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Abstract

We establish new results on the space BV of functions with bounded variation.
While it is well known that this space admits no unconditional basis, we show that it
is “almost” characterized by wavelet expansions in the following sense: if a function
fisin BV, its coefficient sequence in a BV normalized wavelet basis satisfies a class
of weak-¢' type estimates. These weak estimates can be employed to prove many
interesting results. We use them to identify the interpolation spaces between BV
and Sobolev or Besov spaces, and to derive new Gagliardo-Nirenberg-type inequal-
ities.

AMS subject classification: 42C40, 46B70,26B35 , 42B25.

Key Words: Bounded variation, wavelet decompositions, weak ¢1, K-functionals,
interpolation, Gagliardo-Nirenberg inequalities, Besov spaces.

1 Background and main results

Many classical function spaces - such as the Sobolev, Holder or Besov classes - can be
characterized by harmonic analysis methods through Fourier or wavelet bases, frames,
Littlewood-Paley decompositions, approximation by spline functions, etc. Such character-
izations are classically useful in various contexts such as operator theory or the theoretical
and numerical analysis of PDEs.

More recently, several results in data compression and statistical estimation have
shown that optimal algorithms for such applications can be derived from expansions into
unconditional bases for the function space that models the object to be compressed or
estimated (see [11] and [8]). By definition a sequence (e,),>o in a Banach space X is an
unconditional basis if and only if
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(i) It is a Schauder basis, i.e., for every € X there exists a unique sequence (z,,),>0 such
that limy 0 |2 — 320, Znen||x = 0.

(ii) There exists a constant C' such that for all finite sequences (z,)"_, and (y,)Y_, such
that [y,| < |zn|, one has [| 32, ynenllx < ClI 32, wnenllx-

In other words, the space X can be characterized by the size properties of the coef-
ficients describing its elements in terms of the basis (e;,)n>o. This means that numerical
operations, such as thresholding, attenuating, or rounding-off the coefficients, are stable
in the X norm. The early development of wavelet bases (see [13]) is closely related to
the question of existence of an unconditional basis for the Hardy space H;. It is now well
established that wavelet bases are unconditional bases for most classical function spaces
that are known to possess one. On the other hand, certain spaces such as Ly, Cy, W(Ly)
and BV are known to possess no unconditional basis of any type.

The space BV, consisting of functions with bounded variation, is of particular interest
for applications to data compression and statistical estimation. It is often chosen as a
model for piecewise smooth signals such as geometric images. Recall that, if {2 is an open
set of R?, a function f € L;(2) has bounded variation if and only if its distributional
gradient V f is a finite measure, i.e., if its total variation

Fliviey = sup{ / £ divig) ; g € CHQLRY), gl < 1}, (1.1)
Q

1/2
is finite. Here, for g = (g1,-..,9a); [|9llec = || (Zle 93) l£oc(@)- The space of such
functions is denoted as BV = BV (Q). It is a Banach space when equipped with the norm

1 fllBve) = IIfllz. + [ flBv@)- (1.2)

If a function f € BV() is in the smaller Sobolev space W1(L;(£2)), we can apply inte-
gration by parts in (1.1) and obtain that

Flovi = / V. (1.3)

Q

It was recently shown ([4]) that, although BV does not possess an unconditional basis,
it is “almost” characterized by wavelet decompositions in terms of weak-type conditions
imposed on wavelet coefficients. Using this information about BV, it is possible to derive
optimal compression or estimation algorithms based on wavelet thresholding.

In order to describe this result, as well as the results of the present paper, we briefly
discuss wavelet bases. We shall confine our discussion to the d-dimensional wavelet bases
that are derived from a tensor product multiresolution analysis (see [7] or [13] for a detailed
treatment) although this is not essential.

Consider first the case of orthogonal wavelet bases. Let 1)° = ¢ be a univariate, com-
pactly supported scaling function associated with the compactly supported, orthogonal



univariate wavelet 1! = 1. Let E' := {0,1}¢ be the vertices of the unit cube and E
denote the set of nonzero vertices. For each e € E’, we define

(@) = ¢ (1) - (). (1.4)

Let D denote the set of dyadic cubes in R? and let D; denote those dyadic cubes that
have side length 277. For any dyadic cube I = 277(k + [0,1]%) in D;, and any e € E', we
define the wavelet

P8(x) == 2Dy — k), (1.5)

which is a wavelet scaled relative to I. Note that we have normalized the wavelets ¢¢ in
BV(R?) and not, as is more customary, in Ly(R?). (For d = 2, the two normalizations
coincide.) It follows that

C1 < [Yflpy < Oy, (1.6)

where the constants C; and Cy depend only on the BV(R) norms of the univariate func-
tions ¢ and . Note also that we can replace the seminorm |- |gy in (1.6) by the norm
|| - ||y as long as the size of the cubes I remains bounded. The functions

vi, 1e€D, eck, (1.7)

form a complete orthogonal system in Ly(R?).

There is a similar construction of biorthogonal wavelet bases, see e.g. [7]. We start
with a pair of one-dimensional compactly supported scaling functions ¢/° := ¢ and ¢° = &
which are in duality:

/gp(t)gé(t —k)ydt=6(k), kez, (1.8)
R
with § the Kronecker delta, and their corresponding univariate wavelets 1! := ) and

Yt :=1p. We define the functions ¥¢ as in (1.5) and @? similarly except that the factor 27
is used in place of 27(4=1). The collection of functions {¢/¢} ;ep e (When renormalized so
that (1.6) holds with | - |gy replaced by the L, norm) forms a Riesz basis for Ly(R¢Y) and
(a correspondingly renormalized version of ) {1¢} jep ccp is its dual basis. The orthogonal
wavelet bases given above are special cases. Even in the orthogonal case we shall keep
the notation ¢)¢ to mark the difference in normalization.

Given a tempered distribution f on R? we define its wavelet coefficients by

£1 = (f,05) (1.9)

whenever this inner product is defined ( for example, if 15}3 is in C" this will be the case for
all tempered distributions of order < r). The wavelet decomposition of f is then formally

defined as
F=Y) 0 fis,. (1.10)

ecE IeD

We can simplify notation by introducing the vectors ¢; = (¢9)cer and fr = (f§) g
so that we have

F=>_frir. (1.11)

1€D
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We shall also consider the “non-homogeneous version” of this wavelet basis, which is
obtained by taking only the scales j > 0 and by including the index e = (0,---,0) when
J =0, ie., a coarse “layer” of scaling functions. Denoting by D, := U;>¢D; the set of
dyadic cubes with scale j > 0, we write this decomposition as

f=> Fryy, (1.12)

1eDy

where the F; and VU; coincide with f; and ¢; if I € D;, j > 0, while we incorporate
the index e = (0,---,0) when j = 0. Regardless of which wavelet basis we choose, the
subscript I represents the spatial localization of the wavelets 1; and 1;1 (I is contained
in their support), and its volume |I| = 279 indicates their scale (the size of their support
is proportional with |7], with a proportionality constant independent of the scale). Note
that for the Haar system, i.e., when ¢ = ¢ = Xjo [ and ¢ = Q,E = Xjo,1/2[ — Xj1/2,1[, the
supports of ¢; and 1;[ coincide exactly with 1.

We can now formulate the following result which was first proved in the case of the
Haar system [4] and later extended to more general compactly supported wavelets [5]. In
this theorem, and later, we use | - | to denote the Euclidean norm in R!. A pivotal role is
played by the space wl!(D) (weak £;). It consists of those sequences (az)ep for which

l(ar)||we == sug) e #{I € D : |as| > €}] (1.13)
€>
is finite.

Theorem 1.1 For all f € BV(RY), the coefficient sequence (fr)iep belongs to the space
wl*(D). More precisely, there exists a constant C > 0 such that for all f € BV(R?Y) and
e>0

#{I c D ‘f[| > 6} S C|f‘BV(Rd)€71- (114)

Stmilarly, for the non-homogeneous basis indexed by D, we have
#{1 € Dy |Fy| > e} < O fllpymae " (1.15)

On the other hand, from the BV normalization of the wavelets (see (1.6)), we see that
whenever (Fy)rep, € (1(D4) then f:= ZI€D+ F7V; belongs to BV and satisfies

[ fllBvrs) < CNED e (1.16)

Therefore, we have almost characterized BV(R?) in the following sense. Let bv(D,)
denote the discrete space of wavelet coefficient sequences of BV functions with

||(FI)IGD+||bv = Hf”BV(Rd)' (1~17)

Then, we have the continuous embeddings

This result is sufficient to ensure the optimality of estimation and compression algorithms
in the sense of [11] (see [4]).



Theorem 1.1 also gives a direct easy access to some fine analysis results, such as the
following improved Poincaré inequality in dimension d = 2:

11z @2) < CllF 52 Loy | f 1BV R2), (1.19)

where B !'(L(R?)) is the Besov space. The classical Poincaré inequality in this case
would involve the L., norm instead of the Besov norm on the right side of (1.19). The
importance of (1.19) is that it scales correctly for both dilation and modulation (i.e.
multiplication by a character ¢*®) whereas the original Poincaré inequality scales cor-
rectly only for dilation. In this sense, one could say that (1.19) is the “correct” Poincaré
inequality.

With Theorem 1.1 in hand, inequality (1.19) can be derived from two facts indicating a
pattern of argument that will be encountered later again. First one observes the inequality

IEDIE, < NED e | (F) llwts- (1.20)

The second ingredient is that the Ly and B '(L.(R?)) norms of a function f are respec-
tively equivalent to the ¢, and /o, norm of the sequence (F7)ep, . These are special cases
of norm equivalences that will be described later in more detail. The proof of (1.19) also
uses that for d = 2 the BV- and Ls-normalizations of the wavelets coincide. Note that
there exists no other proof of (1.19) up to now.

The inequalities (1.19) and (1.20) can be viewed as special cases of interpolation using
the real method of Lions-Peetre (see e.g. [1] for an introduction). Given a pair of linear
spaces (X,Y) continuously embedded in some Hausdorff space X, the K-functional for
this pair is given by

K(f:X,Y)= _inf ||f~ tlglly, t>0, 1.21
where || - ||x and || - ||y are quasi-semi-norms for these spaces. For each 0 < 6 < 1,

0 < g < o0, the intermediate space (X,Y )y, consists of all elements of X + Y for which

i d
e, = (RO 0 <q <o, (1.22)

0

is finite (with the usual change to a sup when ¢ = 0o0). The space (X,Y ), is called an
interpolation space for this pair. It is an important question in analysis to characterize
the interpolation spaces for a given pair (X,Y’). Such characterizations are known for
many (but not all) pairs of classical spaces.

In particular, the intermediate spaces for any pair (¢, £,) of sequence spaces are known
to be Lorentz spaces. Also, the same conclusion holds if the spaces ¢, and /¢, are replaced
by their weak counterparts. As a special case, the “framing” of bv between ¢; and w/;
gives

£2 = (600,61)1/2’2 C (goo,bV)l/Q’g C (ﬁoo,wﬁl)l/m = 62. (123)

From this and the characterization of L, and the Besov space by wavelet coefficients, we
derive
L2 - (Bil BV)l/Q’Q. (124)

00,007
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This method of determining interpolation spaces for a pair of smoothness spaces by iden-
tifying them with sequence spaces, via a boundedly invertible linear mapping, is called
the method of retracts. In the case of (1.24), this result (given in [4]) was new.

Given any pair (X,Y), one always has the interpolation inequality

1Ny, < IFIIFIY (1.25)

(see [1], p. 49). Thus, given (1.24), (1.19) and (1.20) in turn follow from this general
principle (although (1.20) can be proved directly in a simple way as well).

Despite the above success, Theorem 1.1 is not sufficient to answer other fine ques-
tions in analysis. In fact, the present paper was motivated by questions raised by Yves
Meyer concerning the correct form of Gagliardo-Nirenberg-type inequalities. Improving
these inequalities in a similar way to (1.19) is equivalent to establishing new results on
interpolation between BV and other Sobolev and Besov spaces. The difficulty in accom-
plishing this is that general Sobolev and Besov spaces are described by applying weighted
¢,(w) norms to wavelet coefficient sequences. The weights w take the form |I|* where we
denote as before by || := vol(/) the volume of I. Theorem 1.1 is no longer tailored to
this context, since the interpolation spaces between such a weighted ¢, space and w/; no
longer yields the desired sequence space. Fortunately, there is a possible way around this
which was first utilized in [10]. The key is to incorporate weights both in renormalizing
the coefficients and in the weak ¢; space. To describe this, we introduce the following
sequence spaces.

Definition 1.2 Let v € R. For 0 < p < oo, the space £)(D) consists of those sequences
(cr)rep such that (|I|7er)iep € (D, |1]7), te.,

1/p
(erenlty ) = (lel(l"’)"’lcflp) < co. (1.26)

1€eD

The space wl)(D) consists of those sequences (cr)rep such that ([I|Ver)rep € wly(D, |[1]7),
1.€.,

len) luggimy = supe S I < oc. (1.27)

0
U e>eIp

For p = 00, the space {1 (D) consists of those sequences (cr)iep such that (|I|77¢r)rep €
loo(D), i.e. |er] < CI|. The spaces £)(Dy) and wl)(Dy) are defined analogously.

Note that when v = 0 this corresponds to the classical ¢, and w¢, spaces. Note also
that ¢] coincides with ¢; for all v, while w/¢] differs from w#¢;. In fact there is no natural
ordering of the spaces wf] as v varies.

Introducing the spaces w(} helps us answer some questions concerning interpolation
of smoothness spaces. In the present context of BV, it is easy to reduce the questions of
Meyer to the following:



For which values of v do we have the embedding of bv into wl](D) or equivalently the
weak-type estimate
Z 11" < C|f|BV(Rd)E_1? (1.28)

[frI>elI]

The main result of this paper is to give a precise answer to this question in the following
theorem.

Theorem 1.3 Inequality (1.28) holds if and only if v > 1 or v < 1 —1/d. The same
conclusion holds if in (1.28) we replace (f1)rep by (Fr)iep, and |f|gyvmay by || f|lgv®a)-

Although Theorem 1.3 includes Theorem 1.1 as a particular case (y = 0), the spirit
of our proof is quite different from [4].

The proof of Theorem 1.3 is given in the following sections. We use the remainder of
the present section to formulate and prove applications of Theorem 1.3 to interpolation
and Gagliardo-Nirenberg-type inequalities. We first discuss interpolation between BV
and the classical Besov-Sobolev spaces.

The Besov spaces B;(Lp(Rd)) are typically defined using Littlewood-Paley decompo-
sitions or moduli of smoothness. However, they have an equivalent formulation in terms
of wavelet decompositions (see [13] or [2]) that we shall use here for their definition. Let
the univariate scaling function ¢ and its associated wavelet 1) be in C" and similarly let
@ and v be in C7. Then, for each —7 < 5 < r, we define the Besov space B;(Lp(Rd)),
1 < p < 00, as the set of all tempered distributions f such that

1] Megwey, v:i=1+—-1)p"/d (1.29)

is finite, where p* denotes the conjugate index to p.
This definition is in agreement with the characterization of Besov spaces by wavelet
decomposition but it looks a little strange because we have used the £) norms. The usual

Bs(Lp(R%)) -= (1 £7

11 . .
»*daP; and their corresponding

definition uses the L, normalized wavelets ¥y, = |/
coefficients F7,. Then it takes the form

£l s czp@ay = 1AL Er Do) (1.30)

which is identical with (1.29) because Fy, = |I|5_P%FI.

There is a similar wavelet description of the homogeneous Besov spaces B;(Lp(Rd))
which were originally defined using Littlewood-Paley decompositions (see [13]). One can
define the space BS(L,(R?)) as the set of all tempered distributions f such that

1 5z, ey == 11Dy 0y, v =14 (s = Dp*/d (1.31)

is finite.
We shall use the well known fact that for any v € R and 1 < p < oo, we have (see e.g.
Theorem 5.3.1, p.113 in [1])

0= (01, 0)oq = (£}, wl])gq, (1.32)

7



whenever 0 < 0 < 1 and
-=—4+46. (1.33)

We should note that 7 is the same for all the spaces in (1.32). Since the appropriate value

of 7y is fixed by the Besov space that we wish to pair with BV, we have no flexibility in its

choice and therefore cannot just simply apply Theorem 1.1 which corresponds to v = 0.
Clearly from (1.32) and (1.25) it follows that we

I(an)llg < Clitan)ll ll(an)ll5g- (1.34)

Theorem 1.4 Assume thaty > 1 ory < 1—1/d, and let (s, p) satisfy (s—1)p*/d =v—1
for some 1 < p < oo. Then, for any 0 < 8 < 1, we have

(By(Ly(RY), BV(R))g, = By(Ly(R?)) (1.35)

with equivalent norms and with

1 1-46
-—=——+40, t=(1-0)s+80. 1.36
P (1-6) (1.36)
Similarly, we have . _ )
(By(Lp(RY)), BV(RY))pq = By(Ly(RY)) (1.37)

with the same restrictions on p,q,t. Here BV means that in the definition of the K-
functional (1.21) we use the seminorm | - |gy rather than || - ||pv.

Proof: Consider the wavelet transform which linearly maps f into (F7)ep, . In view of
(1.29), it is an isometry between B3(L,(R%)) and £)(D,). We also know from (1.18) that
the image bv(D. ) of BV(R?) is framed by ¢](D,) and wl](D,) . Hence, using (1.32), we
deduce that a distribution f is in (B (L,(R?)), BV(R?))g 4 if and only if (F});ep, € €](Dy)
with equivalent norms. Now observe that for ¢ and ¢ as in (1.36) one has (s — 1)p* =
(t — 1)¢*. Thus one also has v = 1 + (¢t — 1)¢*/d and invoking the definition of Besov
spaces (1.29), the proof is completed. In the homogeneous case, we use the mapping of f
into (fr)rep to arrive at (1.37). O

Combining Theorem 1.4 with (1.25) we immediately obtain the following Gagliardo-
Nirenberg-type inequalities.

Theorem 1.5 Under the same assumptions and using the same notation as in Theorem
1.4 we have

11| Bt (Lq(reY) < CHfH};;?LP(Rd))HfHHBV(]Rd)' (1.38)
and
”f“Bg(Lq(Rd)) < Ol|f| lB_g(eLp(Rd))|f|0BV(Rd)‘ (139)

In particular, for the Sobolev space H*(RY) = W*(Ly(R?)), we have

||f||§{$(Rd) < OHfHng’l(Loo(]Rd))||f||BV(Rd)7 (1.40)



provided s < 1/2 or s > 1. For s = 0, this establishes (1.19) in any dimension.

The remainder of this paper will be devoted to the proof of Theorem 1.3. We begin
in Section 2 by gathering some known results about functions in BV. In Section 3 we
prove a main technical result for the case v < 0 or v > 1. The case 0 < v < 1 — é
is handled in Section 4. Section 5 links this technical result with wavelet expansions
and completes the proof of Theorem 1.3. We conclude this section with indicating some
implications concerning restricted nonlinear approximation. Finally, Section 6 illustrates
that the restriction on 7 is sharp by providing counter-examples for 1 — }i <~y<1.

In all our arguments, and unless stated otherwise, C' denotes a generic constant, the
value of which may vary even within the same proof.

2 Some properties of BV functions

For a detailed treatment of BV functions including the proofs of the following fundamental
results, we refer the reader to [14] or [12].

Although we shall not use it in the sequel, we first recall the alternate (and equivalent)
definition of BV by finite differences: if Q is an open set of RY, f € L;(Q2) has bounded

variation if and only if the quantity

If = fC+R)z@n
Ih<1 |h| ’

(2.1)

is finite where Q = {x € Q : x +th € Qfor ¢t € [0,1]}. Moreover for a fixed €2, this
quantity is equivalent to the total variation |f|gv ). We also recall that the space BV(12)
is (non-compactly) embedded in Lg(Q) with d* = -4 and that we have the embedding
inequality (see [14], p. 81)

[fla ) < CEDfllBvie: (2.2)

We shall use the possibility of approximating the functions of BV(€2) by smooth func-
tions in the following sense (see e.g. [12], p.172 or [14], p.225).

Theorem 2.1 Let f € BV(Q). Then there exists a sequence { fi}r>o0 in BV(Q) N C>®(Q)
such that

Jm = fllze =0 and - lm | filsvie) = |fleve). (2.3)
This result will allow us to reduce the proof of our weak-type estimates to smooth functions
for which we have |f|gv@) = [ |V [f].

Q

Characteristic functions of sets are particular instances of BV functions which will
play an important role in our analysis. If E is a bounded open set with smooth boundary;,
then it is easy to check from the definition that Xz € BV(Q2) and that

IXEelBV(Q) = HYOENQ), (2.4)

where here and later H*® denotes the s-dimensional Hausdorff measure. The above equality
is not true for more general open sets with finite perimeter but no Lipschitz boundary

9



(take e.g. F:={(z,y) |z| < 1,0 < |y| < 1}), for which we have only the inequality
|XE|BV(Q) < Hd_l(aE N Q) (2.5)

The importance of characteristic functions in the description of BV is emphasized by
the co-area formula which has the following classical form for sufficiently smooth functions.

If f € BV(Q)NCYQ), then one has

/ V= / HN QN £ ({8, (2.6)

(see [12], p.112 or [14], p.76 ). To extend this relation to general BV functions one
introduces the level sets E; = Ey(f) defined by E;, = {x € Q : f(x) > t}. The above
formula then takes the following form (see [12], p.185):

Theorem 2.2 For f € BV(Q) one has

| flBvie :/|XEt|BV(Q)dt- (2.7)
R

Such level sets might not have a C'! boundary for almost every t and therefore one cannot
substitute H?*(0E; N Q) in place of | X, |gyv. The co-area formula (2.7) reveals that BV
admits an atomic decomposition in terms of characteristic functions since we have

f(z)= lim z+ /XEt(x)dt. (2.8)

Such a decomposition can be particularly useful when proving properties of the type
O(f) < C|f|lpy where @ is a convex functional, since it reduces the proof to the case
where f is a single atom Xg.

We shall also need a version of the isoperimetric inequality which we prove here by
applying the embedding of BV into L to characteristic functions.

Theorem 2.3 Let () be an open cube ofRdfmd let E be a domain with a smooth boundary.
Define Eqg := ENQ and its complement Eg := Q \ Eq. Then there exists a constant C
independent of E and of Q) such that

min{| Eql, | Eol} < CIH (GE N Q)" (2.9)

Proof: Let Ef, denote the set of minimal measure among Eg and EQ and define

ao(f) = \@|1/f,
Q

10



We clearly have [Xg — aq(Xg)| > 1/2 on Ef) and therefore

[ e = ag(Xe)l" = 27 min{| Eql. |Eol) 2.10)
Q

In view of the formula (2.4), (2.9) follows as soon as we can estimate the left hand side
of (2.10) d (- This in turn is a consequence of the following Poincaré¢ inequality
for general BV functions

1f = ao(Nlze@ < ClflBv@)- (2.11)

This could be derived directly but we will use here an argument that will be needed later
anyway. To this end, note that

I =eolf) e = Q1 / / Dylda <1QI" [ 1f(a)=f(wldady, (212)

QxQ

and assume first that f € W1(Ly(Q)). For each z = (z, - - -
can define the segments

S’L(‘T’y) ::Qm{(xlv'”?xi—lat7yi+17'"7yd) tER} 7d

With such a definition, we can connect x and y by a path S(z,y) C U;S;(z,y) so that

7 |_Z/

Integrating with respect to x and y we can estimate the right hand side of (2.12) by

7$d) a’ndy: (y17'”7yd) we

ox; |’

Q- 12 [ [ | s < el < VaiQM / vl
=1QxQ Si(rw)
Now (1.3) and Theorem 2.1 imply that for any f € BV(Q)
1f = ag(Nllrue) < 1QI™ / |f (@) = f(y)ldedy < VdQ| flsvia)- (2.13)

QxQ

In particular, for the unit d-cube O the estimate ||f — ao(f)|lsvoy < (1 + Vd)|flsvo)
follows. The embedding (2.2) of BV(O) into Ly () yields || f —aq(f)|lc . < C(O)|| f—
aq(f)llsv@m and thus ||f — ao(f)||lr,. < C(O)|flsv@m- One easily checks that this
latter estimate remains invariant under rescaling which confirms (2.11) and completes the
proof.

In the sequel we shall assume 2 = R?, and the space BV will always refer to BV(]Rd)
Let g be a function in L, supported on ]0,1[¢ and such that Jg = 0. For I
277(]0,1[%+k) a dyadic cube in D, we define

gr:=2g(2 - —k). (2.14)

11



For I € D, we introduce four quantities which measure in some sense the oscillation of a
function f on I. The first one is the size of the inner product with gy, i.e.

cr = cr(f) = [{f, a0l (2.15)
The second one is the renormalized error of approximation by constants
rpi=ri(f) = U7V = ar(F)llan (2.16)

The third one is the renormalized averaged modulus of continuity

wy o= wy(f) = 1] / (@) — F(y)ldz dy. (2.17)

IxI

The above three quantities are well defined whenever f € Ly(I). When f € W' (L,(I)),
we define the fourth one as the variation of f on [

or = vr(f) = / VSl (2.18)

for general BV functions, we set v;(f) := | f|gv(n)-

Lemma 2.4 We have for all f € Ly(I)

cr(f) < N9l po@ayr(f), (2.19)
and
rr(f) < wr(f). (2.20)
For all f € BV(I) we have
wr(f) < Vv (f). (2.21)

Proof: Observing that g; is orthogonal to constants, we obtain

c(f) = [{f,90) = [{f —ar(f),91)]
< W = ar(Alleallgrlle = gl 1Y = ar(H)llz, @

which is (2.19). The second inequality (2.20) follows from (2.12). Finally (2.21) immedi-
ately follows from (2.13). [

This list of inequalities will be used to prove the following result.

Theorem 2.5 Let f € BV(RY). Then (ci(f))iep € wli(D) for all v < 1 —1/d or
~v > 1. More precisely, there exists a constant C depending only on v such that for all
f € BV(R?) and € > 0 we have

Z 11" < Ol flpvreye " (2.22)

1€D; cr(f)>elllY
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The proof of this result is the object of the next two sections. This theorem will
then be used in §5 to prove Theorem 1.3. For the proof of Theorem 2.5, we shall restrict
ourselves to f € BV(RY)NC*>(R?). The result for a general f € BV(R?) is then proved by
using the approximation sequence (fx)r>o of Theorem 2.1 and noting that (fy, gr) tends
to (f,gr) for all I. If follows that if (2.22) holds for all the f, then for each finite subset

AN CA={I1eD: |{f,gn|>e€lll}, (2.23)
we have the property
Z 1] < C| frlpvmaye ", (2.24)
IeA}

provided k is sufficiently large. Letting k go to infinity, we conclude that (2.22) also holds
for f.

3 Thecasey<0Oorvy>1

We begin with the cases v < 0 or v > 1 which have simple proofs. In these cases, it is
sufficient to use the estimate c;(f) < Cvr(f) of Lemma 2.4 with C' = v/d||g|| .

Theorem 3.1 Assume that v > 1 or v < 0. Then f € BV(RY) N C*®(RY) implies that
(vr(f)) € wl](D). More precisely, there exists C = C(v) such that for all such f and

each € > 0,
> et [ (3.1)
Rd

vr(f)>ell|
Proof: For f € BV(R?) N C™(R?) and € > 0, we want to estimate Y, ., |I|" where
Ac=A(f)={1€D: v(f)>e€lll}. (3.2)

We first treat the case v > 1. We define A* as the subset of mazimal cubes of A, i.e.
those I € A, such that for all J € A., I C J implies I = J.

Since v;(f) < |f|pv and since v > 0, there exists a constant A > 0 depending of f
and € such that for |I| > A, we always have v;(f) < €|I|", i.e. I ¢ A.. It follows that any
cube J € A, is always contained in some maximal cube I € A**. Consequently, we have
the estimate

ISR ID ML DD DEED SR

TeA. TeAmax JCJ TeAmax j>0 jCJ,|J|=2-94|]|
= Yoy 2t hi<o Yo <oet Y u(f).
TeAmax §>0 TeAmax TeAmax

Since the maximal cubes of A™** are necessarily pairwise disjoint we conclude that

Y reamax vr(f) < [ [V f] which proves (3.1).
R4

In the case 7 < 0, we define A™™ as the subset of minimal cubes of A, i.e., those I € A,

such that for all J € A, J C I implies I = J. Since v;(f) = [|Vf] < |V fllrww|I] for

I
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all I C J, and since v < 0, for any fixed dyadic cube J there exists a > 0 depending of
f and € such that if I C J and |I]| < a, we have vr(f) < €|I|7, i.e.,, I ¢ A.. It follows
that any J € A, contains only a finite number of I € A, and in turn always contains a
minimal cube I € A™*. Using also the fact that each I € A™" is contained in at most
one dyadic cube J € D; for any j, we have the estimate

LD SV DRV (Wi

I€A. TeAmin JDI IeAmin 3>0
< C Y IP<ce Y ulf)
IeAmin TeAmin

We conclude the proof in a similar manner as above, noting that the minimal cubes of
AM™™ are necessarily pairwise disjoint. (]

In view of the remarks at the end of §2, Theorem 3.1 implies Theorem 2.5 in the cases
v<0or~vy>1.

4 Thecase 0<y<1-1/d

In this case, the estimate ¢;(f) < Cuy(f) is not sufficient to prove Theorem 2.5 because
the sequence (v;(f)) does not satisfy the weak-type estimate (3.1) when 0 < < 1. For
instance, take v = 0 and consider a non trivial smooth function f with compact support
in ]0, 1[¢; observe that there exists an infinite number of dyadic cubes I containing ]0, 1[¢
for which we have v;(f) = C > 0.

Instead we shall use the finer estimate ¢;(f) < Cw;(f), with C' = ||g|z~, combined
with the following result.

Theorem 4.1 Let v < 1—1/d. Then f € BV(RY) N C*(RY) implies that (wi(f))1ep €
wl]. More precisely, there exists a constant C = C(v) such that for all such [ and each
e >0,

> r=cet [vs (4.1)
wi(f)>el] B

The proof of this result will involve some intermediate lemmas. Define the set

A= A(f) ={I €D :wi(f)>e€ll]"}. (4.2)
Our goal is to show that
€ Z " < Clflavry- (4.3)
[EAE

We first fix some « such that 7 < a < 1 — 1/d and establish a distinction between two
types of cubes in A..

14



Definition 4.2 We say a cube I € A is good if for each collection P C A, of pairwise
disjoint cubes strictly contained in I, we have

Dol
JeP

or if I 1s minimal in A, i.e., there is no J € A, strictly contained in I. If I € A, is not
good we say it is bad. We denote the set of good cubes in A, by G and the set of bad cubes
by B.

Clearly G and B depend on f, €, v and «. Our next lemma shows that it is sufficient to
prove (4.3) with G in place of A..

S <eyir, (4.4)

IeB Ieg

Lemma 4.3 We have

where the constant C' > 0 depends only on o and 7.

Proof: Since w;(f) < C||Vfllrn|J]| for all J C I and since v < 1, there exists a
constant a > 0 such that if J C I and |J| < a, we always have w;(f) < e|J|?, i.e., J & A..
It follows that any I € A, contains only a finite number of J € A..

For I € B, we denote by G(I) the set of all cubes J C I such that J € G. Clearly this
set is also finite. We shall first prove that

e < 3 e (4.5)
)

JeGg(I

;From the definition of bad cubes, there is a set P(I) C A, of disjoint cubes contained in

I such that
< > s Y I Y =545
JeP(I) JeP(HNG JeP(I)NB

The terms in ¥, are not processed further and become part of the right side of (4.5). The
terms in X, are processed further. Namely, for each J appearing in ), there is a set
P(J) C A¢ such that

< YUK S Y K Y K

KeP(J) KeP(J)NG KeP(J)NB

Again, the terms in the first sum are not processed further and become part of the right
side of (4.5), remarking that P(J) NG is necessarily disjoint from P(I) NG. The terms in
the second sum are processed further. Continuing in this way, we arrive at (4.5) in a finite
number of steps since G(I) is finite, and since the minimal cubes of A, are by definition
contained in G.

It follows from (4.5) that if I € B, then

<= Y =y lapetad,

Jeg((I) Jeg(I)
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where ¢ := (o —7)d > 0 and d(I, J) is the number of levels between J and I, i.e.

log(|I|/|J
st L) s

Therefore, the left side of (4.4) does not exceed

Z Z | J[r2-%d0T) < Z’JP Z o—8d(I,J)

IEBJGQ Jeg 1eB,IDJ
For J € G and k > 0, there is at most one I D J with d(/,J) = k, and therefore

3d(I,J)
ot

This proves the lemma. ]

It follows from Lemma 4.3 that we need to estimate only » ;. |I|” in order to prove
Theorem 4.1. We shall actually prove that the subsequence (w;(f))eg satisfies a strong
{1 property. For this purpose, we introduce the following definition.

Definition 4.4 A subset R C D is called a-sparse if and only if for all I € R and any
set P C R of disjoint dyadic cubes contained in I, we have

o< (4.7)
JeP

Clearly G is an example of an a-sparse set.
With this definition we have the following theorem.

Theorem 4.5 There exists a constant C such that for any a-sparse set R, we have

Z wi(f) < C|flgvry- (4.8)

IeR

Proof: Since we want to prove a strong ¢! estimate, we can use the co-area formula to
reduce the proof to the case where f is of the type

f=Xg, (4.9)

where E is a set with smooth boundary of finite d — 1-dimensional measure H¢"1(0F).
Indeed, assume for a moment that (4.8) holds for such characteristic functions. If f €
BV(R?) N C>*(R?), then, for almost every ¢t € R, the level sets £y = {z € Q: f(z) >t}
have a smooth boundary and thus satisfy

ZwI(XEt) < C|XE|Bv®e- (4.10)
IeR
For all I, (2.8) yields
400
wr(f) < / wr(Xg,)dt. (4.11)
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Combining these inequalities with (2.7), we conclude that for all finite subsets A C R we
have

wa(f) < C|flavre, (4.12)

IeA

and therefore (4.8) also holds for f.

Also note that |E;| < oo if t > 0 and |R¢\ Ey| < oo if t < 0 (since f € L'). Thus,
it suffices to establish (4.8) for f = Xpg, where E is a set such that either |E| < oo or
R4\ E| < oo, which we will assume for the rest of the proof. For I € R, we define by
E; .= INE and its complement EI = I\ E;. {From its definition, we see that w; satisfies
the estimate

wr(f) < 17 minf | Er, | B[} = 1] min{|Eq], | B} /|1 (4.13)

Clearly,

dowi(f) =) wilf), (4.14)

IeR IeR*
where R* := {I € R : min{|E;|,|E;|} > 0} is the set of cubes whose interior intersects
the boundary OF. For each k > 0, denote by Ry the set of cubes in R* such that

271 < min{|Ey|, |E;|}/|I| < 27*. (4.15)

The sets Ry are pairwise disjoint and R* = Ug~oRy. We thus have

STwi(h) =30 S wilh). (4.16)

IeER k>0 I€ERy

We denote by Ry the mazimal cubes of Ry, i.e., the set of those I € Ry, such that there
exists no J € Ry, strictly containing I. Note that since |E| < oo or |R?\ E| < oo, there
exists A > 0 such that |I| > A implies

min{| E|, | Er[}/|1] < min{] B|, R\ BI}/|1] <27,

i.e. I ¢ Ry. Therefore, any in Ry is contained in some maximal cube of Ry. If I is
in Rigp and J € Ry, is contained in I, we define the generation of J as the number of
different cubes K # I in Ry such that J C K C I. In particular, all cubes in Ry have
generation 0. We denote by Ry ; the collection of cubes in R, of generation j. Note that
the cubes in Ry, ; are pairwise disjoint, and that R, = U;>0Rk,;, so that we have

SwH =333 wih). (4.17)

IeER k>0 j>0 I€Ry ;

For a fixed k& > 0, we can write in view of (4.15) and (4.13)

oD w2y 3 (4.18)

Jj=>0 I€Ry ; Jj>0 I€Ry ;
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We next define n =1 —1/d — o« > 0 and remark that for j > 0 each J € Ry ;41 must
have a parent in Ry ;. From the definition of a-sparse sets and the fact that the Ry ;,
7 >0, are sets of disjoint cubes, we infer that

Yoot =y ez Yooy e

IGRkyjfl IG’Rk’jfl IERkyjfl JGRk,j,JCI
YD ST LT SRV L]
IG’Rk’jfl JER;CJ',JCI JERk,j

where the first inequality used the definition (4.7) of a-sparse. Therefore, we obtain by

induction that .
Z |]|1—1/d < 9—dnj Z ’]|1_1/d, (419>
IGRk,j IERk,()
so that the summation over 7, for fixed k, can be bounded by

SN wi(fy <2t > e (4.20)

720 IERkJ‘ IER&O

Now if I € Ry, we see from (4.15) that |I| < 25+'min{|E;|, |E;|} and therefore

- 1-1/d
ST < 20 N (inf| ]| By l}) (4.21)
IERk,O IER&O
JFrom the isoperimetric inequality of Theorem 2.3 we obtain
. 1-1/d
<min{|E1|, |E,\}) < CH"Y(OENT). (4.22)

Since the maximal cubes of Ry are pairwise disjoint, it follows from (4.21) and (4.22)
that
>t < e ORI OE). (4.23)

IGR}C,O

Combining this estimate with (4.20) and (4.18), we obtain

> wi(f) < C27H MY OE).

Jj=20 I€ERy ;

Summing over k > 0 according to (4.17), we finally arrive at the estimate

Zwl(f) < CHTYIE) = C|Xslsv e, (4.24)
IER
where the last equality is (2.4). This concludes the proof of the theorem. |

We now apply Theorem 4.5 to R = G. Since ¢; = ¢] C w{], the theorem implies
the weak estimate ), |I|” < C|f|gyree ! From Lemma 4.3 we see that the proof of
Theorem 4.1 is now complete. Combined with the results of §3, this also completes the
proof of Theorem 2.5.
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5 Application to wavelet decompositions

The results of the two previous sections prove Theorem 2.5. We cannot simply replace
the coefficients ¢;(f) by the wavelet coefficients f; in this theorem, because, in contrast
to the functions g;, the compactly supported dual wavelets 1&1 generally have a support
strictly larger than I, so that | f;| < Cw;(f) need not be true. In order to circumvent this
problem we use a technique proposed by Meyer, already applied in [5].

Theorem 5.1 Let f € BV(R?). Then (f1)rep € wli(D) for ally <1 —1/d ory > 1.
More precisely, there exists a constant C' only depending on «y such that for all f € BV(R?)
and € > 0 we have

Z < C|flpvae (5.1)

|fr]>el 1]

Proof: We first remark that up to a shift of spatial indices, we can always assume that
the generators 1;@ of the dual wavelets are supported in |0, p[? where p is a sufficiently large
prime integer. We fix any e € E and define g := ¢)¢(p-), which is now supported in ]0, 1[.
For an arbitrary but fixed r € P :={0,1,---,p — 1}%, we define f.(z) := p® ' f(pz + ).
Theorem 2.5 implies that for v <1 —1/d or v > 1, we have the weak-type estimate

Z 1[" < C’fr’BV(Rd)(l = C|flpv@ae (5.2)
cr(f)>elI]”
with ¢ (f) := [(f, gr)|. Now for I :=279(]0, 1[?+k), we have
(frrg1) = /fr 9(2'x — k)dw =27 /pd_lf(px +7)g(2'x — k)dz
Rd

! / F(@) 342 — Ddw = p U £,

where [ := 277 + pk and J = 277(]0, 1[%+1).
We next observe that for 7 € N, the mapping
(k,7) s 2/ + pk (5.3)

is a bijection from Z? x P onto Z?, due to the fact that z — 2/z is a bijection from
(Z/pZ)? onto itself. In other words, each coefficient f¢ appears as one of the ¢f(f), r € P.
Since the sets P and E are finite, it follows from these observations that

Z 1] < O|f|BV(Rd)€_1- (5.4)
|fr|>e€lI]7,1€Dy

We can remove the restriction that I € D, in (5.4) as follows. We apply this estimate
to f, := 210-Y4d f(24.) ¢ € N, and observe that, by a change of variable,

Z 1P < Clfolvmae ",

|(fa)7I>el|7, TeD
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becomes

Z [ < C|f|BV(Rd)E_17

|fr]>€l 1|7, T| <2

where |I| = 29|I| and é = 291-)(-1/4). (' ig still the same constant, independent of ¢
and e. By letting g go to +oo, we arrive at (5.1). |

A similar result can be derived for the non-homogeneous basis associated with the
decomposition (1.12).

Theorem 5.2 Let f € BV(RY). Then (Fj)iep, € wl](Dy) for ally <1—1/d or~y > 1.
More precisely, there exists a constant C depending only on ~y such that for all f € BV(RY)
and € > 0 we have

Z 11" < C[| fllv@ae " (5.5)

|Frl>el I

Proof: By Theorem 5.1, we already have the weak type estimate

Y. U <Clfllsve, (5.6)

|Fr|>elI|7,[I]<1

since F; = f; if |I| < 1. For |I| = 1, we have a strong estimate

SIE<CY [ <A o, .7
I1€Dy

IeD _
o supp(¢r)

where A is such that supp(¢¢) C [0, A]? for all e € E’. Combining these estimates, we
obtain (5.5). [

The above results can easily be adapted to most constructions of wavelets defined
on simple bounded domains such as a cube (see e.g. [2] or [6] for examples of such
constructions).

Let us finally mention that the weak type estimates of Theorem 5.1 and Theorem 5.2
have equivalent formulations in terms of the approximation performance of thresholding
procedures studied in [3]. For 0 < r < oo, consider the L,-thresholding operator 7.
defined by

T'f = Z fror (5.8)
lfrerlln, >e
The results of [3] show that for 0 < p < oo, the rate of decay of ||f — T f||#,, as € goes
to zero, is determined by weighted weak-type estimates on the renormalized coefficient
sequence (|| frr||z, ) rep- Here H, denotes the Hardy space which coincides with L, when
p > 1. More precisely, we have by Theorem 7.1 of [3] that for pu < p,

If =T fllm, < CH/Pet=rr?, (5.9)

if and only if the sequence (||fr¢r||L,)rep belongs to the space wl,(D,|I|7) with v :=
1 — p/r; the smallest C' satisfying (5.9) is then equivalent to ||(|| f1¢1||z,)ren|lwe, (,1117)-
Note that when p = r, i.e. when we use the same metric for thresholding as for measuring
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the approximation error, we find the standard w{,, spaces. However, there are situations
in which one prefers to use different metrics for thresholding and measuring the approxi-
mation error, such as in statistical estimation, where one may be interested in estimating
a noisy function in some arbitrary L, norm, but where the structure of the white noise
imposes the Ly metric for thresholding. For this particular situation, the case vy < 1—1/d
in Theorem 5.1, combined with (5.9) implies the following result:

Theorem 5.3 Let f € BV(R?). Then for 0 < r < oo and p = 1+ r/d, we have the
thresholding estimate

1f =77 fllz, < C’f|BV(Rd)€171/p- (5.10)

6 Counter-examples

The purpose of this last section is to prove that Theorem 5.1 and Theorem 5.2 are no longer
true for the range 1—1/d < v < 1. We shall exhibit counter-examples in the case where the
wavelets are given by the Haar system, i.e. ¢ = ¢ := Xjo1; and ¢ = 1; = Xjo,1/2[ — Xj1/2,1-
We first consider the one-dimensional setting, corresponding to the range 0 <~ < 1. If I
is a dyadic interval, then the BV-normalized wavelet coefficient f; of a function f is given
by

fr = () = lan(F) ~ ar, (1), (6.1)

where a,(f) and ay, (f) are respectively the averages of f on [; and I,, the left and right
half-intervals of I. The counter examples that we shall build are functions supported
on |0, 1] and we shall consider their wavelet coefficients only for |I| < 1. We shall treat
separately the cases y=0,y=1and 0 <y < 1.

In the case v = 1, we consider the function

f(x) = xXj0.((2),
which is clearly in BV(R). If I C]0, 1], a straightforward computation shows that

fr=—1]/4.
Therefore, taking e = 1/5, we obtain that
Yooz D | = 4o,
|f1|>e|1] 1cjo,1]

which shows that the weak estimate does not hold when v = 1.
In the case v = 0 we consider the function

f = X[OJ/S]:

which is clearly in BV(R). For each j > 0, there exist one dyadic interval I; containing
the jump point 1/3 and such that |I;| = 277, This jump point is always located at either
the 1/3 or 2/3 position of I}, since 1/3 = >, 27%/. Tt follows that

fr; =1/3,
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for all j > 0. Therefore taking e = 1/4, we obtain that

#IL [ fil > e} = o0,

which shows that the weak estimate does not hold when v = 0.
We now consider the case 0 < v < 1. Here, we set @ := 1/ > 1 and we define the
sequence (ji)g>o of integers by

2 Ikl < gmek < 97k, (6.2)

Note that jo = 0 and that the sequence ji is strictly increasing because o > 1. More
precisely, we can write

Jk+1 = Jk + My,

with my > 0 for all £ and my > 1 for infinitely many k.
We now construct a family of piecewise constant functions (f,,)n>0 as follows. For each
n > 0, the distributional derivative of f,, is a sum of Dirac masses:

2" —1

=270 dap] — 01,
m=0

where the 2" jump points 2, €]0, 1] will be specified in a moment. Since we subtract
d1, these functions are supported on [0,1]. Clearly |f,|gv@®) = 2 and ||fu|lsve) < 3,
independently of n.

If I is a dyadic interval, the wavelet coefficient c; of f, is given by

cri=(frhy=2"" > hi(a}), (6.3)

m s.t. zi el

where h; is the primitive function of 1, i.e., the hat function h(z) = (1 — ||); rescaled
to I.

We have not yet specified where to position the points 27, in ]0, 1[. We wish to place
them so that the right sum in (6.3) is large for many choices of I. For each k =0,---,n,
we shall inductively construct 2% pairwise disjoint dyadic intervals Ij;, [ = 0,---,2F — 1
of size |Iy;| = 277% and position the points " so that

n—k _
Sk,l = {1321}31:2512211) ! C Ik,l- (64)
We start the construction with oo =0, 1], and for £ = 1,---,n — 1 the construction

is continued using the following iteration: for a given Ij;, we define Ij11 9 and Ij4q 941
as the two adjacent dyadic intervals of size 277+ which respectively admit the center of
Ii,; as their right and left endpoints. Iterating this construction, it suffices to choose each
point z},, in the corresponding interval I, ,,. In the case where m;, > 1, we thus notice that
all the points in Si; are concentrated in a central region of I; on which hy (z) > 1/2,
so that according to (6.3) and (6.2) we then have

Clyy 2 27 (S = 27K > 27 .
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Therefore, if we fix € = 1/4 < 27177, we see that for k < n such that m; > 1, we have

Z 11" = ok =k > 1,
cr>elI|,|I|=2"7k
and thus
Z [I|" > #{k st. k<n and my > 1} = K(n).

cr>ell|Y

Since lim,,_ o K (n) = 400, this shows that the weak estimate does not hold for 0 < v <
1.

We shall now generalize the above counterexamples to the multidimensional case for
1—1/d <~ <1 by using the following observations. If f is a one-dimensional BV (R)
function supported in [0, 1], then the multidimensional function

F(zy, - za) == flx)Xpa(z1, ..., 24)
is in BV(RY) with ||F|[gy®a < C(d)||f|lBv®). Moreover if
I=1 x---x1y
is a dyadic cube contained in )0, 1[4, and if e = (1,0, -,0), we have

V(- Tg) = 1/;11(931)X12x.~x1d($2, Cee L Tg).

and therefore the wavelet coefficients ¢§(F") of I satisty

H(F) = (F7) = [ fn) = [ er (f).

It follows that

> 1= > Uy

leg (F)[>elI]Y I; such that (Iy,+-,I) such that
ler, (f)] > e 7]y +t/d=1 I=0L x--x1I4

= Z ‘[l‘:yv

It st e (F)|>el |7

with v = 1 — 1/d + 74/d. Applying these observations to the above one-dimensional
counter-examples for 0 < 4 < 1, we thus obtain our multidimensional counter-examples
for1—1/d <~ <1.

Acknowledgments: Large parts of the work for this paper were done during visits of
various subsets of the authors to the Laboratoire d’Analyse Numérique at the Université
Pierre et Marie Curie and to the Industrial Mathematics Institute at the University of
South Carolina. We are grateful to these institutions for their hospitality and support.
In addition, I.D. would also like to thank the Institute for Advanced Study in Princeton,
where she spent a sabbatical semester while working on this project.

23



References

1]
2]

3]

[10]

[11]

[12]

[13]
[14]

BERGH, J. AND J. LOFSTROM, Interpolation spaces, Springer Verlag, 1976.

COHEN, A., Wavelet methods in numerical analysis, in the Handbook of Numerical
Analysis, vol. VII, P.-G. Ciarlet et J.-L. Lions eds., Elsevier, Amsterdam, 2000.

CoHEN, A., R. DEVORE AND R. HOCHMUTH, Restricted Nonlinear Approxima-
tion, Constructive Approximation 16, 85-113, 2000.

CoHEN, A., R. DEVORE, P. PETRUSHEV AND H. XU, Non linear approximation
and the space BV (R?), Amer. J. Math. 121, 587-628, 1999.

CoHEN, A., Y. MEYER AND F. ORru, Improved Sobolev inequalities, proceedings
séminaires X-EDP, Ecole Polytechnique, Palaiseau, 1998.

DAHMEN, W., Wavelet and multiscale methods for operator equations, Acta Nu-
merica 6, Cambridge University Press, 1997, 55-228.

DAUBECHIES, 1., Ten Lectures on Wauvelets, STAM, 1992.

DonNono, D., M. VETTERLI, M., R. DEVORE, AND I. DAUBECHIES, Harmonic
analysis and signal processing, IEEE Trans. Inf. Theory 44 (1998), 2435-2476.

DEVORE, R., Nonlinear Approximation, Acta Numerica 7, Cambridge University
Press, 1998, 51-150.

DEVORE, R. AND G. PETROVA The averaging lemma, Jour. Amer. Math. Soc., to
appear.

DonoHO, D., Unconditional bases are optimal for data compression and statistical
estimation, Appl. Comp. Harm. Anal. 1(1993), 100-105.

Evans, L. AND R. GARIEPY, Measure theory and fine properties of functions, CRC
Press, New York, 1992.

MEYER, Y., Ondelettes et Opérateurs, Hermann, Paris, 1990.

ZIEMER, W., Weakly differentiable functions, Springer Verlag, New York, 1989.

Albert Cohen

Laboratoire d’Analyse Numérique

Université Pierre et Marie Curie

4 Place Jussieu, 75252 Paris cedex 05

France

e-mail: cohen@ann. jussieu.fr

WWW: http://www.ann. jussieu.fr/~cohen/

Tel:

33-1-44277195, Fax: 33-1-44277200

24



Wolfgang Dahmen

Institut fiir Geometrie und Praktische Mathematik
RWTH Aachen

Templergraben 55

52056 Aachen

Germany

e-mail: dahmen@igpm.rwth-aachen.de

WWW: http://www.igpm.rwth-aachen.de/~dahmen/
Tel: 49-241-803950, Fax: 49-241-8888-317

Ingrid Daubechies

Department of Mathematics and Program in
Applied and Computational Mathematics
Princeton University

Fine Hall, Washington Road

Princeton, NJ 08544-1000

U.S.A.

e-mail: ingrid@math.princeton.edu

WWW: http://www.math.princeton.edu/~icd/
Tel.: 609-258-2262, Fax: 609-258-1735

Ronald DeVore

Department of Mathematics

University of South Carolina

Columbia, SC 29208

U.S.A.

e—mail: devore@math.sc.edu

WWW: http://www.math.sc.edu/~devore/
Tel: 803-777-26323, Fax: 803-777-6527

25



