a| < k and

(1.3) Le(f) = IfI2,
(1.4) Lo(o) = 17127 S /U DAg(a)| D* f ()P~ 2D (z) de

la|<k

Since 1 < p < o0, [g, f] = L¢(g) defines the unique semi-inner product compatible with
I -

Let C(U) be the set of continuous functions f : U — C which have continuous extensions

to the boundary of U. Let Cr(U) be the Banach space of continuous functions, f : U — R,
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equipped with the Lo, norm. By the Banach-Stone Theorem, J : Cg(U) — Cg(U) is a
surjective linear isometry if and only if

(1.5) Jf =hf(7)

where |h(z)] =1 and v : U — U is a homeomorphism.
A regular set isomorphism of R™ with respect to Lebesgue measure will mean a mapping
¢ of the Borel sets into the Borel sets defined modulo sets of measure zero, such that

(1.6) o(R™\ B) = ¢(R") \ ¢(B)

(1.7) ¢(|J Bi) = | ¢(B) for disjoint B,
=1 =1

(1.8) |p(B)| = 0 if, and only if, |B| =0

The classical result of Lamperti [8] provides a characterization of injective isometries
between two L,-spaces.

Lamperti’s Theorem. Let (2;,%;, u;) be o-finite measure spaces where 1 < p # 2 < oo.
Suppose V' is a linear isometry from Ly(21, X1, pn) into Ly(Qa, Xo, u2). Then there exists
a reqular set isomorphism ¢ from X1 into Yo and a function F defined on 9 so that

V(F)(z) = Fx)y(f)(x)

where v denotes a transformation induced by the set mapping ¢ and F satisfies

[o1Rp = [ ) g = )
d(A) d(A)
for each A € ¥1. Conversely, if such a ¢ and F exist and

V(f)(z) = F(z)y(f)(z)

V' is an isometry.

Since 7 is induced by ¢ via y(xa) = xga) for all measureable sets A C X, proper-
ties (1.6), (1.7) and (1.8) imply that v is an isometric homeomorphism with respect to
multiplication on the set of L functions with compact support.

We say a set mapping 7 : R® — R"™ is a composition of a translation and a sign-
changing permutation of coordinates if there exists a permutation o of the set {1,2,...,n}
and constants b; € R such that

Ti(T) = £x,0) + b;
fori € {1,2,...,n}. We will call such a mappings trivial. The following are the main results

of this article.

Theorem 1. Let U be an open, bounded, connected domain in R™ with Lipschitz boundary,
1<p#2<o0, k€N and E be the subspace of Wf(U) consisting of all C(U) functions.
Then, T : Wlf(U) — Wzi“(U) is a surjective linear isometry such that T[E] = E if and only
if there exists a constant |c| =1 and a trivial mapping T such that

T(f)(x) = cf(7(x)).
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Corollary 1. Let U be an open, bounded, connected domain in R™ with Lipschitz boundary,
1<p#2<oo, keNandk > 3. ThenT : Wf(U) — Wif(U) is a surjective linear
isometry if and only if there exists a constant |c| =1 and a trivial mapping T such that
T(f)(z) = cf(r(x)).

Corollary 1 is a direct consequence of Theorem 1 and the Sobolev Imbedding Theorem(see
[1))-

As in [3], we use the Extension Theorem of Plotkin [9], [10], [11], Hardin [5] and Rudin
[12].

Extension Theorem. Letp > 0, p ¢ 2N, (Q,01) and (22,02) be spaces with finite
measures, H be a subspace of Ly(21,01) containing the constant function 1(w) = 1 and
T : H — Ly(Q2,02) be a linear isometry. Then there exists a linear isometry T' :
L,(Q1,A,01) — Ly(Q2,02) so that T'|g = T, where A is the smallest o-algebra of sub-
sets of Q1 making all functions from H measurable.

There are nice presentations of the Extension Theorem in [7] and [4]. In our proof, we
will use the Extension Theorem in two different circumstances. In each we will need A to
be the o-algebra of Borel sets. In both circumstances we will be able to prove this using
the following well known lemma.

Lemma. Let Q be a open bounded set in R™, and H be a set of continuous functions on
Q separating the points of Q, i.e. for every x,y € Q, x # y there exvists f € H so that
f(x) # f(y). Then the smallest o-algebra making all functions from H measurable is the
o-algebra of all Borel subsets of 2.

In the remainder of this article we prove Theorem 1 which improves the results in [3]
by replacing the C!'(U) condition with an analogous C(U) condition and replacing the
condition p ¢ 2N with p # 2. It is unclear if the continuity assumption is necessary.
However, it is used at key steps throughout our proof. The sufficiecy of Theorem 1 is
trivial. In the rest of the article, we prove the necessity.

2. ISOMETRIC EMBEDDINGS AND EXTENSIONS

Pick a > 0 such that
U'=|JUs= | (U+aa)
|al<k laf<k

is a disjoint union. The goal of this section will be to construct isomtries of L,(U’) and
Ly (U') which factorize through WF(U) and (WF(U))* via T and T*, repectively. Depend-
ing on the value of p, the Extension Theorem will guarantee the extension of one of these
isomtries. Once this is done, we will be able to apply Lamperti’s Theorem to the particular
extension.

Recall that E = WF(U)NC(U). Let E* be the set of support functionals Ly € (W} (U
such that f € E. Define embeddings Iy : Wi (U) — L,(U’) and I : (WE(U))* — Ly (U’)
by

(2.9) L(f)(z) =Y D*f(x - aa)ly,(z)

o<k

(2.10) L(L)(z) = ) va(z — ac)ly, (z).

|| <k

*
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Since we will only use I if p € 2N\ {2}, I is well defined by (1.1). By construction, I;
and Iy are isometric.

Now, define isometries S : I3 [W;(U)] — I [Wf(U)] and Sy : Ig[(Wf(U))*] — IQ[(WZ'?(U))*]
by S; = Il_lel and Sy = I2_1T*I2. It is important to notice that Si[I1[E]] = I[;[E] and
Sa[I2[E*]] = I2[E7].

Let fo(z) = em Tt € WE(U). Define g1 = Ii(fo) and g2 = I»(Ly,). Since fo is
smooth, positive and invariant under differentiation, we can define isometries R; : I;[E] —
Ly(U', |g1|P dz) and Ry : B[E] — Ly (U’,|goP" dx) by Ri(f) = f/g1 and Ra(f) = f/ga.
Notice that Rl(Il(fQ)) = RQ(IQ(LfO)) = 1y. Let Hy = R1[11[EH and Hy = RQ[IQ[E*”.
Since C§°(U) € W[ (U), both Hy and Hj contain constant, functions and a set of continuous
functions that separate points of U’. We refer the reader to Proposition 1 in [3] for details
in the case p ¢ 2N. The argument for the remaining p’s can be easily adapted from the
proof of Proposition 1 in [3] by using (1.4). Therefore, using the Extension Theorem, one
of the isometries P; = R;lSi can be extended. In particular, we have that one of S or Ss
can be extended to all of L,(U’) or L, (U’), respectively. When they exist, we will denote
these extensions by S7 and S as well.

3. LAMPERTI'S THEOREM AND THE MAPPING T, |

In this section we will complete the proof for p ¢ 2N. Appying Lamperti’s Theorem to the
operator S; implies that there exists a function F' € L,(U’) and a regular set isomorphism
¢, which induces a map =, so that S1(f)(z) = F(z)y(f)(x) for all f € LP(U’). Recall that
~ can also be thought of as an isometric homomorphism (with respect to multiplication)
$,7 : Loo(U') = Loo(U') s0 that S1(fg)(z) = F(x)y(f)(x)y(g)(x) for every f, g € Loo(U’).

Consider the functions f;(z) = x;1y, for all 4 € {1,2,...,n} Since U’ is bounded, we
have f; € Loo(U’). Let 75 = v(f;) € Loo(U’), and define a mapping 7 : U — R”" by
7(z) = (11(x), ..., Tn(x)). This mapping has the following properties.

Lemma 1. Let g be a finite linear combination of functions paly,, where po are polyno-
mials. Then S1(q)(x) = F(x)q(7(x)).

Proof. Since ¢ is a finite linear combination, assume ¢ is one of its components.

(21, .y ) = Zaj Ha::”

Si(g) =Y a;Si([] ) = F(2) > ajy(J ] i)
7j=1 =1 7j=1 =1
= F(x)Y_a; [[v(@)™ = F(@) Y a; [[7ila)

Lemma 2. The point mapping T satisfies 7(U') C U’
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Proof. Suppose that there exists g € U’ for which 7(xg) ¢ U’. Consider a polynomial
Q(x) =A -3 (x; — 7i(w0))? where we choose A > 0 so that @ is positive on U’. Then,

A = Qra) =supQ(r)

= o)z = QI Lo
< A,

and we get a contradiction. O

Let f € C(U’). Since f is the uniform limit of functions described in Lemma 1,
S1(f)(x) = F(x) f(7(x)). Since 1y = Li(1y) € C(U'),

S1(h(1y)) = Lh(Flqnnu) € L[E].

By continuity, 771(U) N U has nonempty interior. If 771(U) N U is a proper subset of U,
there exists a sequence (,,)%_; in 77 1(U) N U such that

lim F(z,,)=0.
m—00

So,
lim |F(zm)f(T(vm))| < lim |F(z,,)| max|f| =0
m—0o0 m—00 l]1

for all f € I1[E]. Therefore, since T[E] = E,
lim g(x,,) =0

m—0o0
for all g € I1[E]. This obvious contradiction implies that 7={(U)NU = U and F # 0 on U.
Let g € E such that T'(g) = 1y. Let A be the set where I1(g) — I1(g)1y is nonzero. From
property (1.8) and the fact that v(1y)1y = 1y, v(xa)ly = 0 almost everywhere. However,
since S1([1(9)) = 1u, 7(xa)lyny = 0 almost everywhere. Therefore |A| = 0. Since g € E,
A = and g = cly. Because |1y, = ||clullp, |¢] = 1. Moreover, by property (1.8), we

have that S1(I1(f)1lv) = cli(f)(7)1y almost everywhere for all f € C(U). In addition, we
have

(3.11) /U @) dx = /U F(r(@)P de.

for all f € C(U). Since S1(I1(x;)) = I1(7;) each component of T belongs to E. By Theorem
2 in [6], since T is a mapping which is in W (U) and the Jacobian J; satisfies |J,(z)|1y = 1y,
the change of variables in (3.11) holds for all nonnegative measureable functions, not just
|f()|P where f € C(U).

Since S1(I1(z;)) = I1(m), property (1.8) implies

(3.12) @-n@ﬂm =0

almost everywhere for i # m. Hence, 0;7;0,,7; = 0 almost everywhere for ¢ ## m. Therefore,

J-(x) is almost everywhere equal to an n by n invertible matrix with n nonzero entries.
From the use of Lamperti’s Theorem, the mapping f +— f(7) is an L*°(U) isometry

as well. Therefore, since the real-valued functions of F are dense in the Banach space

Cr(U) and T[E] = [E], T has a surjective isometric extension mapping Cg(U) onto itself.
Therefore, by the Banach-Stone Theorem, 7 : U — U must be a homeomorphism of U
onto itself. Hence, T~1f = ¢~1f(771) is a well defined isometry on W;(U) with the same
properties as T'.
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Since E is dense in Ly(U), (3.11) implies that 7" has an isometric extension mapping
L,(U) onto itself. Therefore, if k > 1, we can interpolate between L,(U) and W;“(U ) to get
that T has an isometric extension mapping W, (U) onto itself. Since T'(z;) = e, it must
be that 7; is a linear function since

Iillep = llzillep = lzjlle = 175l

By (3.12), 7; = a;7,(;) + b; for some scalers a;, b; and a permutation o of the set {1,--- ,n}.
Since ||zil|1,p = ||7ill1,p, @s = £1 by (3.11). Hence, 7 is trivial.

For the remainder of this section, we assume k = 1. Since T'(z;) = c7;(x), it follows from
(3.11) that

=3 /U By (@) P da

Let g; € C*°(R™) such that gj,8jgj > 0 on U and 8;g;(z) =0 for all z and all 1 < i #
j < n. Since g; € C* and 7; € W{(U) we can use the chain rule and (3.11) to see that

/yaygj )P dw—/ 10,9,(7 ypZm (@) da.

Since |0;g(7(2))[P € L1(U), |0jg(7(x))[P > 0 and U, equipped with Lebesgue measure, is
a finite measure space, we can use the Hahn-Banach Theorem and the Riesz-Representation
Theorem to prove that

(3.13) Z 10,7 (z)]P < 1

almost everywhere in U.

Let 1. be a nonnegative, compactly supported, smooth approximate identity. Since
Tily € E, Uy = T; * 11/, converges to 71y in W;(U) and converges pointwise to 7;1y in
U. Moreover, we can obtain the following estimate for all z,y € U.

on@) ~un @] = | [ it + 01~ 00)

- ]/01 Vam(te + (1 —t)y) - (& — y) dt’
< sgp\Vum(z)

|z —

>0 [ mtwhmmo ) aw)?)”
(Lot
/

/R O pm(w = 2) dw,  (11jm > 0)

= |z —y|sup
z

<.
Il
-

)0, (w0 — 2)) dw)?)"”

M:

<.
Il
_

(
= \fﬂ—ylsgp(
(>

7w o — 2) d)?)

M:

= |z —y|sup
VA

[y

MM

IN

|z — ylsup
1

J
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< - y]sup/ M ym(w — 2) dw, (3.12) and (3.13)
z R"
= [z -yl

Since u,, — 7; pointwise in U, 7; is Lipschitz with Lipschitz constant equal to 1. Hence,
7 is a Lipschitz map with Lipschitz constant equal to 1. Since T is invertible, the same
argument shows that 71 is also Lipschitz with Lipschitz constant equal to 1. Hence, 7 is
bi-Lipschitz with bi-Lipschitz constant equal to one.

Let B C U be a ball. Then, 7 : B — R" is a bi-Lipschitz map with bi-Lipschitz constant
equal to 1. By Theorem 2.8 in [2], B has the (C,d)-linear bilipschitz extension property.
This means that for a fixed 0 < ¢ < ¢ < 1, each bi-Lipschitz map defined on B with
bi-Lipschitz constant 1 + € can be extended to R™ by a bi-Lipschitz map with bi-Lipschitz
constant 1 + ¢ where ¢ = Ce. Since 7 has bi-Lipschitz constant equal to 1, it can be
extended to a bi-Lipschitz map with bi-Lipschitz constant equal to 1. Therefore, the bi-
Lipschitz extension of 7 : B — R" is an isometry. Since U can be covered with a sequence
of of balls By, such that B,, N By,,11 # 0, there is a unique isometry A of R™ for which
A}U = 7. Since A is an isometry, it is affine. Therefore 7 is affine and 7 satisfies (3.12). So,
7i(2) = a;iT4(;) + b; for some constants a;, b; and a permutation o of {1,---,n}. By (3.11),
a; £ 1. Therefore, 7 is trivial and

for all f € WHU).

4. LAMPERTI’S THEOREM AND THE MAPPING 7, 11

We will now consider the case p € 2N\ {2}. In this case, we apply Lamperti’s Theorem to
the operator So. This means that there exists an F' € L,y(U’) and a regular set isomorphism
¢, inducing a map  such that

Sa2(9)(x) = F(x)v(g)(z)

almost everywhere for all g € L,/ (U’).

Since all polynomials restricted to some component of U’ are in (W (U))*, define ; =
Sa(x;). By applying Lemma 1 and Lemma 2 to 1, we have that Sa(q)(z) = F(z)q(¢(x)) for
all ¢ which are linear combinations of functions p, 1y, where each p, is a polynomial. Since
such functions converge uniformly to functions in C(U’), the same is true for all f € C(U”).

Since T*(Ly) = Ly(p) and 1y € C(U’), Sa(Iz(L1,)) = Io(Ly(1,)) cannot vanish in U.
Otherwise, since I2(Ly(1,))1lv € E, there would be a point xg € U such that for all g € E,
I>(Lg)(x0)1y(x0) = 0. Moreover, by property (1.8), if T'(h) = 1y, then I>(h) is essentially
supported in U because h € E. Hence, h = cly is a constant function and S5 ) is an
isometry satisfying Sa(f)(z) = cf (¢(z)) for all f € C(U).

Since Sa(la(Lyp(p))) = I2(Ly), it follows that ¢T'(f)(¥(z)) = f(x) and T(f)(¢)) € E
whenever f € E. Since p > 2 and U is bounded, we have that WI? (U) C W;(U ). Define
an isometric embedding I3 : ' C Wlf, (U) — Ly vy in the same way I; was defined. Then,

L

the operator T = I§15213 is a W;}(U) isometry mapping E C W;(U) functions onto
themselves. Moreover, we know that
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for f € E. Since U has a Lipschitz boundary, E is dense in W;,(U ). Therefore, T' can be

extended to a surjective isometry, also denoted by T, such that T[E] = E.
It should be noted that F may be a proper subset of W;‘,(U ) N C(U). Therefore, we
cannot finish the proof by noting that p’ is not an even integer and applying the results

of the previous section. However, the real valued functions of E are still dense in Cr(U).
Therefore, by the Banach-Stone Theorem, 1) is a homeomorphism mapping U onto itself.
So, T and T have well defined inverses. Moreover, from Lamperties Theorem, (1.8) and
(1.4), ¢ satisfies all the same conditions of 7 from the previous section. Therefore, 1 is
trivial by the same reasoning. So, since ¢T'(f)(¥(z)) = f(z), T(f)(x) = c (v~ 1(x))
where |¢| = 1 and ! is trivial.

O
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I would like to thank Ralph Howard for discussions regarding Sobolev mappings. Al-
though the results these discussions do not appear in the proof of Theorem 1, they greatly
improved my understanding of the general problem where continuous functions are not as-
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