UNBOUNDEDNESS OF THE BALL BILINEAR MULTIPLIER
OPERATOR

GEOFF DIESTEL AND LOUKAS GRAFAKOS

ABSTRACT. For all n > 1, the characteristic function of the unit ball in R?" is not the
symbol of a bounded bilinear multiplier operator from LP(R™) x LZ(R"™) to L"(R™) when
1/p+1/q = 1/r and exactly one of p, ¢, or v’ = r/(r — 1) is less than 2.

1. INTRODUCTION

We denote the Fourier transform of a function f on R™ by f(f ) = Jgn f(t)e 2™ C dt and

its inverse Fourier transform by fV(§) = f(—f). Let B be the unit ball in R™ and x4 the
characteristic function of a set A. The unboundedness of the linear operator

T (f) = (fxn)"

on LP(R™) when p # 2 and n > 1 was established by Fefferman [2].

In this article we provide a variant of Fefferman’s result in the bilinear setting. Our
arguments also work for multilinear operators. Let 1 < py,--- ,pr < 0o and 0 < p < oc.
We recall that a bounded function m : (R™)* ~— C is called a k-linear multiplier if the
k-linear operator

(fro o fi) = / e / (€ ) fi(6) - (€T T Tdgy - dg

initially defined for Schwartz functions f; on R" admits a bounded extension
(1.1) T o LPH(R™) x -+ - x LPF(R™) — LP(R"™).

In this case we call m the symbol of T},,. We will denote by My, p, . . p(R™) the set of all
k—linear multipliers m such that the corresponding operator T, satisfies (1.1). The norm
of m in My, p,. . p.p(R™) is defined as the norm of T5,.

Nontrivial examples of functions in M, p, »(R) are characteristic functions of half-planes
(see [7],[8]) when p; ' +py ' = p~! < 3/2 and characteristic functions of planar ellipses when
prt oyt =ptand 2 < pi,pa,p < 0o (see [4]). Here p’ = p/(p —1). It is still an open
question whether the results of this paper hold if n = 1 . In this work we show that this is
not the case for the characteristic function of the ball in R?" if 1/p+1/q = 1/r and exactly
one of p, g, or 7' is less than 2. We will construct a counterexample when n = 2 and r > 2.
The general result will follow from duality and a multilinear version of de Leeuw’s theorem

[1].
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2. BILINEARIZATION OF FEFFERMAN’S COUNTEREXAMPLE FOR M, , - (R?)

For a rectangle R in R?, let R’ be the union of the two copies of R adjacent to R in the
direction of its longest side. Hence, RU R’ is a rectangle three times as long as R with the
same center. Key to this argument is the following geometric lemma whose proof can be
found in [9], page 435 or [3], page 738.

Lemma 1. Let § > 0 be given. Then there exists a measurable subset E of R? and a finite
collection of rectangles R; in R? such that

(1) The Rj are pairwise disjoint.
(2) We have 1/2 < |E| < 3/2.

(3) We have |[E| <5 |Rj].
J
(4) For all j we have |R; N E| > LRl

Let 6 > 0 and let E and R; be as in Lemma 1. The proof of Lemma 1 implies that there
are 2% rectangles R; of dimenstion 2% x 3log(k +2). Here, k is chosen so that k+2 > e!/°,
Let v; be the unit vector in R? parallel to the longest side of R; and in the direction of the
set I relative to R;.

Proposition 1. Let R be a rectangle in R? and let v be a unit vector in R? parallel to the
longest side of R. Let R’ be as above. Consider the half space H, of R* defined by

Ho={(£&n) €ER* xR*: (£+1n)-v >0}

Then the following estimate is valid for all x € R?:

(2.2)

Yo (&) 5 i 1
/]Rz /]1{2 X2, (€5 n)XR<£)XR(77)€2MI'(§+77)d§d77‘ = 10 XF ().

Proof. We introduce a rotation (i.e. orthogonal matrix) O of R? such that O(v) = (1,0).
Setting & = (£1,&2), n = (m1,m2) we can write the expression on the left in (2.2) as

XAR(Olf)XAR(O177)62”””'0_1(“’7)d€d77‘
O~1(&+n)-v>0
_ ] Il %[\m<§>>@[\R]<n>e2“0x'<f+ﬂ>d§dn].
&14+1m >0

Now the rectangle O[R] has sides parallel to the axes, say O[R] = I; x Is. Assume that
|I1| > |I2], i.e. its longest side is horizontal. Let H be the classical Hilbert transform on
the line. Setting Oz = (y1,y2) we can write the last displayed expression as

i (y2)? / A / G () 2™ dy dey
&1eR m>—&1

= X5 (¥2)

| S50+ i) [ (OO )y
&1ER

LT+ i) ) ()

= XlI2 (3/2) 9

B ‘[Xslzo X (61.€2)] (1 1)
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Using the result from [3] (Proposition 10.1.2) or [9] (estimate (33), page 453) we deduce
that the previous expression is at least

1
10
This proves the required conclusion. ]

1 1
X(5 x 1) (Y1, y2) = EX(O[R})'(O T) = TOXR’( ).

Next we have the following result concerning bilinear operators on R? of the form
N /R2 /R2 m(€1, &2,m1,m2) F (€1, €2)G (1, mo) €™ CFME2412) gy oy

Lemma 2. Let v, v2,...,vj,... be a sequence of unit vectors in R2. Define a sequence of
half-spaces Hy; in R* as in Proposition 1. Let B, B*', B*? be the following sets in R*

B = {(&n) eR* xR ¢+ n? <1}
B = {(&n) eR*xR*: [E+n)*+|n* <1}
B? = {(&n) eR*xR?: (P +|¢+n* <1},

Assume that either Ty, or Ty, or and Ty, lies in Myq,(R?) and has norm C =

C(p,q,r). Then we have the following vector-valued inequality

(e, 5r00) | 2| (Z1s)] | (Zhol) ™

for all functions f; and g;.

<C

q

Proof. We begin with the assumption that T, lies in /\/lp7q,r(]R2) for some p,q,r > 0. Set
£ = (£1,&) and n = (n1,7m2) € R%. For p > 0 we define sets

B, = {(&mn) eR*xR?: [¢° +[n* < 2p°}
Bj, = {(&n) €R*xR*: [€ = puj* + |n — puy|* < 2p°}.
Note that bilinear multiplier norms are translation and dilation invariant. Easy computa-
tions give that
1XB; , | Mp.q.r®2) < IXB, I M,.q.r2) = C-
The important observation is that xp, , — XH., pointwise as p — oo and that the multiplier

norms of the functions xp; , are bounded above by C.
Moreover, by the bilinear version of a theorem of Marcinkiewicz and Zygmund ([5],
section 9), we have the following inequality for all p > 0.

1/2 1/2 1/2
(21, (290)F) (1P (X lasf)
r J P J
Since xp;, — XM, pointwise as p — oo, we can deduce that
Jim s, ,(£,9)(2) = Ty, (f,9)(2)

for all z € R? and suitable functions f and g. We note that the curvature of the ball B is
used here. By Fatou’s lemma we conclude

|<Z ‘TXHUJ. (fj7gj)‘2) v
J

<C

q

<Z|TXB (fi:95) } )1/2

(2.3)

< lim inf
p—00

T T
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Now, observe the following identity:
T, (f9)(@) = €P0IT,, (2000 C) £, =m0 ) g) ),
Using (2.3) and the previous identity gives

H (; }TXHJ- (fj79j)‘2)

1/2

T

) . 4 1/2
< hpfig}f (ZJ: ’64mpvj~(~)TXBp (6—27rzp1)3"(')fj7 6—2772;711]"(')9].)}2)
N —2mipv;-() |2 1/2 —2mipu;-(-) , |2 1/2
< mintal,, | |(SlermO0nr) | |(Shemmonl) )

1/2 1/2

C

9

(Z1F) | (Elaf)

where the last equality follows from the dilation invariance of bilinear multiplier norms.
The proof of the analogous statements for Tz«1 and Tz« is as follows. We introduce sets

Byt = {(&m) eR* xR ¢+ 0" + [n]* < p}
By, = {(&m) eR* xR [ — pvj +” + [n|* < p?}
Byt = {(&m) eR* xR [ +[¢+nl* < p7)

B2 = {(&n) e R*xR?: |6 + [¢ + 0 — pus|* < p*}.
Note that both Bﬁ) and B;?D converge to H,,; as p — oo. Using the identities

Ty (F9)(2) = 70Ty, (72770, g)(x)
e
Typeo (f.9)(x) = TP9T, (f.e720 00 Og)(a),
Jp
we obtain a similar conclusion for the bilinear operators Ty ., and Ty __,. U

The next ingredient that we will need is a multilinear version of de Leeuw’s theorem.
For 1 < j < k we will consider §; € R™, n; € R™. Then the pairs (§;,n;) € R™™™. Also for
a function f on R™ and g on R™ we introduce another function f ® g on R"*™ by setting

(f®g)&n) = f(€gmn).

Proposition 2. Suppose that m(&1,m1,82,M2, ., &k, M) € Mopy po....pep(R*T™) for some
1 < p < oco. Then for almost every (£1,...,&) € (RM* the function m(&y,-, €, s oy &k, *)
lies in My, py.... pe.p(R™), with norm

,,,,,,,,,,

Proof. In the proof that follows for simplicity we take £k = 2. The case of a general k
does not present any complications, only notational changes. We also assume that m is
continuous. This assumption may be easily removed by considering convolutions of m in
each variable with smooth approximate identities.

Fix fi1,91,h1 € S(R") and f2, g2, ha € S(R™) with | falp, = [|g2llpe = [|h2]lpy = 1. Let

M(&1, &) = /m /m /m m(€r,m, €2,712) fo (1) §2(n2) ™ MF2) 22 Ay do by (w2) do
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If we can show that M € M, ,, »,(R™), then by Proposition 4 (vi) in [6], we can deduce
that || M|leo < | M| A,, ,,,- Then, by duality, it will follow that || T (f2, g2)llp < [M|ec <
HMHMm,pQ,p' We have

(Tar(f1,91), h)l
= /n /n - M (€1, €2) f1(£1) 1 (€)™ E+E 21 gy deg by (1) day

— /n /n /n/m /m /mm(&’nl’52’772)}3(”1)52(772)€2m(m+772)'md771d772h2($2)dx2
F1(€0)G1 (€)™ 81 g deahy (1) dary

/ / / m(Ex, M, €2,12) [1 (€1) Fa (1) 1 (E2) 2 (172) €2 E1m)+(E2m2)) - (21,22)
Rn+m Rner Rn+m

d(&1,m)d(&2,m2)hi(z1)he(z2)d(21, 22)
= [Tn(f1 @ f2,01 ® g2), h1 ® ha)|
< Amllay, py p@erm) L1 @ follp l91 @ g2llp, (|1 @ hally
= |mlirmy, p, p@erm) L1 llp [ f2llp 191 ]p2 19211 ps [P [l 2]

= Imlla,, p,p@etm) [ fillp 91l 1Pl
where the inequality follows from the boundedness of T,,. O
The following is the main result of this article.

Theorem 1. Letn > 1 and 1/p+1/q = 1/r with exactly one of p,q, or r' less than 2. Let
B be the unit ball in R*™. Then xp ¢ My qr(R™).

Proof. Using Proposition 2 and considering the two dual operators T ., and T) ., of
T\, it suffices to show that all of these operators are not in Mp,qu(]l@) for p,q,r > 2.

U= pr=1 < 1/2. We suppose that xp

Therefore, we fix n = 2 and p, g, r satisfying p~! + ¢~
is in M 4. (R?) with norm C.
Suppose that 6 > 0 is given. Let ' and R; be as in Lemma 1. Let v; be the the unit

vector parallel to the longest side of R; and pointing in the direction of the set £ relative

to R;. In the spirit of Fefferman’s argument, we estimate Zj I5 ‘Tj(XR].,XRj)(:z:ﬂde from
above and below and arrive to a contradiction. We have

2
;/E\ij (XR;» XR,)(2)| dx

r=2 9\ 1/2 ?
< |E|'r (Z ‘THUJ- (XR;: XR;)] ) (Holder’s inequality with r > 2)
J T
2 12| 12|
r—s 2 2
< CIE| = ‘(Z‘XRJ‘ ) (> 1w, ) (by Lemma 2)
J p J q
r=2 2/r
= CI|E|r (Z ]Rj|) (by the disjointness of the R;s)
J
<

s > IR (Lemma 1).
j
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For the reverse inequality we argue as follows:

3 /E T, (s xiy) (@) Pz > /E (&xm (@)%de  (Proposition 1)
J J
= o) |[ENR]
J
> Tloo Z |R;] (Lemma 1)
J

Putting these two estimates together, we obtain that

ﬁlooZIRj\ < C5TTZZIRJI

J J

and therefore

1 r—=2
oo < CO 7

for any § > 0. This is a contradiction since r > 2.
O

The authors would like to thank Maria Carmen Reguera-Rodriguez for pointing out to
them an oversight in an earlier version of this manuscript.
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