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ABSTRACT

A Dim(n,m) Sudokupuzzleis annm! nmgrid with n! m subgrids.We interpretthe
Dim(n,m) Sudokupuzzleasa vertex coloring problemin graphtheory This providesa
broadframework for investication. We will also discussthe relationshipbetweenLatin
squaresand Sudokupuzzlesand shav that the setof Dim(n,m) Sudokupuzzlesis sub-
stantially smallerthanthe setof rank nm Latin squares.Our work is a generalizatiorof
a paperthat appearedn the ONoticesOf the AmericanMathematicalSociety June/July

2007 titled OSudok®quaresandChromaticPolynomialsO8]
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CHAPTER 1
INTRODUCTION

The Sudokupuzzleis a relatively nev phenomenomn the United Statesthat hasbe-
comevery popular Youwill Pndthemin mary magazinesandnewnspapersalongsidethe
crossvord puzzles.

Sudokupuzzlesarerelatedto Latin squareswhich weredevelopedby the 18" century
Swissmathematian LeonhardEuler. Latin squaresaresquare-grid®f sizen! n where
eachof the numbersrom 1 throughn appeairin every columnandin every row precisely
once.They arereferredto asrankn Latin squares.

Magic squaresaresquaregridsthatare blled with (not necessarilydifferent)numbers
suchthatthe numbersin eachrow andcolumnaddup to the samesum. It is easyto see
thatLatin squaresrealsomagicsquares.

In the late 19" centurya Paris-basedlaily newspaperLe Sieclepublisheda partially
completedd! 9 magicsquarehathad3! 3 subgrids.The objectof the gamewasto Pll
outthe magicsquaresuchthatthe numberdn the gridsalsosumto the samenumberasin
therows andcolumns.

The standardSudokupuzzleconsistsof a partially Plledout9! 9 grid in which some
of the entrieshave a numberfrom 1 to 9. We call this a Dim(3,3) puzzlebecauset is
composedf subgridsof size3! 3. The challenges to completethe grid in sucha way
thateachrow, column,andall nine3! 3 sub-gridscontaineachof the numberdrom 1 to
9 exactlyonce.Soit is easyto seethata standardSudokupuzzleis actuallyarank9 Latin

square An exampleof a Sudokupuzzleandits completionis givenin Figurel.1.



7 5/8]|3 6 719|415(/8|3[2|1|6
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FIGURE 1.1. A standardSudokupuzzleandits solution

SoonafterLe Siecle themagazinelLe FrancerebPnedhe puzzleto essentialljthe same
format asthe modernSudoku;with the only exceptionthatthe puzzleswererequiredto
have the numbersl through9 in both of the diagonalsfo ensurea uniquesolution.

Dell Magazinesbegan publishingSudokupuzzlesin the late 19706 The puzzlesmost
likely weredevelopedby anindependenpuzzke maker andarchitectHoward Garnesand
thenewspapercalledthemNumberPlace.

While the nameof the gameis of Japaneserigin (OSuDoku@®eangOsingleumberO),
it wasnottill 10 yearslater whenthe Japaneseompary Nikoli, Inc. startedto publisha
versionof the Sudokuat the suggestiorof its presidentMr. Maki Kaji. He gave thegame
its currentname.

Almost two decadegassedbefore (nearthe end of 2004) The Times newspaperin
Londonhasstartedo publishSudokuasits daily puzzledueto theefforts of WayneGould,
who hasspentmary yearsto developa computerprogramthatgenerateSudokupuzzles.

By 2005major newspapersn the US have begun publishingSudokupuzzlesand by
now mary new versionsof the gamecanbe found on theweh The readeris referredto
more detailson the history or the variationsof Sudokuto the Wikipedia article [1] from

which mary of theabove informationwereobtained.
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FIGURE 1.2. A Dim(2,3) Sudoku

The puzzlesrequirelogic, sometimesntricate, to solve but no formal mathematics
is required. However, the puzzleslead naturally to certainmathematicafjuestions. For
example,how mary Sudokupuzzlesarethere?How doesthe numberof Dim(n,n) Sudoku
puzzlescompareto the numberof rank n? Latin squaes? Which puzzleshave solutions
andwhich do not? If a puzzlehasa solution,is it unique?Whatis the minimum number
of initial entriesthatneedto be specibedn orderfor a puzzleto have a uniquesolution?
At thistime, it is unknavn if a puzzlebeginning with 16 entriesexists that hasa unique
solution.[§]

In the June/Julyissueof the American MathematicalSociety®publication Notices,
AgnesHerzbeg andM. RamMurty wrote aninterestingarticle [8] on Dim(n, n)-puzzles
suchasthe Dim(3, 3)-puzzleshovn in Figurel.1.

In this article OSudokiSquaresand ChromaticPolynomialsOthe authorsemployed
elementof graphtheory Chromaticpolynomials settheory andthetheoryof permanents
to prove someinterestingthingsaboutSudokuandalsoto arrive atanupperboundfor the
numberof completedDim(n, n) Sudokupuzzles.In particular they shav thatthe number

of Dim(n,n) puzzlesis muchlessthanthe numberof rank n? Latin squares.So muchso



thatasn tendsto inPnity, the probability that a randomlychosenrank n? Latin squareis
alsoaDim(n,n) Sudokupuzzlegoesto zeroasn goesto inPnity.

Theorganizationof thisthesisis asfollows: In the brsttwo chaptersve will gothrough
somestandarddePnitionsthat are requiredfor our results. For our generalizedSudoku
puzzlewe will debnea graphsuchthat a solutionto a Sudokupuzzlecorrespondgo a
propercoloring of this graph. We will thenanalyzethis graph® muchthe sameway as
theHerzbeg andMurty article doesb,usingresultsof Hall to boundthe numbe of Latin
squaresrom belov andusingmatrix theoryresultsto boundthenumberof Sudokupuzzles
from above. This way we will obtainan upperboundon thefraction of Latin squareghat
arealso Sudokupuzzles. The mainresultof this thesisis to generalizeheir work to the

caseof Dim(n,m) Sudokupuzzlessuchasthe Dim(2, 3) puzzleshowvn in Figurel.2.



CHAPTER 2
GRAPH THEORY PRELIMINARIES

A Sudokupuzzlecaneasilybeinterpretel asa graphandthenanalyzedisingconcepts
of graphtheory Graphcoloringsareof particularimportance.All of the materialin this

chapteiis standandandcanbefoundin textbookssuchas[4] and[13].

2.1. DEFINITIONS

DEFINITION 2.1. A simple graph G is a setof elementscalled vertices denoted
V(G), togetherwith a collectionof unorderedpairsof verticescalled edges denotedoy

E(G), thatmeetsthe following condition.
E(G)" {uv}|uv#V(G),u$ V}.

For theremainderof this thesis,whenreferringto anedge we will usethe notationuv, or
vu to meanthe unorderedpair { u,v}. We will alsousetheterm graph asanabbreiation

for simplegraph.

A graphH is calleda subgraphof agraphGif V(H)" V(G)andE(H)" E(G). The
order of a graphis the numberof vertices,denotedV (G), andits sizeis the numberof
edgesdenotedE(G). Also, if uandv aretwo verticesof agraphandif theunorderecpair
{u,v} is anedgedenotedby e, we saythate joins u andv or thatit is an edgebetween
u andv. In this case,the verticesare saidto be adjacent, andboth u andv are saidto
be incident upone. A graphcanbe easilyrepresentedn paperusingdotsto represent
theverticesanddrawing aline (curved or straight)beweenunorderedoairsof verticesto

representheedges An exampleof suchadepictionis in Figure2.1.



FIGURE 2.1. A visualillustrationof agraph

DEFINITION 2.2. The neighborhood of a vertex v, denoted\(v), is the collectionof

verticeswhich areadjacento v. Formally, we write N(v) = {u# V(G) : uv# E(G)}.

The numberof elementsn N(v) is referredto asthe degreeof vertex v. If all of the

verticesin a graphhave the samedegree thenthe graphis saidto be regular.

DEFINITION 2.3. The completegraph, denotep, is agraphwith nverticesin which
thereis anedgejoining eachpair of verticesu,v for whichu % v.

NotethatK, is aregulargraph,the degreeof eachvertex is n%21, andthe numberof

' n
edgess 2 , sincethereis oneedgefor eachpair of vertices.

Now, from a graphwe cancreatenew graphsby addingor subtractingedgesandalso
by identifying vertices. Thesekinds of modibcationgo a graphwill be importantso we

debnehemprecisely

DEFINITION 2.4. Let G = (V,E) beagraphandletu,v# V,u%$ v. ThenG_y is the

. #
graphwith vertex setV andedgesetEé=E "~ uv.
An exampleis in Figure2.2. Notethatif u andv areadjacentthenG = G, .

DEFINITION 2.5. Let G = (V,E) beagraphandletu,v# V, u$ v. ThenGoy,y is the

graphwith vertex setV andedgesetE&= E\ uv.
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FIGURE 2.2. Edgeaddition

G G

FIGURE 2.3. Edgeremoval

An exampleis in Figure2.3.

Now whatdo we meanby identifying vertices?Below is the precisedepnition.

DEFINITION 2.6. Let G = (V,E) beagraphandletu,v# V, w# V. ThenGy, is the
graphwith vertex setV&={V\ {u,v}} ' {w} andedgeset

E% = {E\ ({xu|x# N(u}"' {xv|x# N(V)})}

$
{wx|x# (N(u)" N(v)\ {u,v})}.

In Figure2.4is apictureof agraphG andalsoGgyy.



FIGURE 2.4. Vertex identibcation

FIGURE 2.5. A depictionof a
graphcoloring

Next we debPnewhatwe meanby a coloringof agraph. A! coloring of agraphG
isafunctionf fromGto{1,2,...,! }. Wecall thismapa proper coloring if f(x)$ f(y)
wheneer x andy areadjacentn G. The minimal numberof colorsrequiredto give the
graphG a propercoloringis calledthe chromatic number of G andis denotecby " (G).
To make pictureseasierto interpret,we replacethe integersin the rangeof our function
with actualcolors. An exampleis givenin Figure2.5. Noticethatno two adjacenwertices

have thesamecolor.



DEFINITION 2.7. Thetotal numberof waysonecanproperlycolor a graphG with !

colorsis denotedg(! ).

2.2. LEMMATA

Next we statea few importantlemmataaboutgraphcolorings. It turnsout that the
numberof waysto color a graph can be equalto coloring certaincombinationsof the
samegraphatfterit hasbeenmodiPedby addingor subtractinganedge,or identifying two

vertices.

LEMMA 2.8. LetG beagraphandlet u andv benon-adjacenterticesin G. Thenthe

numberof proper! -coloringsof G that giveu andv thesamecolor is equaltocg,,, (! ).

PROOF. Letw# Gg, bethevertex thatresultsin theidentibcatiorof u andv. Let &/
bethe setof proper! -coloringsof G thatgive u andv the samecolor. Let 8 bethe setof
proper! -coloringsof Gy

Debnett : o7 ( B by#(f)= fy where
%

& f(x) if x#V(Gay)\ W,
fu =
& f(u ifx=w
Clearly fy :V(Gay) ( {1,2,...,!}. Moreover, if x,y areadjacentverticesof G,y and

w# {x,y}, thenthey areadjacenterticesof G, andso fx (x) = f(x) & f(y) = fx(y). Also,
if wis adjacentto a vertex x, thenx is adjacentto eitheru or v in G, which implies that
fa(X) = f(X) & f(u) = f(v) = fg(w). Thus,# is awell depPnedunctionfrom ./ to %,
sinceeachcoloring of G will determinea uniquecoloring of Gg,y. We shav that# is
one-to-oneandonto.

To shawv that# is 1-1, let f; and f, be two differentelementsof 7. Thenfor some
x# V(G), f1(X) & f2(x). Therearetwo cases.

Casel: x$ uandx$ v. Thenx# V(Ggy)\ {W}. Then

(f)e (¥) = f1(x) & f2(x) = (f2)# (X).



Hence
(f1)# (X) = (f2)# (),

whichimpliesthat(f1)s $ (f2)#.

Case2: x=uorx=V. Thenfi(x) = f1(u) and fa(x) = fa(u). Now,
(fo)z (W) = fu(u) = f1(x) & f2(x) = f2(u) = (f2)x (W).

Hence

(f1)a & (f2)#

So# is1-1from .« to 4.

To shaw that# is onto,letg# 2. Debnef by

%

&g(x) if x#V(G)\ {u,v},

f(X) =
&g(w) if Xx=uorx=v

Firstwe shav that f # 7. Clearly f :V(G) ( {1,2,...,! } andf(u) = f(v), sowe
only needto shaw that f is apropercoloring.

Supposex, y # V(G), andx,y areadjacent.Note that sinceu andv arenon-adjacent,
{u,v} & {x,y}. Now, therearetwo cases.

Casel: x,y# V(G)\ {u,v}. Thenf(x) =9(x) $ g(y) = f(y). Sox andy aregiven
differentcolorsby thefunction f.

Case2: {x,y}) {u,v} & 0. Thenby our previous remark,only oneof x ory is an
elemenof{u,v}. WOLG,weletx# {u,v} andy# V(G)\ {u,Vv}. Sincexandy areadjacent
in G, it mustbethatw andy areadjacenin Gg,. Hencef (x) = g(w) $ g(y) = f(y). Sox
andy aregivendifferentcolorsby thefunction f.

Sof isafunctionthat,using! colors,properlycolorsverticesin G with thestipulation

thatu andv aregiventhe samecolor. Hencef # 7.

10



Now we shaw that f4 (x) = g(x). By debpnition,
%

f(x)=g(x) if x#V(Gav)\ W,
& f(uy=gw) ifx=w

So fx (x) = g(x) for all x# V (Gay). Hence# maps</ onto%4. Since# is both1-1and
onto,| & | =| A|. !

LEMMA 2.9. LetG bea graphandletu andv bedistinctverticesin G. Thencg, (! )

is equalto the numberof proper! -coloringsof G which giveu andv differentcolors.

PROOF. Let .« bethesetof proper! -coloringsof G suchthatu andv receve different
colors.Let # bethesetof proper! -coloringsof G, yy.

We debneft : o7 ( % by #(f) = fz, wherefor eachx# V (G_,yy) we have fy (X) =
f(x). Then# is afunctionfrom ./ to 4, sinceeachproper! -coloring of G thatassign
differentcolorsto u andv will determinea uniqueproper! -coloring of Gy, We must
shaw that# is 1-1andonto.

For 1-1,let f; and f, betwo separatelementof 7. Thenfor somex# V(G), f1(X) &
f2(x). Butthen(f1)# (X) = f1(X) & fa(X) = (f2)# (X). Hence# is 1-1from </ to A.

Foronto,letg# %. Debnef by f(x) = g(x). Thenfy(x) = f(x) = g(x). So(f(x)) =
g(x) for all x# V(Gyyu). Therefore# is onto. Since# is both 1-1 andonto, | <7 | =
| A |. !

LEMMA 2.10. If uandv are non-adjacenverticesin a graphG, then

CG(I ):CG+UV<! )+CGe'uv(! )

PROOF. In arny propercoloringof thegraphG thatused colors,therearetwo distinct
possibilities. Either u andv will have the samecolor, or they will have differentcolors.
By LemmaZ2.8 the numberof waysto color G giving u andv the samecolor is equalto

Cg,, (! ). By Theorem2.9the numberof waysto color G giving u andv differentcolorsis

equaltoCg, (! ). HenceCg(! ) =Cg, (! ) +Caqy(! ). !

11



LEMMA 2.11 If uandv are adjacentverticesin a graphG, then

Cal! ) = Coy(! ) %Cou(! ).

PROOF. Sinceu andv areadjacentary coloringof G mustassigndifferentcolorsto u
andv. Now, in ary coloringof Cg,,, (! ), u andv may have differentcolors,or they may
bethe same.But by Lemma2.8,C(Go/mv)éN(! ) is equalto the numberof waysto propery
color Gy, With the stipulationthat u andv be given the samecolor. We mustsubtract
thesepossibilitiessoCg (! ) = Cayyy (! ) %0C(Go)an(! ) SINCEC Gy )an(! ) = Cagy (! ) We
hareCs(! ) = Cgy,,, (! ) %Cq,,(! ). !

12



CHAPTER 3
POLYNOMIALS

As we have mentioned but have not yet shovn, the numberof waysone canpll out
a Sudokupuzzleis the sameasthe numberof propercoloringsof a correspondingyraph.
Hencewe areinterestedn how to determinghe numberof waysto properlycoloragraph
with ! colors,andhencehenumberof waysto bll outa Sudokupuzzle,is equalto amonic

polynomialevaluatedat! . In this chaptemwve will developandapplythesedeas.

DEFINITION 3.1 A (comple or real) polynomial of x is afunctionof theform

whereonly Pnitely mary of the g arenonzero(andeacha; is complec or real, alterna-

tively). Thea arecalledthe coefbcientof the polynomial.

Notethattheabove dePnitionimpliesthata polynomialp(x) canbewrittenin theform

P(X) = anX" + ange X + ... + ayx+ ag, whichwe will do from now on.

DEFINITION 3.2. A polynomial p(x) = amX™ + ampax™ + ... + a;x + ag is the zero
polynomial, if eachof the g arezero; with otherwords p(x) = 0. If p(x) is a nonzero

polynomial,thenits degreeis nif a, $ 0 anda; = O0for alli* n.
We will needanotheridea:
DEFINITION 3.3. A polynomialwith degreen is monic if andonly if a, = 1.

DEFINITION 3.4. Let p(x) beapolynomial. Thenumberxg is aroot of p(x) if p(xg) =

13



THEOREM 3.5. (Fundamentalheoemof Algebra) Let p(x) bea non-zeo polynomial
of dggree n with complex coebciens. Then p(x) hasn roots, whenrepeagd roots are

countedup to their multiplicity. [12]

COROLLARY 3.6. LetP(x) andQ(x) betwo monicpolynomialsandassumehatthere

existsaninteger msudthatP(! ) =Q(! ) for all integers! with! * m. ThenP(x) = Q(X).

PROOF. Assumethereexists Q(x) which equalsP(x) for all ! * m. Assumethatthe
maximumof the degreesof P(x) andQ(x) is n. ThenThen (P %Q)(x) is a polynomial
of degree+ n with aninPnite numbe of zeroroots. This contradics the Fundamental

Theoremof Algebra. !

Laterwe will make useof thefollowing Lemma:

LEMMA 3.7. Let p(x) beanonzeo polynomialof degreen with integer coebcientsand
abeaninteger rootof p(x). Thenp(x) = (x%a)q(x), where q(x) is a polynomialof deggree

n%21 andhasinteger coebcients.

ProoF. We will dothis by inductionon n, the degreeof p(x). We will assumehatay,
is theleadingcoebcientof p(x)

fn=1, thenip(x) andx%a aretwo monic polynomialswith the sameroots(since
bothhave oneroot, andit mustben. By Corollary 3.6, % p(x) = Xx%a, sowe may choose
g(x) = an, which clearly satisPeshe conditions.

Now let n> 1 andassumehe statements truefor all polynomialswith degreené< n.
Let p%x) = p(x) %oanx""(x%a). Sinceanx"*!(x%a) is a polynomialof degreen with a,
asits leadingcoebcient,andit hasall integer coebcient,we have that p¥x) hasinteger
coebcientsandthedegreeof pXx) is somen® wheren®< n. Also, p%a) = p(a) %a,a™" a
0 = 0. Thereforeby the induction hypothesisthereis a polynomial g&x) thathasdegree
n‘%1 + n%?2 that hasinteger coebcientsand p§x) = (x%a)q¥x). Thereforep(x) =
a%x) (x%a) + ax"! (x%a) = (x%a) (anx" + g% x)), andchoosingy(x) = apx™ 4 g%x),

q(x) is adegreen%?1 polynomialwith all integerroots. hypothesisthereis !

14



We begin with the completegraphon n vertices,andthenwork our way towardsthe

generakaseof ary graphon n vertices.

THEOREM 3.8. Let G be the completegraph K. Thenthere existsa uniquemonic
polynomialwith integer coefcientf degreen, denotedPs(x), which equalsCg(! ) for all

nonngativeintegers! .

PrROOF. Theuniquenessf suchamonicpolynomialfollowsfrom Corollary3.6,sowe
only needto shav theexistence.

We will shav thatPg(x) = x(x%1)...(x%n+ 1). Thisis clearlyis amonicpolynomial
of degreen with integercoebcients.

Let! beanonngative integer.

Supposebrstthat! < n. Clearly, Ps(! ) = 0. Now, in a propercoloring of K, ary
two verticesmusthave differentcolors. Soary propercoloring of K, mustusen different
colors.HenceCg(! ) = O aswell. Sofor each! < n,Cg(! ) =0="PRg(! ).

Now supposehat! * n. ThenPg(! ) ="! (! %1)&&! %n+1). If we color G using
I colors,we may colorthe brstvertex with ! colors,the secondvertex with ! %1 colors,
etc..HenceCg(! ) = (! )(! %1)...(! %n+1). Butthisis equalto Ps(! ).

Soforary ! ,Cg(! ) =PRs(!). !

THEOREM 3.9. Let G beobtainedfromthe completegraph K, by remaving oneedge.
Thenthere existsa unigue monicpolynomialof degreen with integer coebcientsdenoted

by Ps(x), which equalsCg(! ) for all nonngativeintegers! .

ProoOF. Theuniquenessf suchamonicpolynomialfollowsfrom Corollary3.6,sowe
only needto shav the existence.

Supposdhatu andv arethe two non-adjacenverticesthatresultfrom removal of the
singleedge.By Theorem2.9,we have Cg(! ) =Cg, (! ) +Coan(! ). NowCg_ (! ) isa
completegraphon n verticesandis equalto a monic polynomialof degreen with integer
coebcientsPs, () for all nonngative integers! by Theoren.8. But Ga,y is acomplete

graphonn%1 verticesand,alsoby Theorem3.8, cg,, (! ) is equalto amonic polynomal

15



of degreen %1 with integercoefcients P, (x) for all nonneative integers! . Hencewe
may choosePs(X) = Ps,,,, (X) + Py, (X), whichis a monic polynomialof degreen andhas

integercoebcients. !

THEOREM 3.10 LetG beagraphonn* 1 vertices.Thenthere existsa uniquemonic
polynomialof degreen with integer coefcientsdenotedPs(x), which equalsCg(! ) for all
> 0.

PrRooF. We will usea doubleinduction. Upward on the numberof vertices andthen
downwardon the numberof edges.

For thebasesteponthenumberof vertices notethatwhenn = 1, G consistf asingle
vertex, sowe havethatCg(! ) =! for all nonn@ative integers! . We let P5(x) = X, which
is amonicpolynomialof degreel andhasintegercoebcients.ThenCs(! ) =Ps(! ) =",
andwe aredone.

Sonow let n> 1, andfor the inductionhypothesison the numberof vertices,assume
thatfor any graphH onlessthann verticesthereexistsamonicpolynomialP4 (x) of degree
n with integercoefcientssuchthatPy (! ) = Cy (! ) for all nonngative integers! .

Let G beagraphon n vertices. Let k be the numberof edgesn G. We needto shov
thatthereexistsa monicpolynomialPg(X) of degreen with integer coefcientsfor which
Ps(! ) = Cg(!) for all nonngjative integers! . We will shawv this by usinga dovnward
inductiononthe possiblevaluesof k..

To begin the basecaseon the numberof edges,assumethat G hasas mary edges
aspossible. This meansthereis an edgebetweenary pairsof two differentvertices,so
G =K, andk= ! 2 Thenby Theorem3.8 we aredone. Also, if k = T %1 edgesthen
by Theorerr13.|9\'/'ve aredone.

Soletk + 2 %?2. For theinductionhypothesison the numberof edgesassumehat

! n
for ary graphH which hasn verticesandk®edgeswherek < k% 3, thereexistsamonic

polynomial P4 (x) of degreen with integer coebcients for which By (! ) =Cy (! ) for all

nonngative integers! .
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! n
Sincek, the numberof edgesn G, is lessthen 2 , thereexist two verticesu, v which

arenon-adjacentBy theorem?2.9,

Co(! ) =Co,u(! ) +Cosy(! )-

ButCg, (! ) is the numberof waysto color the graphG,.y, thathasn verticesandk + 1
edges.Sincek < k+1+ | 2 by the inductionhypothesison the numberof edgesthere
is amonicpolynomial Pg, ,(X) of degreen with integer coebcientssuchthatPs, (! ) =
Ce, (! ) for all nonngative integers! . Also, Gay is a graphwith n%1 points. By the
inductionhypothesisonthenumberof vertices thereis amonicpolynomialPg,,, of degree
n%?21 with integercoefcientssuchthatPg,,, (! ) =Cgy,,(! ) for all nonngative integers! .
Now choosePs(x) = Ps,,,(X) + Pug,(X). Clearly this is a monic polynomialof degreen

thatsatisPesherequiredconditions. !

We have establishedhat the numberof waysto color a graphwith ! colorsis given
by a uniguemonic polynomial. What canwe say abouta graphthatis alreadypartially
colored?In particularcanwe representhe numberof waysof extendinga partial coloring

to acompletecoloringby a monicpolynomial?

DEFINITION 3.11 Let G be a graphon somen verticesand let t be a nonngative
integer, t + n. A partial proper coloring H of G on somet verticesis a functionH :
B( {1,2,...,!},whereB" V(G), |B| =t, andif u,v# B areadjacenterticesof G, then
H(u) $H(v).

DEFINITION 3.12 Letn beapositive integerandt,d,! benonnejative integerssuch
thatO+ t + n. Let G beaPnitegraphonn verticesandH bea partial propercoloringof t
verticesof G usingsomed colors.We denoteby Cg 1 (! ) bethenumberof waysto extend

H to aproper! -coloringof G.

THEOREM 3.13 Letn bea positiveinteger andt, d be nonngativeintegers sud that

0+ t+ n. Let G bea bnitegraph on n verticesand H be a partial proper coloring of t
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verticesof G usingsomed colors. Thenthere existsa uniquemonicpolynomialof degree

n%it, denoted?s H (X), which equalsCg (! ) for all integers!  for which! * d.

PROOF. First notethatfor ary n, if t = n, thenor partial coloring alreadyproperly
colorsG, thereforewe only have onewayto extendit. Soforary ! * dwehavecgn(! ) =
1, andwe maychooses  (X) = 1, whichis clearlyamonicpolynomialof degree0. Since
n%t = n%n = 0, we aredone.

Also, for ary n, if t =0, thencg x(! ) = cg(! ) andwe aredoneby Theorem3.10.

Thereforein therestwe will assumeahatO< t< n.

We will usea doubleinduction. First upward on the numberof verticesn, andthen
upward on the numberof edgesof the graph. For the basestepon the numberof vertices,
letn = 1. Thenwe aredonesincetheonly possiblevaluesoft aret =0ort =1=n.

Sonotlet n> 1, andassumehat the statemat is true for ary graphon lessthann
points. Let G be a graphon n pointsandk edges.We will proceedby inductionon the
numberof edgesn G.

For thebasestepon thenumberof edgessupposés haszeroedgesLet H beapartial
propercoloringof G ont pointsandd colors,andlet! beanintegersuchthat! * d. Then
we arefreeto colorary of theremainingn %t uncoloredverticeswith ary of our! colors.
HenceCo (! ) =! "™, andwe let Pg 1 (x) = x"™, amonic polynomialof degreen %t.

Solet k> 1, andsupposéhatthe statements true for ary graphon n pointsandat
mostk %1 edges.

Let H beapartialpropercoloringof G ont pointsandd colors,andlet! beaninteger
suchthat! * d. Therearetwo cases.

Casel: Every edgeof G connectswo pointsthatarecoloredby H: We may color the
remainingverticeswith ary of our! colors. Sothereare! ™ waysto extendthe partial
coloringto acompletecoloringof G. Thuswe let Pg 1 (x) = x"™,

Case2: Thereexists an edge,whoseendverticesare u andv, with at leastoneend
vertex in G\ H. NotethatCg,,,, 1 (! ) is equalto the numberof waysto extendthe partial

coloringof H to G if we allow u andv to have eitherthe sameor differentcolors. Let H&
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bethe coloringon G, thatagreeswith H everywhere gxceptonu andv. If oneof u orv
is coloredby H, thenH%assignshis color to w, otherwiseH&doesnot colorw. Sinceonly
oneof u,visin H, it is clearthatH andH&both color the samenumberof verticest and
usethe samenumberof colors,d.

Also, notethatCg,,, n&(! ) is equivalentto the numberof waysto extendthe partial
coloringof H to G if we wereto requirethatu andv aregiventhe samecolor. Hencewe

have the equation:

CG.H(! ):CG%uvyH(! )%CGéJV,H&(! )

By the induction hypothesison the numberof edges,thereis a monic polynomial
P H (X) Of degreen%t suchthatPs,,,, H(! ) = Cgy,, 1 (! ) for everyinteger! * d.

By the induction hypothesison the numberof point, thereis a monic polynomial
Psg,,H&X) of degreen%1%t suchthatCg, 1! ) = Pg,,, n&(! ) for all integers! * d.

SetPs H(X) = Poy,H (X) %Ps,,n&X). This clearlyis a monic polynomial of degree

n%t with Co (! ) = Ps (! ) for all integers! * d. !
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CHAPTER 4
THE BIG-OH NOTATION

The big-oh notationwasintroducedby a GermannumbertheoristPaul Bachmannn
his book Analitisthe Zahlentheorign 1894[3]. Thoughit canbe extendedto functionsof
realvariableswe will only useit for functionsof positive integersjust asin D.E. Knuth®
TheArt of ComputerProgramming[9]. Theinterestedeaderis referredto moregeneral
dePnitionsgn standardextbooks.

The O-notationallows us to quantify the degree of accurag in our approximation,
for examplein expressiondike f(n) = &*+0((M) | generalthe notationO( f (n)) N
or sometimesnorepreciselyOn(f(n)) N maybeusedwheneer f(n) is afunctionof the
positiveintegern; it roughlystategshatmagnitudeof thequantityfor whichwe useO( f (n))

(while maynot beexplicitly known) is nottoo large.

DEFINITION 4.1. Supposehat f (n) andg(n) aretwo functionsdebPnednthepositive
integers. We say that f(n) = O(g(n)) if andonly if thereexist integersn,, M suchthat
| f(n) |+ M|g(n)|foralln* ng.

Note thatin this contet, the equality signlosessomeof its usualcorveniences.For

example,from f(n) = O(g(h)) andh(n) = O(g(n)) we cannotconcludethat f (n) = h(n).

DEFINITION 4.2. Supposehat f (n) andg(n) aretwo functionsdePnedn the positve
integers.We saythat f (n) + O(g(n)) iff thereexistsafunction h(n) andanintegerng such

thath(n) = O(g(n)) and f (n) + h(n) for alln* no.

In orderto beableto undersandexpressiondike f (n) = &*+ONINM) we needanother

depnition.
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DEFINITION 4.3. Supposehat f(n), g(n) arefunctionson the positive integers,and
h(n,x) is an algebraicexpressionon the positive integersn and a variablex wherethe
variablex appearonce. We saythat f (n) = h(n,O(g(n))) iff f(n) =h(n,!(n)) for some
function! (n) where! (n) = O(g(n)).

In thefollowing, f(n) andg(n) arefunctionsandC is aconstantHerearesomesimple

operationghatwe candowith the O-notationthatfollow fairly trivially from thedepPnition:

f(n) = O(f(n)

Céo(f(n)) = O(f(m)
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CHAPTER 5
ANALYSIS OF THE SUDOKU GRAPH

In this chapterwe usewhat we know aboutgraphtheory and polynomialsto obtain
someinterestingresultsaboutthe generaDim(n, m) Sudokupuzzle.

It is easyto seehow acompletedSudokupuzzleis equivalentto apropergraphcoloring.
We will associate graphX,m with the Dim(n, m) Sudokugrid asfollows. X,m will have
(nm)? vertices eachcorrespondingo a cell in the Sudokugrid. Two distinctverticeswill
beadjacenif andonly if thecorrespondingellsin thegrid areeitherin the samerow, the
samecolumn, or the samesub-grid. This way eachvertex will be given a color distinct
from that of its neighbors. So for eachcompletedSudokupuzzle,there corresponds
propercoloring of the graphXnm.

To put this in a more generaland formal context, consideran Dim(n,m) grid. Each
cellin thegrid will be associatedavith a vertex in Xom, thatis labeled(i, j) with O+ i, j +
nm%:1. We will consider(i, j) and(i% j§ to be adjacenif either(1) i = i%or j = j%or (2)

Jiln-=,i%n-and, j/n-=, j¥n-.
THEOREM 5.1 Xymis regular andthe deggreeof ead vertex is 3nm%,(n-+m) %1.

PROOF. Letvbeandarbitraryvertex of X, Thenvis adjacento nm%.1 othervertices
in its row, andnm%.1 otherverticesin its column. It is alsoadjacento nm%2 othersin the
n! msubgridit liesin, but n%?21 of thesewerealreadycountedn its columnandm%1 of
themwerecountedin its row. Sov is adjacento (nm%1) + (Nm%21) + [(Nm%1) % (n%

1) %(m%1)] = 3nm%(n+ m) %1 vertices. !

To determinghe chromaticnumberof X, we will recallthefollowing debnitions:
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DEFINITION 5.2, Letn beaninteger, n> 2, andlet k, m beintegers. We will saythat

k. m(modn) if ndividesm%k.

DEFINITION 5.3. Letnbeaninteger, n> 2, andlet k beanintegers.k modn denotes

theuniqueintegermfor whichk. m(modn) andO0+ m< n.
Now we arereadyto stateandprove the following:
THEOREM 5.4. Thechromatichnumberof X,m is nm.

PROOF. Without loss of generalitym* n. If mn= 1, then X, consistsof a single
point, andthe statemenis trivial. Soassumeahatmn> 1.

Firstwe shav thatX,m, cannotbeproperlycoloredwith fewerthannmcolors. Notethat
theverticesof X,mwhichrepresenthecellsin theuppern! mgrid areall adjacento each
other Theseverticesandthe edgesconnectinghemform the completegraphKy,. Since
we needat leastnm colorsto properlycolor Ky, we needat leastnm colorsto properly
color Xnm.

Next we showv that nm colorsare sufecient. To do this we will explicitly constructa
propercoloring of X, usingnm colors. First without loss of generalitywe assumehat
n+ m. Considetthevertices(i, j) with 0+ i + nm%21and0+ j + nm%l.*Now, usir;gtrle

i

division algorithm,we leti = an+r andwelet j = bm+s, wherea = F? andb = lm .

Hence,
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andthe4-tuple(a,r, b, s) is uniquelydeterminesach(i, j). Now we will dePneafunction

f thatwill properlycoloreachvertex of X, usingnmcolorsasfollows
f(i,j) = (rm+a+bm+s) modnm

Clearly, f only usesnumbersrom theset{0,1,2,...,nm%?1}, which hasordernm Also,
since(a, r,b,s) is uniquefor each(i, j), f(i, j) assigns uniquecolorto eachvertex (i, j).
Hencef is a functionthat colorseachvertex in the graphX, m with nm colors (andnote
thatby our previousremark,if f is apropercoloringit doesindeeduseall the colors). To
shaw thatthe coloringwill be proper we needto shaw thatif two vertices(i, j) and(i% j&
receve the samecolor thenthey arenotadjacent.

Soassumehat(i, j) and(i% j% receie thesamecolor. Sinceif they arenct in thesame
row, color or subgrid,they cannot be adjacentwe needto examinethreecases.

Casel: Supposehat the two vertices(i, j) and (i% j% representells in the same
Dim(n,m) subgrid.By virtue of beingin thesamen! msubgrid,we have

+ y +. + y + ’
P h e p=

hencea = a%andb = b%

Now, sincethevertices(i, j) and(i% j% have the samecolor,
f(i,j) = (rm+a+bm+s) modnm = (rm+a®+bm+s% modnm= f(i%j§
(rm+a+bm+s) modnm = (rfm+a+bm+s% modnm
(rm+s) modnm = (rfm+s% modnm
Noticethatrm+s+ (n%21)m+s= nm+ (s%m) < nmandsimilarly rm+s% nm Hence
rm+s=rém+s% Thisimpliesthatm| r %r&|=| s*%s|. Since0+ s,s%< m, it mustbe
thatmin(s,s% * 0andmax(s, s + m%1. Therefore S%%s| s= max(s, s% %min(s,s% +

m%1%31 < mBut | s%s¥ is anintegerthatis divisible by m. Therefore| s%s%|= 0, so
s=s% So|r%ré= 's&%@' =Q0andr =r&

24



We have establishedhat (a,r,b,s) = (a4r&b%s9. Thusi = an+r = afm+r&=i%and
j = bm+s= b+ %= j& Sowheneertwo verticeswhich representellsin the same
sub-gridhave the samecolor, they areidentical.

Case2: Supposehattwo vertices(i, j) and i‘%jgj representellsin the samecolumn.

In this casej = j% so f(i (i%j% = £(i%j). Then

f(i,j) = (rm+a+bm+s) modnm = (rfnta%+bm+s) modnm= f(i&j)

(rm+a) modnm = (rfm+a% modnm

Noticethatrm+a+ (n%21)m+a< (n%21)m-+m=nmandsimilarly rfm+a% nm Hence
rm+a=rém+a® Sinced + a,a®% m, wereasorasin casel to shav thatr = r&anda= a%
We have establishedhat (a,r) = (a%r%. Thusi = an+r = ah+ré=i% Sowhen-
ever two verticeswhich representellsin the samecolumnhave the samecolor, they are
identical.
Case3: Supposéhattwo verticeii j) and(i% j9 representellsin the samerow. In

thiscasel =i%so f(i (i%j8% = 1(i, 9. Then

f(i,j) = (rm+a+bm+s) modnm = (rm+a+b$n+sy modnm= (i,

(bm+s) modnm = (bfm+s% modnm

By debnition,om+s= j < nm Similarly b+ s%= j%< nm Hencebm+ s= b%n+ s
thereforej = j& Sowheneaer two verticeswhich representellsin the samerow have the
samecolor, they areidentical.

Hencef (i, j) properlycolorsX,m usingnmcolors. Thereforethe chromaticnumberof

Xam IS hm !

Supposenow thatwe have a Dim(n, m) Sudokupuzzlethatis partially Plled out using
only nm%?2 colors. Sincetwo colors have not beenusedin the initial partial coloring,

it is apparenthatthesetwo colorscan be interchangedn a Pnal coloring to getanother
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coloring. Henee therewill notbeauniquesolutionto the Dim(n, m) Sudokupuzzleunless
atleastnm%31 colorsareusedin aninitial, partial coloring. We make this rigorousin the

next theorem.

THEOREM 5.5. AnyDim(n, m) solvableSudokipuzzlewill havea uniquesolutiononly

if it beginswith at leastnm%1 colors.

PrROOF. Let H betheinitial partial coloringof 0+ t < nmverticesof X,m Suppose
thatH usesonly d + nm%?2 colors. Thenby theorem3.13, thereexists a uniquemonic
polynomialof degree* 2, denotedP,. H(X), whichequalCx, .1 (! ) forall! * d.

Sincethe chromaticnumberof Xnny, is nm we musthaveCx,,. .1 (! ) =0for! # {d,d+
1,...,nm%1}. ThereforePx, 1 (x) =0 for x# {d,d+1,...,nm%1}. Sowe may write
PmH (X) = (X%d)(x%d %1)...(x%nm+ 1)q(x) for somemonic polynomial q(x). By
repeatedapplicationof Lemma3.7, we getthatq(x) hasinteger coebcients.For the case
X =nm, we have P, 1 (nm) = (nm%d)!q(nm).

Now we have assumedhatd + nm%?2, socertainly(nm%d)! * 2. Also, gq(nm) must
be positive, elsewe would not have ary waysto Pnishproperlycoloring X,m. Sinceq(x)
hasinteger coebcientsg(nm) * 1. Finally, thisimpliesthatCx,,, 1 (nm) = Pk, 1 (nm) =
(nm%d)!q(nm) * 2, andsothereis nota uniquesolutionto the Dim(n,m) Sudokupuzzle

whenfewer thannm%a1 colorsareused. I
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CHAPTER 6
PERMANENTS AND SYSTEMS OF DISTINCT
REPRESENTATIVES

In this chapteywe will developtheideaof asystemof distinctrepresentates( SDR),
andwe alsoshov how permanentsf matricescanbe usedto count SDR®@ This material

wasall developedin the 20" century

6.1. SYSTEMS OF DISTINCT REPRESENTATIVES

We beagin with the conceptof an SDR. Basicallythis involvestaking oneuniqueele-

mentfrom a collectionof non-emptysets.

DEFINITION 6.1 Letn beapositve integer Let. = (S,S,...,S) bean (ordered)
collectionof non-emptysubset®f asetM. A Systemof Distinct Representatves(abbre-
viatedSDR) is ann-tuple X = (xg, X, ..., Xn) Of pairwisedistinctelementof M, suchthat

xi# Sforalli#{1,2,...,n}.

A resultknown asHall@ marriagetheorentells usexactly whenit is possibleto have a

systemof distinctrepresentates. Let uswork towardsanunderstandin@f this result.

DEFINITION 6.2. Thebnitecollection.# satisbeshemarriage condition if for every
#" {0,1,...,n}, we havethat

$
| SI*1#].
i
(i.e. ary k subsetsakentogethemave atleastk elements)

Note thatthe marriageconditionis trivially satisPedor # = 0, sowe do not needto

checkit for thatcase.
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We brststatea quick lemmathatwill helpusprove the marriagetheorem.

LEMMA 6.3. If acollection. = (S,S,...,S,) of Pnitesubset®f a setM satisbPeshe

marriage condition,thenead § is non-empty

PROOF. Assumethat.” satisPeghe marriagecondition,andbx ani # {1,2,...,n}
arbitrarily. Choose# = {i}. Themarriageconditionimpliesthat
$
1=#|+| S|=[S].
L4

Hence§S containsatleastoneelementandcannotbe empty !

Now we have anothedePpnitionthatwill helpusin theproofof ourmaintheoremabout

SDRs

DEFINITION 6.4. Let. = (5,9, ...,S,) bean(ordered)collectionof non-emptysub-
setsof a setM andlet # be a nonemptypropersubsetof {1,2...,n}. # is critical with
respectto .7, if

411 S|

i1##

Now we arereadyto stateandprove the following:

THEOREM 6.5. Acollection. ={S,,S, ..., Sy} of Pnitesubset®fa setM hasa SDR

if andonlyif . satisbPeshe marriage condition.

PROOF. Supposérst(xy,...,X,) isanSDRfor thecollection.”. Let#" {1,2,...,n}.
DebneX = {x; : i # #}. Then,sincethex; arepartof an SDR, andconsequenthareall
different,| X |=| # |. But sincex; # § for eachi, it mustbethatX " ' 445, therefore
| X|+|" i##S |. Thereforgl # |+ | " i##S |, andso.¥ satisbeshe marriagecondition.

Now supposéhat.” satisbPeghe marriagecondition. We will proceedby induction
on n, the numberof setsin .. For thebasecaselet | . |= 1. Then.” = (S). Choose
# ={1}. By Lemma6.3we havethatS; $ 0, sowe musthave anx; # S;. Butthen(xy) is
anSDRfor ..
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Now let n> 1 andassumehetheoremis truefor all | &< n.
Since. satispeshe marriagecondition,we have thefollowing cases:
Casel: .¥ hasno critical sets,with otherwordsfor every nonemptypropersubsets
of {1,2,...,n} wehavethat
| # <] ® S

i1##
By Theorem6.3, eachS is nonempty Sowe may pick anx, # S, arbitrarily. DebPnethe

orderedcollection. %= (S¥\ {xn},...,S%,, ) whereS*= S %{x,} . We will shav that.7%
satispeshe marriagecondition.Let# " {1,2,3,...,n%1} benonempty Notethat# is a

nonemptypropersubsebf {1,2,...,n}, thereforefrom our assumptiorwe have that

$ $
[#1 + | S1%Ll=] S \{x}|

i## i##
- $ . $

= |  S\{x} = &
i## i##

proving that.#%doessatisfythemarriagecondition. Since| .74 < n, anSDR (1, . . . , Xno1)
existsfor .#%by theinductionhypothesis Clearly, (x, ..., %) thenis anSDR for .7

Case2: . hasa critical set#g = {i1,...,ix}. Clearly 1+ k+ n%1. We will
use#1 ={1,2,....n}\ #o = {j1,--., Jnukt, Where j1 < j2 < ... < jpo- We will de-
Pnetwo orderedcollection of sets,.#%and.#Oasfollows: .70= (S,,S,,--.,S,) and
S (S, S, S, ), whereSf = Sj, %X, whereX = # k_,S,. Clearly .7 Osatisbethe
marriagecondition, thereforeby the induction hypothesist hasan SDR (X, Xi,, . .., X, )-
Moreover, since#, is critical, we have that X = {Xi;, Xi,,..., X } . We will alsoshow that
S&satisbeshe marriagecondition. Let #&" #4, anddebne# = #& #,. Since#g and#1
aredisjoint

| #% +k=| #% #o|=|#|

Since# is critical, we have that|X| = k = |#¢|. Since#p " # we have that
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whichimpliesthat
/ 0 / 0
$ - - " $ - K
S = S %X ' X= (S %X) ' X= IS¢
e F L4 1=1
Now eachof thesﬁ aredisjointfrom X, therefore
$ ek ok
| SI=l SEI+IXI=l SE+k
=1 1

1## I= 1=

By themarriageconditionon . we have that

/Wo

$
kt[#1|=#+] S|=] Si | +k

i =1
from which it follows that.7%satispeshe marriagecondition. Thereforeit hasan SDR
(XjgsXjgr e+ Xjrog)- NOw forary t # {1,2,...,n%Kk} we havethatxj, # Sj, %X, sox;, # S;,
andx;j, # X. Butx;, # X givesusthatx;, $ x, forary ! # {1,2,...,k}. Thisimpliesthat
(X1,...,Xy) isanSDR for ., completingthe proof. !

6.2. PERMANENTS AND THE HALL MATRIX

We now know whenit is possibleto have an SDR. But how mary SDR® doesa
collectionof non-emptysetshave? To count SDRGwe will represat our setsasmatrices.
The matrix we will useis a specal incidencematrix calledthe Hall Matrix . This matrix
was namedafter Philip Hall, who originally proved the marriagetheoremin 1935. An

illustrationof the Hall Matrix for threesetsis givenin Figure6.1.

DEFINITION 6.6. Let .7 = (A1,Az,...Ay) beacollectionof Pnitesubsetof a the set
A={1,2,..,n}. The Hall Matrix , associatedvith the collection.</ is then! n, (0,1)
matrixwhose(i, j) %th entryis 1if andonly if i # A;.

Additionally, we needto dePnehe permanenof a matrix.
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A collection of three
subsets of {1,2,3,4,5}

Hall Matrix for
this collection

11111]0|0
0[1]1]11]0
0/{0|1]0]1

FIGURE 6.1. GeneraHall Matrix

DEFINITION 6.7. If Aisann! nmatrixwith thei, j entrygivenby a;j, the Permanent

of A, denotedber(A), is

$H#UN)

A1 (1) 2% (2)-+-n$ (n)
where%n) denoteghe symmetricgrouponthen symbols{1,2,...,n}.
Thefollowing is immediatefrom the debnition:
LEMMA 6.8. LetAbeann! nmatrixandc bea constant.Thenper(cA) = c"per(A)

PROOF. Let A= (@) andcA= (bjj). Thenb;j; = ca;j andsofor ary $ # %{n) we have

that
b1 (1)b2g (2)-+-Brg (n) = Ceug (1)C80g (2)-+-Cong (n) = C"@1g (1828 (2)+-8n ()
Then
pefcA) = " bigbs)bsm= " Caga)s2)--ansm)
$#%n) $#%n)
= ¢ " ayg(1)8s(2)---8ng (n) = C PENA)
$#%nN)
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Now we shaw thatit is possibleto countan SDR®by evaluatinga permanent.

THEOREM 6.9. Supposey = (Aq, Ay, ...An) is a collectionof Pnitesubset®f a the set
{1,2,...,n}. Thenthe numberof waysto selectan SDR for </ is equalto the permanent

of theHall matrix, H, associatedvith .o7.

PROOF. In theevaluationof perH ), theproductcorrespondingo a particularpermuta-
tion$ is 1 preciselywheni # Ag ;) for all i, otherwisetheproductequalgo 0. Sotheperma-
nentcountsthe numberof permutationss for whichi # Ag ;) for alli. Buti # Ag; for all
i is equivalentwith $ %% (i) # A;, whichmeanspreciselythat ($ *(1),$,%(2),...,$%(n))
isan SDRfor (A1, Az, ...An). Soeachsuchpermutatiors givesanSDR for 7. Thusthe
numberof waysto selectan SDR for <7 is atleastequalto per(H).

Now, ary SDR arisesfrom sucha permutation,sinceits elementsxy,...,X, areall
differentandthey arein {1, 2,...,n}. HenceperH) is atleastequalto the numberof ways
to selectan SDRfor o7

Hencethe numberof waysto selectan SDR for <7 is equalto per(H). !

6.3. Two FAMOUS THEOREMS

Sothe numberof SDR@ is equalto a permanentput how do you evaluatea perma-
nent? In 1926 B.L. van der Waerdensuggestedhe problemof determiningthe minimal
permanenamongall n! ndoublystochastienatriceswhicharematricesn whichtherow
sumsandthecolumnsumsareall equalto 1. He conjecturedhatfor any doublystochastic

matrix A,
per(A) * nl/n"

By 1981,D.l. FalikmanandG.P Egoritsjer hadboth provided differentproofsof the con-

jecture. Thetheoremis known asthevanderWaerderconjecture[7] and[6]
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Additionally, in 1967H. Minc conjecturedhatif Aisa (0, 1) matrix with row sumsr;,

then

1
rilfi

&

per(A) +
i=1

Thiswasprovedin 1973by L.M. Bregman.[5]
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CHAPTER 7
THE NUMBER OF LATIN SQUARES

In this chaptemwe will usea Hall Matrix to countthe numberof Latin squaresRecall

that

DEFINITION 7.1 A Latin square of rank nisann! n matrix whereevery row and

every columncontainsprecicelyoneof eachof thenumbersl, 2,...,n.

A partially blledrank 4 Latin Squareandthe correspondingHall Matrix for it® third
columnis shawvn in Figure 7.1. The i row of the matrix tells us which numbersare

allowablein theit" cell in thethird columnof the Latin square.
THEOREM 7.2. Thenumberof ranks Latin squaesis at leasts! 2/ ).

PROOF. For a ranks Latin square,the numberof waysto Pll in the bPrstcolumnis
clearly sl. Supposeve have completedk columnsof the Latin square.We now want to
Pll in the k+ 1-stcolumn. For eachcell (i,k+ 1) of thek+ 1% column,we let A; bethe
setof numbersnot yet usedin theit row. Thesizeof A is therefores%k. Now, blling
in the k4 1% columnis equivalentto Pndingan SDR for the collection (A, Ay, ..., As),
sincethe numberput in thei-th row hasto bein A; andthe numbersn the columnmust

all be different. The numberof waysthis canbe doneis equalto the pernanentof the

14 0/1(1/0
211 0/0j11
3|2 1/0/0|1
413 1/1/0|0

FIGURE 7.1. A rank4 Latin squareandtheHall Matrix
for its 3" column
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correspondingHall matrix for the collection (Aq, Ay, ...,As). We denotethis matrix H.
Considerthe matrix (s%Kk)*'H. Eachrow hass%k non-zeroentriesof size 1/ (s%K).
Hencethe row sumsareall equalto 1. Now considerthe i" column of the Hall matrix
H. Sincethe numberi wasusedexactly oncein eachof the k columnsalreadyblled in
ours! sLatin squaretherewill beexactly s%k 1®in thei columnof H. But asthisiis
true for eachi, we cansaythatH hass%k 1®in eachcolumn. Thereforethe columnsof
(s%Kk)”H all sumto 1. Hence(s%Kk)*'H is adoublystochastics! s matrix.

By the van der Wardenconjecture per (s%k)%lH' * gl/s®. HenceperH) * (s%
k)Ssl/ °. By Theorenm6.9,thereareatleast(s%k)>s!/ s> waysto Pll in thek + 1-stcolumn,
oncethepbrstk columnshave beenblledin. Now to obtainalower boundon the numberof

Latin squaresye simply needto take the productover k rangingfrom 0 to s%1.

I 0, I 0,
1 wls— S (s si2s
(s%k)y>= — (d) =3

SS

L (s%K)Ss! sl
s 0

T2

k=0 0

Hencethe numberof ranks Latin squaress atleasts! %S/ ). !
At this pointwe would lik e to re-formulatethe above resultin termsof the exponential

function. This will make it easierto compareto the correspondingormula for Sudoku

puzzles.We will invoke Stirling® formulafor factorials. Therearemary versionsof this

result. We will usetheoneusedin [8]. Theinterestedeademayalsoreferto[11] or[14]

for details.

THEOREM 7.3.
1
In(n!) = nIn(n) %n+ > In(n) +O(1)

THEOREM 7.4. Thenumberof ranks Latin squaesis at Ieast%S = & 2SUO(slns),

PROOF. Let N bethenumberof ranks Latin squaresBy Theorem7.2, we seethat

N+ S!ZS
=
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But, usingStirling@formula,

'S|28-
In ? — 2sIn(s!) %s?Ins
1
= Zs[slns%s+Elns+0(1)]%szlns
= Ins%2s* +sIns+2s0(1)
= Ins¥ +sIn(s) %282+ 2s0(1)
Therefore,
S!ZS

— S esttsin(s)+2s0(1)

s

Sincefor ary constanC we have thatif s* € thenIn(s) * 2C andthusslIn(s) * 2sO(1),
we getthatsin(s) +2sQ(1) + 2sIn(s). AlsosincesIn(s) ( ! ass( !, if sis bigenough,
sin(s) +2sO(1) > 0. Thereforesin(s) +sO(1) = O(sIn(s)), andso

2s
s! _ e%252+0(sln s)

SSZ

Fromnow onwhenwe talk aboutn andmwe will view massomefunctionm(n) of n.
This meanghatary functionof mandn will ultimatelybecomgustafunctionof n. Thus,

the O-notationswe usewill referto functionsof n only.

THEOREM 7.5. Letm= m(n) be a functionof n sud thatn+ m(n). Thentheris a
positiveconstantC and a nummbemg sud that fod all n* ng numberof rank nm Latin

squaesis at least(nm) ("M’ gX2(nm*%C(nminm)
PROOF. Let s=nm Thenimmediatelyfrom 7.4 we get that the numberof Latin

squaress atleast

nm)? %2(nm)?+O(nminmn)

(nm)("M°e
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Thismeanghatthereis afunctiong(n) = O(In(nm)) suchthatthenumberof Latin squares

is atleast
(nm)(nm)ze%z(nm)erg(n)
Sinceg(n) # O(nmin(mn)) measnthatthereis a positive constantC; anda num,berng

suchthat

lg(n)| + Cmnin(nm) = Cmn(In(n) +In(m)) + 2C; In(m),

we getthat%2C,nmin(m) + g(n), andtheresultfollows. !
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CHAPTER 8
TECHNICAL DETAILS

We usethe sameconceptuaprocesgo countthenumberof Sudokupuzzlesaswe used
countthenumberof Latin squaresHowever, thealgebrahatresultsis muchmoredifpcult.
In this sectionwe presentseveral lemmaa which will eventually simplify our calculation
atthe end. Theseby themselesarejust the algebraicdetails, their meaningwill become
clearin thelaterchapters.

Throughoutthis chaptey for eachwe will assumehatm = m(n) is aninteger valued

functionof n, n,r areintegers,whee2+ n+ mandl+ r + n, we will usethefollowing

notation:
#, = 18Mg (1)
m
- n%1 (2)

The goal of this chapteris to prove the following single equality namely that under

appropriateconditionswe have that

1 2
n o o#

m
" " In(nm%(r %1)m%k+1)+ " In(nm%(k%1)n)

< nmin(nm) %1.5nm
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Notethatsincem™* n, thisgivesusthat& > 1. We now have thefollowing inequalities

(usingalsothatr + n:

(r%21)m
)& = ———+ # 3
(r%1) 3n%1 r 3)
(r%1)m
) * N T *
(r%1)&+1 e R M )
#1 =0 5
1 0 5 (5)
(n%1)m
#e 1 (6)
5 6
#, *  — « oforallr* 2 @
n%1
Also,
r,‘f/"l&r _ &n(n%1) mn @)
=0 N 2 2
n%2
"ar = Mognoe1)a = Moem 9)
(-0 2 2

We will needthefollowing Lemmata

LEMMA 8.1 For eadh positiveintegers n, k, %( < In(n+k) %lIn(n) < %

PROOF. Sincethe derivative of In(x) is )—1( andthesetwo functionsare continuouson
(0,! ), by theMeanValueTheorenfor dervatives[2] we havethatthereisa' # (n,n+k)

suchthat

In(n+k)%In(n) 1

Sinceﬁ < lc % the statementollows. !

LEMMA 8.2 For eadhintegers!, j whee2+ ! + j wehavethat

. } + In(j) %In(!) +|}
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PROOF. Since)—l( is a decreasingositive functionon theinternval [1,! ), we get, using

theleft-handRiemannsumg| 2] of the correspondingntervalsof length1 that
j 7!
A1,
X X

i=!
1%1

The statementollows from notingthat

"1
)—(dx:ln(x)+C

andusingLemmas.1 !

LEMMA 8.3 Foreadhintegers!, j whee2+ ! + j wehavethat

in(j)%(%L)In(!)+!%j + v In(i)

+ (j+D)In(j+1)%!'In(1)+19%j%1

PROOF. Sinceln(x) is anincreasinghonneative functionontheinterval [1,! ), we get,
usingtheleft- andright-handRiemannsumsof the correspondingntervalsof lengthl that
7] j+1 7
In(x)dx+ " In(i)+  In(x)dx

101 I=! 1%L
The statementollows from notingthat

7
In(x)dx = xIn(x) %x+C

LEMMA 8.4. For eadhintegers!, j whee 2+ ! + j wehavethat

i2 2 2 32 i
17 o, (%1 (P%1)% 0% W
5 In(j) /o—2 In(! %1) + 1 /o4 + i:!lh’](l)
(1% o o2y, P (i D)7
+ 5 In(J+1)A)2In(.)+4 Yo 7]
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PROOF. SincexIn(x) is anincreasingnonngative function on the interval [1,! ), we
get,usingtheleft- andright-handRiemannsumsof the correspondingntervalsof lengthl
that

7] i ans

xIn(x)dx+ " iln(i)+  xIn(x)dx

1061 i=! !

Notethat

! X2 X2
xIn(x)dx = > In(x) %Z +C

Thelemmafollows. !

LEMMA 8.5.

n #r 1 n m 1

n 1] ]| 1 + 3|nm 2
nm%(r %1)m%k+1+ nm% (k%21)n +

r=1k=1 r=1k=#,+1

PrRoOF. We have from equation(5) that

n #r 1 n #r 1

11 MM%(r%L)m%k+1 . . nm%(r %1)m%k+ 1

n nm(r%1L)m 1

r=2 j=nm(ro6l)mpest, +1 J

Usingequation(6) we obtain
nm%(r %1)m%#, +1* mn%(r %1)m%m+ 1= mn%rm+ 1

Therefore
IIn f'#r 1 "n nn%l('r%l)m 1
nm%(r %1)m%k+ 1

r=2 j—nnf(r)moeL )

r=2k=1
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becausehis oneis summingmoreterms.Sincereversingthe sumoverr nicely givesus

n nmorm+m 1 m 1 3m 1 nmgom 1
[} [} = — (1} - + [} - +%—l_ 1] -
=2 j=nnderme1 ) i=1)  j=2mya ) i=(nv2)m+1 )

nl"T'P/d'nl_ _ 1+ 1 N nl’l'f:/'ofT’P/oll_
hey N nm%m . _, h

we getfrom Lemma8.2andLemma8.1that

n o #
' 1
v + 1 In(nm%m) %In(2
r—oke1 NMY%(r %1)m%k+ 1 T hmoem (nmo%m) %In(2)
L +In(nm) + !
m(n%?1) nm
+ In(nm)+1+ 2In(m)+1
Also,
n m 1 n m 1 m%l 1 m%1 1
[} [} - < [} 1] I n " _ n
(—1k—tt, +1 NM%(K%1)n 1k "M% (k%1)n ", nmY%kn |, _, m%k
w1 1
= =+ 1+ —+In(m)%In(2) + In(m)+1
hey N m
andthe statemenfollows.
LEMMA 8.6.
n 8 4 9
r m
" " In(nm%(r %1)m%k+1) + mn'”(nm)%mm(nm)—|—|n(nm)%nm+ﬁ
r=1 k=1
n 8 m | ..9
% " " In m(n%r +1)%k+ 1
r=2 k=#+1

PrROOF. Clearly, if r = 1then#, = 0. Therefore
8 #, 9 8 # 9

n n
" " In(nm%(r%1)m%k+1) =" " In(nm%(r %1)m%k+ 1)
r=1 k=1 r=2 k=1
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Fromequationg6) and(7) wegetl + #, + mfor r > 1. Also notethatfor any k suchthat

1+ k+ m, we have that
m(n%r)+ 1+ nm%(r %1)m%k-+1+ nm%/(r %1)m (10)

Now,
n 3 #e 9
E =" " In(nm%(r%1)m%k+1)
r=2 k=1
n 8 #r 9
= " " In(m(n%r +1)%k+1)
r=2 k=1
n 8 (n%r+1)m 9 n 8 (n%r+1)m 9
_ n n In(]) _n n |n(])
r=2  j=(n%r+21)mo# +1 r=2  j=(n%r)m+1+mY%eH,
n 3 (n%r+1)m (no%or ) M-+ 9
— n [} |n(])% 1 |n(J)
r=2 j=(n%r)m+1 j=(n%r)m+-1
n 3 (n%r+1)m (n%r +1) m%eH 9
_ m ] |n(1)% n |n(])
r=2  j=(n%r)m+1 j=(n%r)m+1
n 8 (n%r+1)m m I w9
= " " In(j)% " In m(n%r+1)%k+1
r=2  j=(n%r)m+l k=#+1

It is easyto seeusingLemmas8.3that

n (n%r+1)m (n%1)m (n%1)m
" " In(j) = " In(s)= " In(s
r=2j=(n%r)m+1 s=1 s=2

+ ((n%1)m+1)In((n%1)m+1) %2In(2) %(n%1)m+1

Thus,usingLemma8.1we getthat

n (n%r+1)m - o
W T )+ (n%Dmt 1) In(nm) %Mook
r=2j=(n%)m+1 mn

%(N%1)Mm%1.8
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(M%1)(n%21)m-+m%1 m?n%mn%n? +2m%]1
nm mn

m 2 1
= m%l1l%— + — +—
n nm

* m%l%?

therefore

n (n%r+1)m m
" " In(j) + ((n%1)m—+1)In(nm)%nm%1+ —
r=2j=(n%r)m+1 n

m
= mnln(nm)%mln(nm)+In(nm)%nm+ﬁ

Hence
n 8 # 9
' m
" " In(nm%(r%1)m%k+1) + mnln(nm)%mln(nm)+In(nm)%nm+ﬁ
r=2 k=1
n 3 m I w9
% " " In m(n%r +1)%k+1
r=2  k=#+1

LEMMA 8.7. We havethat

noe2 - . - .
" m(n%r+1)%(r%1)&%1 In m(n%r +1)%(r %1)&%1 *

r=2
T mr? 3mn 1 mnn%l) m+&
0 0fH 0 0
> Yon % > +2 In(nm) + 2/02A>2/ 7 + > In(n)
PROOF
noe2 - . - .
Co = " mn%r+1)%(r%1)&%1 In m(n%r+1)%(r%1)&%1

r=2

no%e3- . - .
= " mn%r(&+m) %1l In mn%r(&+m)%1

r=1
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Clearly, (n%2)(&+m) = (n%1)& %& + (N%2)m = nm%m%&, so usingappropriate
Riemannsumson intervals of length& + mwe obtainthat

mrP/og%em%el
(&+m)Cy * xIn(x)dx
mH-&%1
(Mn%& %m%1)2
2
(Mn%& %m%1)2 % (m+ & %1)?
4

In(mMn%& %m-+1)

%

%1)2
%Wm(m-i-&%l)

%& %m%1)?
_ (mn °&2°m %L n(mno6& %mae1)
2 0 0
men +mn(&+m/ol)%(m+&/ol

4 2

%

)2
In(m+&%1),

therefore

m?n?

i)

(mMn%& %m%1
2(m+ &)

0 2

+@% mn %(m-l—&/ol)
2 2(m+&) 2(m+ &)

(mMn%& %m%1
2(m+&)

mn mn m+&

% % |
+5 02(m+&) 06— n(m+&)

2
C ) In(Mn%& %m%1) %

In(m+ & %1)

mén?

4(m+ &)

2
) In(mn%& %m%1) %

Now, it is easyto seethat

I n
- 2
mn% (& + m) %1 2
0(&+m) % _ mén 5 MN %mn+&i1+1+—
2(&+m) 2(m+&)  (M+&) 2 2(&+m)

sousingthefactthatm+ & = 5%, we obtainthat
I n
- 2
mn% (& +m) %1 mn(n%1) &+m
= ————=%n+1%mMn4+ ——+14+ ———
20&+m) > on+ 1%mn+ > + —I—2<&+m>
mre 3mn  &+m

> 0 op—  —
2A)nA>2+ > +2
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Also by Lemmas8.1,

B : &+m+1
In mMnN%&%m%1 * In(mn)%
oD (mn) o S %omo61

Now,

! n
mn%(&+m)%12 4 (&+m+1) mn%(&+m)%1

2(&+m) mn%3& %m%1 2
(Mmn% (& +m) %1)
2(&+m)
mn% (& +m)
2

%11 n(n;A)l)

Puttingall thesetogetheywe obtainthat

! "o
mn% (& +m) %1 = | .
o ) % an mn%&%m%1

2(&+m)
- _ o ,
LY LU o P R L (LU PSR YS
2 2 2 2 2
Now,
m+ & m+&~ & © m+& &
< — — &
In(m+ &) 5 In(m)+m+& 5 In(m)+2
Combiningall thesewe get
T mrP 3mn &+m mn%(&+m) n?> n
> %N % 2 In(nm%——F——%—+-%1
Cy 5 % ——+ ——+ (nm) % 5 b5 +5%
mn?  mn mn m+& &
UL % In(m) %=
Camre) T2 Pamra) Pz Mm%
" mr? ' 2 1 %1
* m2 %n%3r2nn+&42rm+2 In(nm)+r—2n%%%§%w
%m;&ln(m)
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LEMMA 8.8

no%l - .
" m(n%r)In(m(n%r)) + In(m) m_r?%ﬂl+m
(o 2 2
" mr? C o mr?
+In(n) mT%mm—m %mT%O.Sm
PROOF.
1 2 1
n%l1 noe2 n%e2 noe2
" mn%r)In(mn%r)) = " mrin(mr)=min(m) " r +m " rin(r)
r=2 r=1 r=1 r=1
0, 0,
_ mln(m)(n/ol)z(n/oZ)
1
no%l
+m %(n%21)In(n%1)+" rin(r) ,
r=2
where
n%L n2 n2
" rin(r) + —In(n)%— %2In(2)+1,
2 2 4
- 1 -
%(N%1)In(n%1) + %(n%1) In(n)%rlo 1 =%(n%1)In(n)+ 1.
0
Therefore
el %1)(n%2
" m(n%r)In(m(n%r)) + mln(m)w
r=2
1 2

2 2
m %(n%1)In(n)+ % In(n) %nz %1.8

- r? .
= In(m) mT%?ﬁLm

mr? . mr?
+In(n) T%mn+m %T%O.Bm
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LEMMA 8.9.

- . m &-
2.3m%%%%%%‘%|n(m) m-En%2 +In(n) 20 %7%n+2+ 5

8 )

n m |
" " In m(n%r+1)%k+1 >
r=2 k=t +1

2 ~ 5mn

2

PROOF. Usingequatior#, = m, we obtain

n m : : Nn%1 m(n%r +1) %6,
Bo = " " In mn%r+1)%k+1 =" " In(k)
r=2k=#r+1 r=2 k=m(n%r)+1
Now,
m(n%r +1)9#, m(n%p-+1) %6
" In(k) * In(x)dx
k=m(n%r)+1 m(n%r)

So

= (M(n%r + 1) %#,)In(m(n%r + 1) %#,) Yom(n%r + 1) + #,
%m(n%r)In(m(n%r)) + m(n%r)
= (M(n%r + 1) %#,) In(m(n%r + 1) %#, ) Y%om+#,

%m(n%r ) In(m(n%r)),

nool
B * " (m(n%r+1)%#,)In(m(n%r + 1) %#,) Y%om+ #;

r=2
2

%m(n%r)In(m(n%r)),
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UsingLemma8.8 we canseethat

B * (2m%#n%1)ln(2m%#n%1)
n%2
+ " (m(n%r + 1) %#;) In(m(n%r + 1) %#,)
r=2
2

n%1 .
mré 3mn
r=2

" mr? mr?
+In(n) %mTern%m +mT+O.8m

Now, 2m%# o = 2M%/ (N%2)&0* 2M%(N%1)& = m, SO
n%z2
B, * " (m(n%r+1)%#,)In(m(n%r + 1) %#,)
=2
r 2
it mré  3mn

+ " (%m+#,) +In( ) %——+——
r=2 2 2

T mr? - mr?
+In(n) %7+mn%m +T+O.8m

By equationq3) and(4), if we substitutedo(r %1)& %1 for %#, and(r %1)& for #;, we

obtain

n%2
B * " (m(n%r-+1)%(r %1)&%1)In(m(n%r + 1) %(r %1)&%1)

r=2 2
n%l )
mré 3mn
+ " (%m+(r%1)&) +In( ) %— + = om
r=2 2 2
"o mrr - omr?
+In(n) %T+mn%m +T+o,8m
Now
n%l- . 0 0
r=2
0,
= %mn+2m+ M — %%1+m_
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UsingthisandLemma8.7 we obtain

r?
By * m2 %n %T+2 In(nm)

m 1 mr‘(n%1)+m+&

_0f64_0A4_0
+2A)2/02/o ) > In(n)
mré 3mn_ - T mrf :
+In(m) %T+3T %m +In(n) %T+mn%m
mré mn
+T+O.8m%7+m
NP 1. mn
%In(m) m+n%2 -+ In(n) ?‘%%‘%HH%'
LEMMA 8.10.
noe2 - n&
" (m%r&)In(m%r&%1) + In(m) 2 %?%1 % (& %3)In(&%1)
r=1
mn_ 3m 3&
% % — +9%1
R ST )

PROOF. Since(n%2)& = m%&,

n%e3 n%e3
" In(m%r&%l) = =" &IN(M%r&%1)
r=1 &r=1
17 moesom
+ = In(x)dx
& &%t

+  (M%&%1)IN(M%&%1) % (& %1)In(&%1) %m%2

Now,

&—l—l)
m

(M%&%1)In(M%&%1) + (M%&%1)(In(m)%

(&+1)?

= (M%&%1)In(m)%& %1+
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Now, if n (andthereforem) is big enoughthen

@+1? & 2% 1
m T m m m
_ & 2 1
- n%l n%l m
&
< 1
noe1 T
from which
&
(M%&%1)In(m%&%1) + (m%&%l)ln(m)%&+n(y1.
0
Thus,
n%3
" In(m%r&%1)+ &In(&%1) + (m%&%l)ln(m)%&+n0/1
r=1 0
+In(&%1) %m%2
Therefore,
n%z2 n%3
" (Mm%r&)In(m%r&%1) = &In(&%1)+" (M%r&)In(m%ré&%1)
r=1 r=1
+ (M%&%1)In(m) %& + &
n%31

+1In(&%1) %m%?2

n%e3
+ " (m%r&%1)In(m%r&%1)
r=1

Now, since(n%2)& = m%&,

noe3
D = E" &(m%r&%1)In(m%r& %1)

r=1
AR
+ z xIn(x)dx
&%1
%8&)? %& %1)° % (& %1)? %1)?
+ %In(m%&)%(m 08 %1)"96(& %61)" o/ (8%1)7 1 g 061)
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INn(m%&) + In(m)%%

we have, usingthatm%& = (n%2)&, that

(M%&)?
2&

(M%&) (n%2) (M%&)?

2m

INn(m%&) + In(m) %
Also, aneasycomputatiorgivesthat

= > % —

4& 4& 4

(M%& %1)? % (& %1)? m? %2m& +28&%1 _ m(n%l) m 1
2 ' 4

Thereforewe getthat

(M%&)?

2m
%, + :%m%%%&ln(&%l) +2In(&%1)
(M%&) (n%2)

2

(M%&) (n%2)
2

D In(m) %

In(m) %&In(&%1) + 2In(& %1)

mn 3m &
e + & Yo + —-
°§+ “7 "7 T2y

Therefore,

e %&)(N%2
" (mobr&) In(mobr& 1) + o1 0&;(” 02)

r=1

In(m) %&In(&%1) + 2In(& %1)

mn 3m &

%o + & Yo + —-
°§+ °4 7 T 3w
&

n%1

+(m%&%1)In(m) %& +

+In(&%1)%m%2

&
— In(m) 0 %%%1 %(8.%3)In(& %1)

mn_ 3m
%— % — + %1
4 4 T 5%
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LEMMA 8.11 For big enoughn, wehave
8 9

“mn '
" " In(nm%(k%1)n) + In(n) — %3m%n+&%1
r=2 k:#r+1 2

+In(m) ?%%JFZ%& %¥]+3m+ n%&

PROOF. Using#, = m, we obtainthat

"%l m : ;

n m )
Br. = " " In nm%k%»l)n =" " In nm%k%1)n
r:2k:#r+1 r:2k:#r+1
%l m Nl Mo, - ,
=" " In nim%k+1) =" " In(n)+In(k)
r=2k=t+1 r=2 k=1
andconsequentlyusingequation(3)
n%1 2 NY6L %,
Bi = In(n) " (m%#,) +" " In(k
r=2 r=2 k=1
n%2 9
+ In(n) " (M%r&%1)
r=1
no%L- ;
+ " In(m%#;) + (M%#,) In(m%#, ) Yom+#,)
r=2
) &(n%1)(n%2)"

+ In(n) (Mm%1)(n%2)% >

o2 ;
+"  (Mm%r&)In(m%r&%1) %m+r&)
r=1

- 0/2 . n%2:
— In(n) (m%l)(n%Z)%@ S (M%&) In(mY%r&.%1)

0

r=1
0,
%m(n%Z)JrM
mn © . mn
= In(n) ?%3m%n+2 %7+3m+n%2

. 0
n%2 "

+"  (m%r&)In(m%ré&%1)
r=1
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Now usingLemma8.10we obtain

“mn o mn
Bi1 + In(n) 7%3m%n+2 %7+3m+n%2

- .
+In(m) %‘%% %1 %(&%3)In(&%1)
3m 3&

% o L o6
"4 a5

= . & .
— In(n) %‘%3m%n+2 Fin(m) ) %%%1

%¥'+ 3m+n%39%(&.%3) In(&.%1)

Now,
1
In(&%1) + In(&)%g,

SO

3%& IN(&%1)< 3%& In(&)+1

UsingthatIn(&) = In(m) %In(n%1) + In(m) %In(n) + -, we getthat

3%& In(&%1)+ 3%& (In(m)%lIn(n))+3%&
Thismeans

- mn ' n&
Bi1 + In(n) 7%3m%n+2 +In(m) 2 %?%1

3 .
%%+3m+ N%3+ 3%& (In(m)%In(n))+3%&

— In(n) %‘%3m%n+&%1' +In(m) %‘%%u%&'

3mn
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LEMMA 8.12 If for some( sudhthat0O< ( + 3 we havethat wheneer m* n and

m# O(n*), thenthereis an N sud thatfor all n* N wehave

1 2
n #

m
" " In(nm%(r %1)m%k+1)+ " In(nm%(k%21)n)
r=1 k=1 k=#+1

< nmin(nm) %21.5nm

PrROOF. By Lemma8.6we have that

8 9
n #
' m
" " In(nm%(r %1)m%k+1) + mnln(nm)%mln(nm)+In(nm)%nm+ﬁ
r=1 k=1
n 8 m | "9
% " " In m(n%r +1)%k+1
I’:2 k:#r+1
By Lemma8.9we have
n 8 m | "9
" " In m(n%r+1)%k+1 >
r=2  k=#;+1

2

n“ 1 mn ) ' “5mn_ m &

By Lemma8.11we have
8 9

" mn '
" " In(nm%(k%1)n) + In(n) — %3m%n+&%1
r:2 k:#r+1 2

: & .3
+In(m) %‘%%Jrz%& %%‘+3m+n%&
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CombiningthesethreeLemmatawe getthat the expressionF we wantto estimatein the

Lemmais

m
F + mnin(nm) %min(nm) + In(nm) %nm-+ Py

2 - :
%2.3m+ % + % + %]—i- In(m) m+n%?2

T B Bmn m & “mn '
+In(n) %T+§+n%2%§ +In(n) 7%3m%n+&%1

- & 3
+in(m) %”7+2%& %%‘+3m+n%&

Thus,
n&
F + mnin(nm)%21.5nm+ In( ) n+1+7%?%&
i m & ' n? m
+In(n) %2mn%§%2+§%3m +01.2+?+n%&+ﬁ
Now, using
) mn_n& - ) m & '
G = In(m) n+7%7%& +In(n) %2mn%§%2+§%3m
2
Jr1.2+n—+n%&+m
2 n
we getthat
G 1 1 1 1 1
— = In(m) —=+—+4-% 9
mn (m) m+mn+2 02(n%1) 0n(n%l)
i 1 2 1 3

| %2%—%—+ /
+In(n) % 52n omn n(n%1)

_}_1_24_14_10/ 1 i
2m m 0n(n%l)
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Clearly, for abxed) > 0, we getthatif n* ng, then

E — |n(m>-£ i+1‘0 1 0, 1
mn m' mn' 2 °2(n%1) n(n%1)
) 1 2 1 3
In(n) %2%—%—+ ——— %—
+in(n) % °2n 0anrn(n%l) °n +)

H * i 0, 1 1
Now, sincem* n, if n%1< m, so- < Ay Thus,

1 1 1 1 1 1

- _— 0 0 < —0
m + mn 02(n%1) 0n(n%l) m O2(n%1)

Soif m* 2n%2, thenwe have that

i)
mn

1 12 n 1 1 1
< ZIn(m%2In(n)+ —+ ——+ =% —
2 (m) % ()+mn+2m+m 0n(n%l)Jrn2

andif alsom = O(n*4), then,usingthatif n* ng thenm+ Cn*, soln(m) + In(C) +

(4%( ) In(n), we get

%‘ + 2In(n) %(5 In(n) 4+ % In(C) +)
(

= %Eln(n)-i—),
and,sinceln(n) ( ! ,Wegetthat%< 0,thus,G< 0. If m+ 2n%2, then

%1
In(n) + In(2n%2) = 2In(n%1) + 2In(n)%n °

andwe getsimilarly thatif nis big enoughthenfor some); > 0 we have that
G
o %2In(n) +In(n)+)1 < %In(n) +)2,
andasbefore,we getthatG < 0. Therefore,

F + mnin(nm)%1.5nm+ G < mnin(mn) %1.5mn
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CHAPTER 9
COUNTING SUDOKU PUZZLES

We now turn our attentionto calculatingan upperboundfor the numberof Sudoku
puzzles.Again, we will do this by calculatingthe sumof the permanentsf the Hall ma-
tricesfor eachcolumnof the Sudokupuzzle. However, we will formulatethe Hall Matrix
oneway for someof the columns,andanothemway for the others.We will extensvely use
resultsfrom the previouschapter

A pictureof a Hall matrix, formulatedthe Prstway, is givenin Figure9.1. This Matrix
representthethird columnof theDim(2, 3) puzzleto its left. As with theLatin squarethe
it row of thematrix tells uswhich numbersareallowablein theit cell in thethird column
of the Sudokupuzzle. For this Hall Matrix, we only allow numbes for a cell which have
notbeenusedin the sub-gridthecell liesin.

Again we will assumehatm= m(n) is somefunctionof n suchthatm* n. Notethat
whenn = 1, thena Dim(n, m) Sudokupuzzlejustbecomes rankm Latin squarethesize
of a subgridis just 1! m, andthe conditionthatwe do not have repeatingnumbersin a

sub-gridis the sameasthe conditionthatwe do not have repeatingrumbersn arow.

12 0/0j/1/{0/0|1
4|5 0/0/1({0/0|1
34 1/0/0{0]|1|0
2|6 1/0/0/0|1|0
61 0/(1/0/1/0]|0
5|3 0/1/0/1|/0/|0

FIGURE 9.1. A Dim(2,3) Sudokupuzzle andthe Hall
Matrix for its 3" column
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1/2/3|6 0/0j{0j1|1|0
45|62 1/0/1/0|0|0
3/4|1]5 0/1/0{0|0]|1
2/6(5|3 1/0/0{1]/0]|0
6|12 4 0/0j1/0|1|0
5/3/4|1 0/1/0(0|0]|1

FIGURE 9.2. A Dim(2,3) Sudokupuzzle andthe Halll
Matrix for its 5" column

THEOREM 9.1 If thereisa( sudithatO< ( < 3andthefunctionm= m(n) satisbes
n+ mandm= O(n*), thenthere is a positiveconstantC anda numbermg sud that if

n* ng thenthenumberof Dim(n, m) Sudokyuzzless at most

(nm) (nm)? g%42.5(nm)*+C(nmin(m))?

PROOF. Notethatsincetheresultis valid for largen only, we will assumeéhatn* 2.

Recallthat a bandis a column of sub-grids. Supposeve have blled in the brstr %1
bands Now considetther™™ band,andsupposeve alreadyhave blledthe brstk%1 column
How mary wayscanwe bll in thek™ columnof this band?For eachcell (i, (r %1)m+k),
we let Ay be the setof numbersavailable for thatcell. In thei™ row, thereare (r %1)m
optionsalreadytaken; andin the brst(k%1) columnsof this sub-grid,thereare (k%21)n
optionsalreadytaken. Theoptionstakenin therow andtakenin thesub-gridmightoverlap,

sowe canonly be surethatwe have usedup atleast
max{ (r %1)m+k%1, (k%1)n}

optionsthatwe cannotusefor this cell. Therearealsopossiblysomeoptionsalreadyused
in thecolumnwe arein.

TheHall matrix for this situationwill look liketheonein Figure9.2
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Sothesizeof A is at mostnm%max{ (r %1)m+k%1, (k%1)n}. Hencewe have at

most
min{nm%|(r %1)m+k%1],nm%(k%1)n}

mary numbersavailableto use. Sincewe mustuseeachnumberfrom 1 to nm exactly
oncein this column, Plling this columnis equivalentto Pndingan SDR for the collec-
tion { A1, Ay, ..., Anm} . By Theorem6.9the numberof waysthis canbe doneis equalto the
permanendf thecorrespondingddall matrixfor thecollection{ A1, Ay, ..., Anm} . Denotethis
matrixH. Eachrow i of H will havesums + min{nm%](r %1)m+k%?1],nm% (k%1)n}.

We will now useMinc@® conjecture Noticethat
nm% (k%1)n+ nm%(r %1)m
impliesthat

(r%1l)m
k* n&)l +1

Hencewhenk# {1,2,...,/ (rr:/;’/ﬂmO} the numberof waysto Pll in thek!" columnis atmost

nm
(NmM% (r %1)mMY%ok + 1)! nP(roel)mbtk-1

Whenk # {/ (r%%%m0+ 1,...,m} thenumberof waysto Pl in thek!" columnis at most

nm
[NM% (k% 1) (n)]! nPe(kel)(n)
We musttake the productover all columnsto estimatehe numberof waysto Pll in this
band.
Hencethe numberof waysto bll in ther™™ bandis at most
#r nm m nm

$ [Nm%(r %1)mo%Kk+ 1] Mm%l mkl 1 & [nm% (k%1)(n)]! Mkl (n)
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Soif S, m is debPnedo bethe numberof waysto Pll in theentireSudokupuzzle then

n 1 Hy nm
Sm+ P P [Inm%(r %1)m%ok+ 1]1 nee(reL)mitk+1 |
r=1 k=1
2
m nm
L $ [nm%(k%1)(n)]t nmPakoel)(n) (11)
k:#r+1

In orderto prove our theoremijt is enoughto shov thatthereis a constantC anda number

ng suchthatfor all n* ng we have
Sum+ (nm>(nm)ze"/02-5(nm)2+0(ln(m))2)
or, alternatvely, that
IN(Sam) + (NM)2In(nm) %2.5(nm)? + C(nmin(m))?

Thisis equivalentwith shaving that

[
%+nm+ nmin(nm) %21.5nm+C(In(m))? (12)
Now from the expressiornwe have in equiation(11)
n 1 #, 8 am 9
IN(Sym)+ " " In [nm%(r %1)m%Kk 4 1]! MRl mok+l
r=1 k=1 5
m 8 am 9
+ " In [nm%(k%1)(n)]! nmPak%l)(n)
k=#,+1
And so
1 2
In(Sum) , o & INM%(r%ym9%k+ 1! " In[nm%(k%L)(n)]!
nm (1 kep NM%(r%21)m%k+1 ke, 11  NM%(k%I)n
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applying Sterlingsformulato the factorialsshavs that thereis a constantC; > 0 anda

numbem; suchthatwheneern* ns, theexpressiorontheright sideis at most

1 2
o (£)In(nm%(r %1)m%k + 1) +C;
" %(r %1)m%k+ 1) %1+ ~2
o, n(nmoe(roed)moBkL) 6L+ e (o6 T)mYek + 1
1 2
nom L In(nm%(k%1)n) +C
‘I’" n In(nm%(k%l)n)%l+(2) ( 00( 00 ) )+ 1
r=1ke#,+1 nm% (k%1)n

Noticethat%l is summedn#, timesin theprstline, andthenn(m%f#, ) timesin thesecond

line for atotal of nmtimes. Pulling this out andre-arrangingermsgivesus

In
(Shm) +nm+
1 nm 2
n #e m
" " In(nm%(r %1)m%k+1)+ " In(nm%(k%21)n) (13)
1 r=1 k=1 k=#+1 )
+"n #(3)In(nm%(r%l)m%k+1) ™  (3)In(nm%(k%1)n) (14)
1 kel nm%(lr%l)m%k-i-l ke, 11 M%(k%1)n ,
n # m
' C C
+|I 1 5 5 1 5 k + []] 5 l:-o (15)
=1 ko1 NM%(r%1)m%k+1 -\, nm%(k%1)n
Now, by Lemma8.12we have
(13) + nmin(nm) %1.5nm (16)

Soin orderto shav equation(12)jt is enoughto shawv thatfor n big enough,thereis a
constant suchthat (14)+(15)is at mostC(log(m))2.

In (14),the numeratomof eachexpressions at most% Innm+ Inm. Hence
1 ) 2
N r 1 m 1

14) + Inm" "
(19 r—1 k:1nm%(r%1)m%k+1+ nm%(k%1)n

k:#[+1

Soby lemma8.5,we have,

(14)+ Inm! (3Inm+2) = 3(Inm)+ 2In(m)
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In ( 15), we again uselemmas.5andimmediatelyseethatfor someconstantC
(15)+ C! 3Inm+2

Therefore (14) and (15) togetherareat most3((In(m))2 + 5In(m) + 2, which is certainly

smallerthan4(In(m))? if n (andthereforem) arebig enough. !
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CHAPTER 10
THE PROPORTION OF LATIN SQUARES THAT ARE ALSO
SUDOKU PUZZLES

In thischaptemwe estimateghefractionof ranknmLatin squareshatarealsoDim(n, m)
Sudokupuzzle,with otherwords, we estimatethe probability thatif we randomlyselect
aranknm Latin squaresuchthatevery suchsquares selectedvith the sameprobabilty,

thenthis randomlyselected_atin squares alsoa Dim(n, m) Sudokupuzzle.

THEOREM 10.1 Let p,m be the probability that a randomlychosenrank nm Latin
squae is alsoa Sudokuwuzzle Thenthere is a positiveconstantC anda numbemg sut

thatif n* ngthen

Prm + e%(nm)2+C(mn(In(m))2)

In particular, pom (0 asn tendsto inPnity

PrROOF. By Theorem9.1, thereis a positive constantC; anda numbern; suchthat if

n* np, thenthenumberof Sudokupuzzlesof Dim (n,m) is atmost

(nm)(nm)ze%2.5(nm)2+C1(nr’r‘(In m)2)

By Theorem?.5,thereis anegative constanC, andanumbem; suchthatif n* n, number

of Latin square®f ranknmis atleast

(nm)(nm)ze%Z(nm)2+C2(nmIn m)
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Selectnz = max(ng,ny). If n* ng, thenthe probabilitythatarandomLatin squareof rank

nmis alsoa Dim(m, n) Sudokupuzzleis at most

(nm>(nm)ze‘J/oZ.S(nm)2+C1(nn1(In m)2)
nmnm)? g%e2(nm)2+-C(nminm)

+ @0.5(nm)%+Cinm(Inm)?)%Conmin(m)

Cinm(Inm)?) %Conmin(m) = Clnn‘(ln(m))-l%cz

1
In(m)
But clearly if m* e, thenthisis at most2Conm(In(m))2. Sincem* n, if n* €<, this
is achieved. SoselectingCo = 2C; andng = max(nz, €2!) will be enoughfor the Prstpart

of theclaim. Sincea probabilityis never negative, we only needto shav that
/ 0
“m e/o(nm) +C(mn(In(m))? ) -0
n( !

Since

0.5(nm)+C(mnin(m)? _ 1 _ 1 "
€0.5(nm)2%C(mn(In(m))2 €0.5(nm)%C(In(m))2 "M’

it is enoughto show that

lim (eo.s(nm)o/cC(In(m))z) =1
|

|
n( !
or, alternatvely, that

rI]%rr? (0.5(nm) %C(In(m))?) =1,

But this follows from usingthe LOHopitaRule[2] to obtain

andusingthat

0.5(nm) %C(In(m))? = 0.5n(In(m))?
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