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Abstract. In this article, we obtain a canonical form for surjective linear isometries
T : W k

p (U) → W k
p (U) provided U is an open, bounded, connected, domain with Lipschitz

boundary, 1 ≤ p < ∞, p 6= 2 and T [C(U)] = C(U). We will show there exists |c| = 1
and mapping τ that is a composition of a translation and a sign-changing permutation
of coordinates such that Tf = cf(τ). As a corollary, if k > n

p
, all surjective isometries

T : W k
p (U) → W k

p (U) have this trivial form by the Sobolev Imbedding Theorem.

1. Introduction

Let 1 ≤ p < ∞ and k, n ∈ N. If U is an open, bounded and connected domain in Rn,
we define the Sobolev Space W k

p (U) to be the space distributions identified by functions
f : U → C in Lp(U) such that

‖f‖p
k,p =

∑
|α|≤k

‖Dαf‖p
p <∞.

Here and throughout the remainder of the article we use the convention Dαf = f if α is
the zero multi-index. Also, |α| = α1 + · · ·+ αn.

For 1 < p < ∞ let (W k
p (U))∗ denote the dual of W k

p (U). Each L ∈ (W k
p (U))∗ can be

identified with a unique v = (vα)|α|≤k such that each vα ∈ Lp(U) and

L(f) =
∑
|α|≤k

∫
U
Dαf(x)vα(x) dx.(1.1)

‖L‖p
k,p,∗ =

∑
|α|≤k

‖vα‖p
p(1.2)

For f, g ∈ W k
p (U), let Lf ∈ (W k

p (U))∗ be the support functional of f identified with vf

such that (vf )α = ‖f‖2−p
k,p |D

αf |p−2Dαf for all |α| ≤ k and

Lf (f) = ‖f‖2
k,p(1.3)

Lf (g) = ‖f‖2−p
k,p

∑
|α|≤k

∫
U
Dαg(x)|Dαf(x)|p−2Dαf(x) dx(1.4)

Since 1 < p < ∞, [g, f ] = Lf (g) defines the unique semi-inner product compatible with
‖ · ‖k,p.

Let C(U) be the set of continuous functions f : U → C which have continuous extensions
to the boundary of U . Let CR(U) be the Banach space of continuous functions, f : U → R,
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equipped with the L∞ norm. By the Banach-Stone Theorem, J : CR(U) → CR(U) is a
surjective linear isometry if and only if

Jf = hf(γ)(1.5)

where |h(x)| = 1 and γ : U → U is a homeomorphism.
A regular set isomorphism of Rn with respect to Lebesgue measure will mean a mapping

φ of the Borel sets into the Borel sets defined modulo sets of measure zero, such that

(1.6) φ(Rn \B) = φ(Rn) \ φ(B)

(1.7) φ(
∞⋃
i=1

Bi) =
∞⋃
i=1

φ(Bi) for disjoint Bi

(1.8) |φ(B)| = 0 if, and only if, |B| = 0

The classical result of Lamperti [8] provides a characterization of injective isometries
between two Lp-spaces.

Lamperti’s Theorem. Let (Ωi,Σi, µi) be σ-finite measure spaces where 1 ≤ p 6= 2 < ∞.
Suppose V is a linear isometry from Lp(Ω1,Σ1, µ1) into Lp(Ω2,Σ2, µ2). Then there exists
a regular set isomorphism φ from Σ1 into Σ2 and a function F defined on Ω2 so that

V (f)(x) = F (x)γ(f)(x)

where γ denotes a transformation induced by the set mapping φ and F satisfies∫
φ(A)

|F |p dµ2 =
∫

φ(A)

d(µ1◦γ−1)
dµ2

dµ2 = µ1(A)

for each A ∈ Σ1. Conversely, if such a φ and F exist and

V (f)(x) = F (x)γ(f)(x)

V is an isometry.
Since γ is induced by φ via γ(χA) = χφ(A) for all measureable sets A ⊂ Σ1, proper-

ties (1.6), (1.7) and (1.8) imply that γ is an isometric homeomorphism with respect to
multiplication on the set of L∞ functions with compact support.

We say a set mapping τ : Rn → Rn is a composition of a translation and a sign-
changing permutation of coordinates if there exists a permutation σ of the set {1, 2, ..., n}
and constants bi ∈ R such that

τi(x) = ±xσ(i) + bi

for i ∈ {1, 2, ..., n}. We will call such a mappings trivial. The following are the main results
of this article.

Theorem 1. Let U be an open, bounded, connected domain in Rn with Lipschitz boundary,
1 ≤ p 6= 2 < ∞, k ∈ N and E be the subspace of W k

p (U) consisting of all C(U) functions.
Then, T : W k

p (U) →W k
p (U) is a surjective linear isometry such that T [E] = E if and only

if there exists a constant |c| = 1 and a trivial mapping τ such that

T (f)(x) = cf(τ(x)).
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Corollary 1. Let U be an open, bounded, connected domain in Rn with Lipschitz boundary,
1 ≤ p 6= 2 < ∞, k ∈ N and k > n

p . Then T : W k
p (U) → W k

p (U) is a surjective linear
isometry if and only if there exists a constant |c| = 1 and a trivial mapping τ such that

T (f)(x) = cf(τ(x)).

Corollary 1 is a direct consequence of Theorem 1 and the Sobolev Imbedding Theorem(see
[1]).

As in [3], we use the Extension Theorem of Plotkin [9], [10], [11], Hardin [5] and Rudin
[12].

Extension Theorem. Let p > 0, p /∈ 2N, (Ω1, σ1) and (Ω2, σ2) be spaces with finite
measures, H be a subspace of Lp(Ω1, σ1) containing the constant function 1(ω) = 1 and
T : H → Lp(Ω2, σ2) be a linear isometry. Then there exists a linear isometry T ′ :
Lp(Ω1,A, σ1) → Lp(Ω2, σ2) so that T ′|H = T, where A is the smallest σ-algebra of sub-
sets of Ω1 making all functions from H measurable.

There are nice presentations of the Extension Theorem in [7] and [4]. In our proof, we
will use the Extension Theorem in two different circumstances. In each we will need A to
be the σ-algebra of Borel sets. In both circumstances we will be able to prove this using
the following well known lemma.

Lemma. Let Ω be a open bounded set in Rn, and H be a set of continuous functions on
Ω separating the points of Ω, i.e. for every x, y ∈ Ω, x 6= y there exists f ∈ H so that
f(x) 6= f(y). Then the smallest σ-algebra making all functions from H measurable is the
σ-algebra of all Borel subsets of Ω.

In the remainder of this article we prove Theorem 1 which improves the results in [3]
by replacing the C1(U) condition with an analogous C(U) condition and replacing the
condition p /∈ 2N with p 6= 2. It is unclear if the continuity assumption is necessary.
However, it is used at key steps throughout our proof. The sufficiecy of Theorem 1 is
trivial. In the rest of the article, we prove the necessity.

2. Isometric Embeddings and Extensions

Pick a > 0 such that
U ′ =

⋃
|α|≤k

Uα =
⋃
|α|≤k

(U + aα)

is a disjoint union. The goal of this section will be to construct isomtries of Lp(U ′) and
Lp′(U ′) which factorize through W k

p (U) and (W k
p (U))∗ via T and T ∗, repectively. Depend-

ing on the value of p, the Extension Theorem will guarantee the extension of one of these
isomtries. Once this is done, we will be able to apply Lamperti’s Theorem to the particular
extension.

Recall that E = W k
p (U)∩C(U). Let E∗ be the set of support functionals Lf ∈ (W k

p (U))∗

such that f ∈ E. Define embeddings I1 : W k
p (U) → Lp(U ′) and I2 : (W k

p (U))∗ → Lp′(U ′)
by

I1(f)(x) =
∑
|α|≤k

Dαf(x− aα)1Uα(x)(2.9)

I2(L)(x) =
∑
|α|≤k

vα(x− aα)1Uα(x).(2.10)
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Since we will only use I2 if p ∈ 2N \ {2}, I2 is well defined by (1.1). By construction, I1
and I2 are isometric.

Now, define isometries S1 : I1[W k
p (U)] → I1[W k

p (U)] and S2 : I2[(W k
p (U))∗] → I2[(W k

p (U))∗]
by S1 = I−1

1 TI1 and S2 = I−1
2 T ∗I2. It is important to notice that S1[I1[E]] = I1[E] and

S2[I2[E∗]] = I2[E∗].
Let f0(x) = ex1+···+xn ∈ W k

p (U). Define g1 = I1(f0) and g2 = I2(Lf0). Since f0 is
smooth, positive and invariant under differentiation, we can define isometries R1 : I1[E] →
Lp(U ′, |g1|p dx) and R2 : I2[E] → Lp′(U ′, |g2|p

′
dx) by R1(f) = f/g1 and R2(f) = f/g2.

Notice that R1(I1(f0)) = R2(I2(Lf0)) = 1U ′ . Let H1 = R1[I1[E]] and H2 = R2[I2[E∗]].
Since C∞

0 (U) ⊂W k
p (U), both H1 and H2 contain constant functions and a set of continuous

functions that separate points of U ′. We refer the reader to Proposition 1 in [3] for details
in the case p /∈ 2N. The argument for the remaining p′s can be easily adapted from the
proof of Proposition 1 in [3] by using (1.4). Therefore, using the Extension Theorem, one
of the isometries Pi = R−1

i Si can be extended. In particular, we have that one of S1 or S2

can be extended to all of Lp(U ′) or Lp′(U ′), respectively. When they exist, we will denote
these extensions by S1 and S2 as well.

3. Lamperti’s Theorem and the mapping τ , I

In this section we will complete the proof for p /∈ 2N. Appying Lamperti’s Theorem to the
operator S1 implies that there exists a function F ∈ Lp(U ′) and a regular set isomorphism
φ, which induces a map γ, so that S1(f)(x) = F (x)γ(f)(x) for all f ∈ Lp(U ′). Recall that
γ can also be thought of as an isometric homomorphism (with respect to multiplication)
φ, γ : L∞(U ′) → L∞(U ′) so that S1(fg)(x) = F (x)γ(f)(x)γ(g)(x) for every f, g ∈ L∞(U ′).

Consider the functions fi(x) = xi1U ′ , for all i ∈ {1, 2, ..., n} Since U ′ is bounded, we
have fi ∈ L∞(U ′). Let τi = γ(fi) ∈ L∞(U ′), and define a mapping τ : U ′ 7→ Rn by
τ(x) = (τ1(x), ..., τn(x)). This mapping has the following properties.

Lemma 1. Let q be a finite linear combination of functions pα1Uα, where pα are polyno-
mials. Then S1(q)(x) = F (x)q(τ(x)).

Proof. Since q is a finite linear combination, assume q is one of its components.

q(x1, ..., xn) =
m∑

j=1

aj

n∏
i=1

x
ri,j

i .

Since φ, and hence γ, is a multiplicative homeomorphism,

S1(q) =
m∑

j=1

ajS1

( n∏
i=1

x
ri,j

i

)
= F (x)

m∑
j=1

ajγ(
n∏

i=1

x
ri,j

i )

= F (x)
m∑

j=1

aj

n∏
i=1

γ(xi)ri,j = F (x)
m∑

j=1

aj

n∏
i=1

τi(x)ri,j

= F (x)q(τ(x)).

�

Lemma 2. The point mapping τ satisfies τ(U ′) ⊂ U ′
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Proof. Suppose that there exists x0 ∈ U ′ for which τ(x0) /∈ U ′. Consider a polynomial
Q(x) = A−

∑n
i=1(xi − τi(x0))2 where we choose A > 0 so that Q is positive on U ′. Then,

A = Q(τ(x0)) = sup
U ′

Q(τ)

= ‖φ(Q)‖L∞(U ′) = ‖Q‖L∞(U ′)

< A,

and we get a contradiction. �

Let f ∈ C(U ′). Since f is the uniform limit of functions described in Lemma 1,
S1(f)(x) = F (x)f(τ(x)). Since 1U = I1(1U ) ∈ C(U ′),

S1(I1(1U )) = I1(F1τ−1(U)∩U ) ∈ I1[E].

By continuity, τ−1(U) ∩ U has nonempty interior. If τ−1(U) ∩ U is a proper subset of U ,
there exists a sequence (xm)∞m=1 in τ−1(U) ∩ U such that

lim
m→∞

F (xm) = 0.

So,
lim

m→∞
|F (xm)f(τ(xm))| ≤ lim

m→∞
|F (xm)|max

U1

|f | = 0

for all f ∈ I1[E]. Therefore, since T [E] = E,

lim
m→∞

g(xm) = 0

for all g ∈ I1[E]. This obvious contradiction implies that τ−1(U)∩U = U and F 6= 0 on U .
Let g ∈ E such that T (g) = 1U . Let A be the set where I1(g)−I1(g)1U is nonzero. From

property (1.8) and the fact that γ(1U )1U = 1U , γ(χA)1U = 0 almost everywhere. However,
since S1(I1(g)) = 1U , γ(χA)1U ′\U = 0 almost everywhere. Therefore |A| = 0. Since g ∈ E,
A = ∅ and g = c1U . Because ‖1U‖p = ‖c1U‖p, |c| = 1. Moreover, by property (1.8), we
have that S1(I1(f)1U ) = cI1(f)(τ)1U almost everywhere for all f ∈ C(U). In addition, we
have ∫

U
|f(x)|p dx =

∫
U
|f(τ(x))|p dx.(3.11)

for all f ∈ C(U). Since S1(I1(xi)) = I1(τi) each component of τ belongs to E. By Theorem
2 in [6], since τ is a mapping which is inW 1

1 (U) and the Jacobian Jτ satisfies |Jτ (x)|1U = 1U ,
the change of variables in (3.11) holds for all nonnegative measureable functions, not just
|f(·)|p where f ∈ C(U).

Since S1(I1(xi)) = I1(τi), property (1.8) implies

∂jτi∂jτm = 0(3.12)

almost everywhere for i 6= m. Hence, ∂iτj∂mτj = 0 almost everywhere for i 6= m. Therefore,
Jτ (x) is almost everywhere equal to an n by n invertible matrix with n nonzero entries.

From the use of Lamperti’s Theorem, the mapping f 7→ f(τ) is an L∞(U) isometry
as well. Therefore, since the real-valued functions of E are dense in the Banach space
CR(U) and T [E] = [E], T has a surjective isometric extension mapping CR(U) onto itself.
Therefore, by the Banach-Stone Theorem, τ : U → U must be a homeomorphism of U
onto itself. Hence, T−1f = c−1f(τ−1) is a well defined isometry on W k

p (U) with the same
properties as T .
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Since E is dense in Lp(U), (3.11) implies that T has an isometric extension mapping
Lp(U) onto itself. Therefore, if k > 1, we can interpolate between Lp(U) and W k

p (U) to get
that T has an isometric extension mapping W 1

p (U) onto itself. Since T (xj) = cτj , it must
be that τj is a linear function since

‖τj‖k,p = ‖xj‖k,p = ‖xj‖1,p = ‖τj‖1,p.

By (3.12), τi = aixσ(i) + bi for some scalers ai, bi and a permutation σ of the set {1, · · · , n}.
Since ‖xi‖1,p = ‖τi‖1,p, ai = ±1 by (3.11). Hence, τ is trivial.

For the remainder of this section, we assume k = 1. Since T (xj) = cτj(x), it follows from
(3.11) that

|U | =
n∑

i=1

∫
U
|∂iτj(x))|p dx

Let gj ∈ C∞(Rn) such that gj , ∂jgj > 0 on U and ∂igj(x) = 0 for all x and all 1 ≤ i 6=
j ≤ n. Since gj ∈ C∞ and τi ∈W 1

1 (U) we can use the chain rule and (3.11) to see that∫
U
|∂jgj(x)|p dx =

∫
U
|∂jgj(τ(x))|p

n∑
i=1

|∂jτi(x)|p dx.

Since |∂jgj(τ(x))|p ∈ L1(U), |∂jgj(τ(x))|p > 0 and U , equipped with Lebesgue measure, is
a finite measure space, we can use the Hahn-Banach Theorem and the Riesz-Representation
Theorem to prove that

n∑
i=1

|∂jτi(x)|p ≤ 1(3.13)

almost everywhere in U .
Let ηε be a nonnegative, compactly supported, smooth approximate identity. Since

τi1U ∈ E, um = τi ∗ η1/m converges to τi1U in W k
p (U) and converges pointwise to τi1U in

U . Moreover, we can obtain the following estimate for all x, y ∈ U .

|um(x)− um(y)| =
∣∣∣ ∫ 1

0

d
dtum(tx+ (1− t)y) dt

∣∣∣
=

∣∣∣ ∫ 1

0
∇um(tx+ (1− t)y) · (x− y) dt

∣∣∣
≤ sup

z
|∇um(z)||x− y|

= |x− y| sup
z

( n∑
j=1

(
∂j

∫
Rn

τi(w)η1/m(w − z) dw
)2

)1/2

= |x− y| sup
z

( n∑
j=1

( ∫
Rn

τi(w)∂j(η1/m(w − z)) dw
)2

)1/2

= |x− y| sup
z

( n∑
j=1

( ∫
Rn

∂jτi(w)η1/m(w − z) dw
)2

)1/2

≤ |x− y| sup
z

n∑
j=1

∫
Rn

|∂jτi(w)|η1/m(w − z) dw, (η1/m ≥ 0)
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≤ |x− y| sup
z

∫
Rn

η1/m(w − z) dw, (3.12) and (3.13)

= |x− y|

Since um → τi pointwise in U , τi is Lipschitz with Lipschitz constant equal to 1. Hence,
τ is a Lipschitz map with Lipschitz constant equal to 1. Since T is invertible, the same
argument shows that τ−1 is also Lipschitz with Lipschitz constant equal to 1. Hence, τ is
bi-Lipschitz with bi-Lipschitz constant equal to one.

Let B ⊂ U be a ball. Then, τ : B → Rn is a bi-Lipschitz map with bi-Lipschitz constant
equal to 1. By Theorem 2.8 in [2], B has the (C, δ)-linear bilipschitz extension property.
This means that for a fixed 0 ≤ ε ≤ δ ≤ 1, each bi-Lipschitz map defined on B with
bi-Lipschitz constant 1 + ε can be extended to Rn by a bi-Lipschitz map with bi-Lipschitz
constant 1 + ε′ where ε′ = Cε. Since τ has bi-Lipschitz constant equal to 1, it can be
extended to a bi-Lipschitz map with bi-Lipschitz constant equal to 1. Therefore, the bi-
Lipschitz extension of τ : B → Rn is an isometry. Since U can be covered with a sequence
of of balls Bm such that Bm ∩ Bm+1 6= ∅, there is a unique isometry A of Rn for which
A

∣∣
U

= τ . Since A is an isometry, it is affine. Therefore τ is affine and τ satisfies (3.12). So,
τi(x) = aixσ(i) + bi for some constants ai, bi and a permutation σ of {1, · · · , n}. By (3.11),
ai ± 1. Therefore, τ is trivial and

T (f)(x) = cf(τ(x))

for all f ∈W k
p (U).

4. Lamperti’s Theorem and the mapping τ , II

We will now consider the case p ∈ 2N\{2}. In this case, we apply Lamperti’s Theorem to
the operator S2. This means that there exists an F ∈ Lp′(U ′) and a regular set isomorphism
φ, inducing a map γ such that

S2(g)(x) = F (x)γ(g)(x)

almost everywhere for all g ∈ Lp′(U ′).
Since all polynomials restricted to some component of U ′ are in (W k

p (U))∗, define ψi =
S2(xi). By applying Lemma 1 and Lemma 2 to ψ, we have that S2(q)(x) = F (x)q(ψ(x)) for
all q which are linear combinations of functions pα1Uα where each pα is a polynomial. Since
such functions converge uniformly to functions in C(U ′), the same is true for all f ∈ C(U ′).

Since T ∗(Lf ) = LT (f) and 1U ∈ C(U ′), S2(I2(L1U )) = I2(LT (1U )) cannot vanish in U .
Otherwise, since I2(LT (1U ))1U ∈ E, there would be a point x0 ∈ U such that for all g ∈ E,
I2(Lg)(x0)1U (x0) = 0. Moreover, by property (1.8), if T (h) = 1U , then I2(h) is essentially
supported in U because h ∈ E. Hence, h = c1U is a constant function and S2

∣∣
Lp′ (U)

is an

isometry satisfying S2(f)(x) = cf(ψ(x)) for all f ∈ C(U).
Since S2(I2(LT (f))) = I2(Lf ), it follows that cT (f)(ψ(x)) = f(x) and T (f)(ψ) ∈ E

whenever f ∈ E. Since p > 2 and U is bounded, we have that W k
p (U) ⊂ W k

p′(U). Define
an isometric embedding I3 : E ⊂W k

p′(U) → Lp′(U ′) in the same way I1 was defined. Then,
the operator T̃ = I−1

3 S2I3 is a W k
p′(U) isometry mapping E ⊂ W k

p′(U) functions onto
themselves. Moreover, we know that

T̃ (f)(x) = cf(ψ(x))
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for f ∈ E. Since U has a Lipschitz boundary, E is dense in W k
p′(U). Therefore, T̃ can be

extended to a surjective isometry, also denoted by T̃ , such that T̃ [E] = E.
It should be noted that E may be a proper subset of W k

p′(U) ∩ C(U). Therefore, we
cannot finish the proof by noting that p′ is not an even integer and applying the results
of the previous section. However, the real valued functions of E are still dense in CR(U).
Therefore, by the Banach-Stone Theorem, ψ is a homeomorphism mapping U onto itself.
So, T̃ and T have well defined inverses. Moreover, from Lamperties Theorem, (1.8) and
(1.4), ψ satisfies all the same conditions of τ from the previous section. Therefore, ψ is
trivial by the same reasoning. So, since cT (f)(ψ(x)) = f(x), T (f)(x) = c−1f(ψ−1(x))
where |c| = 1 and ψ−1 is trivial.

�
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