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ABSTRACT

A Dim(n,m) Sudokupuzzleis annm! nmgrid with n! m subgrids.We interpretthe

Dim(n,m) Sudokupuzzleasa vertex coloring problemin graphtheory. This providesa

broadframework for investigation. We will alsodiscussthe relationshipbetweenLatin

squaresandSudokupuzzlesandshow that the setof Dim(n,m) Sudokupuzzlesis sub-

stantiallysmallerthanthe setof rank nm Latin squares.Our work is a generalizationof

a paperthat appearedin the ÒNoticesÓof the AmericanMathematicalSociety, June/July

2007,titled ÒSudokuSquaresandChromaticPolynomialsÓ.[8]
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CHAPTER 1

INTRODUCTION

The Sudokupuzzleis a relatively new phenomenonin the United Statesthat hasbe-

comevery popular. You will Þndthemin many magazinesandnewspapersalongsidethe

crosswordpuzzles.

Sudokupuzzlesarerelatedto Latin squares,whichweredevelopedby the18th century

SwissmathematicianLeonhardEuler. Latin squaresaresquare-gridsof sizen! n where

eachof thenumbersfrom 1 throughn appearin every columnandin every row precisely

once.They arereferredto asrankn Latin squares.

Magic squaresaresquaregrids thatareÞlledwith (not necessarilydifferent)numbers

suchthat the numbersin eachrow andcolumnaddup to the samesum. It is easyto see

thatLatin squaresarealsomagicsquares.

In the late19th centurya Paris-baseddaily newspaper, Le Sieclepublisheda partially

completed9! 9 magicsquarethathad3! 3 subgrids.Theobjectof thegamewasto Þll

out themagicsquaresuchthatthenumbersin thegridsalsosumto thesamenumberasin

therowsandcolumns.

ThestandardSudokupuzzleconsistsof a partially Þlledout 9! 9 grid in which some

of the entrieshave a numberfrom 1 to 9. We call this a Dim(3,3) puzzlebecauseit is

composedof subgridsof size3! 3. The challengeis to completethegrid in sucha way

thateachrow, column,andall nine3! 3 sub-gridscontaineachof thenumbersfrom 1 to

9 exactly once.Soit is easyto seethata standardSudokupuzzleis actuallya rank9 Latin

square.An exampleof aSudokupuzzleandits completionis givenin Figure1.1.
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FIGURE 1.1. A standardSudokupuzzleandits solution

SoonafterLeSiecle, themagazineLeFrancereÞnedthepuzzleto essentiallythesame

format asthe modernSudoku;with the only exceptionthat the puzzleswererequiredto

have thenumbers1 through9 in bothof thediagonals,to ensureauniquesolution.

Dell MagazinesbeganpublishingSudokupuzzlesin thelate1970Õs. Thepuzzlesmost

likely weredevelopedby anindependentpuzzle maker andarchitect,HowardGarnes,and

thenewspapercalledthemNumberPlace.

While thenameof thegameis of Japaneseorigin (ÒSuDokuÓmeansÒsinglenumberÓ),

it wasnot till 10 yearslaterwhentheJapanesecompany Nikoli, Inc. startedto publisha

versionof theSudokuat thesuggestionof its president,Mr. Maki Kaji. He gave thegame

its currentname.

Almost two decadespassedbefore(nearthe end of 2004) The Times newspaperin

Londonhasstartedto publishSudokuasits daily puzzledueto theeffortsof WayneGould,

whohasspentmany yearsto developacomputerprogramthatgeneratesSudokupuzzles.

By 2005major newspapersin the US have begun publishingSudokupuzzlesandby

now many new versionsof the gamecanbe found on the web. The readeris referredto

moredetailson the history or the variationsof Sudokuto the Wikipedia article [1] from

whichmany of theabove informationwereobtained.
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FIGURE 1.2. A Dim(2,3) Sudoku

The puzzlesrequire logic, sometimesintricate, to solve but no formal mathematics

is required. However, the puzzlesleadnaturally to certainmathematicalquestions.For

example,how many Sudokupuzzlesarethere?How doesthenumberof Dim(n,n) Sudoku

puzzlescompareto the numberof rank n2 Latin squares? Which puzzleshave solutions

andwhich do not? If a puzzlehasa solution,is it unique?What is theminimumnumber

of initial entriesthatneedto bespeciÞedin orderfor a puzzleto have a uniquesolution?

At this time, it is unknown if a puzzlebeginning with 16 entriesexists that hasa unique

solution.[8]

In the June/Julyissueof the AmericanMathematicalSocietyÕs publicationNotices,

AgnesHerzberg andM. RamMurty wrotean interestingarticle [8] on Dim(n,n)-puzzles

suchastheDim(3,3)-puzzleshown in Figure1.1.

In this article ÒSudokuSquaresand ChromaticPolynomialsÓ,the authorsemployed

elementsof graphtheory, Chromaticpolynomials,settheory, andthetheoryof permanents

to prove someinterestingthingsaboutSudokuandalsoto arrive at anupperboundfor the

numberof completedDim(n,n) Sudokupuzzles.In particular, they show that thenumber

of Dim(n,n) puzzlesis muchlessthanthenumberof rankn2 Latin squares.Somuchso

3



that asn tendsto inÞnity, the probability that a randomlychosenrank n2 Latin squareis

alsoaDim(n,n) Sudokupuzzlegoesto zeroasn goesto inÞnity.

Theorganizationof this thesisis asfollows: In theÞrst two chapterswewill gothrough

somestandarddeÞnitionsthat are requiredfor our results. For our generalizedSudoku

puzzlewe will deÞnea graphsuchthat a solution to a Sudokupuzzlecorrespondsto a

propercoloring of this graph. We will thenanalyzethis graphÐmuchthe sameway as

theHerzberg andMurty articledoesÐ,usingresultsof Hall to boundthenumber of Latin

squaresfrom below andusingmatrixtheoryresultsto boundthenumberof Sudokupuzzles

from above. This way we will obtainan upperboundon thefractionof Latin squaresthat

arealsoSudokupuzzles. The main resultof this thesisis to generalizetheir work to the

caseof Dim(n,m) SudokupuzzlessuchastheDim(2,3) puzzleshown in Figure1.2.
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CHAPTER 2

GRAPH THEORY PRELIMINARIES

A Sudokupuzzlecaneasilybeinterpreted asagraphandthenanalyzedusingconcepts

of graphtheory. Graphcoloringsareof particularimportance.All of thematerialin this

chapteris standand,andcanbefoundin textbookssuchas[4] and[13].

2.1. DEFINITIONS

DEFINITION 2.1. A simple graph G is a setof elementscalled vertices, denoted

V(G), togetherwith a collectionof unorderedpairsof verticescalled edges, denotedby

E(G), thatmeetsthefollowing condition.

E(G) " {{ u,v} | u,v # V(G),u $= v} .

For theremainderof this thesis,whenreferringto anedge,we will usethenotationuv, or

vu to meantheunorderedpair { u,v} . We will alsousetheterm graph asanabbreviation

for simplegraph.

A graphH is calleda subgraphof agraphG if V(H) " V(G) andE(H) " E(G). The

order of a graphis the numberof vertices,denotedV(G), andits sizeis the numberof

edges,denotedE(G). Also, if u andv aretwo verticesof a graphandif theunorderedpair

{ u,v} is an edgedenotedby e, we saythat e joins u andv or that it is an edgebetween

u andv. In this case,the verticesaresaidto be adjacent, andboth u andv aresaidto

be incident upone. A graphcanbe easilyrepresentedon paperusingdotsto represent

theverticesanddrawing a line(curvedor straight)betweenunorderedpairsof verticesto

representtheedges.An exampleof suchadepictionis in Figure2.1.
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FIGURE 2.1. A visualillustrationof agraph

DEFINITION 2.2. The neighborhoodof a vertex v, denotedN(v), is thecollectionof

verticeswhichareadjacentto v. Formally, wewrite N(v) = { u # V(G) : uv# E(G)} .

Thenumberof elementsin N(v) is referredto asthe degreeof vertex v. If all of the

verticesin agraphhave thesamedegree,thenthegraphis saidto be regular.

DEFINITION 2.3. The completegraph, denotedKn, is agraphwith n verticesin which

thereis anedgejoining eachpair of verticesu,v for whichu $= v.

Note thatKn is a regulargraph,thedegreeof eachvertex is n%1, andthenumberof

edgesis
! n

2

"
, sincethereis oneedgefor eachpair of vertices.

Now, from a graphwe cancreatenew graphsby addingor subtractingedges,andalso

by identifying vertices. Thesekinds of modiÞcationsto a graphwill be importantso we

deÞnethemprecisely.

DEFINITION 2.4. Let G = (V,E) bea graphandlet u,v # V, u $= v. ThenG+uv is the

graphwith vertex setV andedgesetE&= E
#

uv.

An exampleis in Figure2.2. Notethatif u andv areadjacent,thenG = G+uv.

DEFINITION 2.5. Let G = (V,E) bea graphandlet u,v # V, u $= v. ThenG%uv is the

graphwith vertex setV andedgesetE&= E \ uv.

6
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FIGURE 2.2. Edgeaddition

u v u v

G
!uvG

FIGURE 2.3. Edgeremoval

An exampleis in Figure2.3.

Now whatdowemeanby identifyingvertices?Below is theprecisedeÞnition.

DEFINITION 2.6. Let G = (V,E) bea graphandlet u,v # V, w /# V. ThenGáuv is the

graphwith vertex setV&= {V \ { u,v}} ' { w} andedgeset

E& = { E \ ({ xu | x # N(u)} ' { xv | x # N(v)} )}
$

{ wx| x # (N(u) ' N(v)) \ { u,v} )} .

In Figure2.4 is apictureof agraphG andalsoGáuv.

7



u v w

G¥uvG

FIGURE 2.4. Vertex identiÞcation

FIGURE 2.5. A depictionof a
graphcoloring

Next we deÞnewhat we meanby a coloring of a graph. A ! coloring of a graphG

is a function f from G to { 1,2, ..., ! } . We call this mapa proper coloring if f (x) $= f (y)

whenever x andy areadjacentin G. The minimal numberof colorsrequiredto give the

graphG a propercoloring is calledthe chromatic number of G andis denotedby " (G).

To make pictureseasierto interpret,we replacethe integersin the rangeof our function

with actualcolors.An exampleis givenin Figure2.5. Noticethatno two adjacentvertices

have thesamecolor.
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DEFINITION 2.7. The total numberof waysonecanproperlycolor a graphG with !

colorsis denotedCG(! ).

2.2. LEMMATA

Next we statea few importantlemmataaboutgraphcolorings. It turns out that the

numberof ways to color a graphcan be equal to coloring certaincombinationsof the

samegraphafterit hasbeenmodiÞedby addingor subtractinganedge,or identifying two

vertices.

LEMMA 2.8. LetG bea graphandlet u andv benon-adjacentverticesin G. Thenthe

numberof proper! -coloringsof G thatgiveu andv thesamecolor is equaltocGáuv(! ).

PROOF. Let w # Gáuv bethevertex that resultsin the identiÞcationof u andv. Let A

bethesetof proper! -coloringsof G thatgive u andv thesamecolor. Let B bethesetof

proper! -coloringsof Gáuv.

DeÞne# : A ( B by # ( f ) = f# where

f# =

%
&&'

&&(

f (x) if x # V(Gáuv) \ w,

f (u) if x = w

Clearly, f# : V(Gáuv) ( { 1,2, . . . , ! } . Moreover, if x,y areadjacentverticesof Gáuv and

w /# { x,y} , thenthey areadjacentverticesof G, andso f# (x) = f (x) $= f (y) = f# (y). Also,

if w is adjacentto a vertex x, thenx is adjacentto eitheru or v in G, which implies that

f# (x) = f (x) $= f (u) = f (v) = f# (w). Thus,# is a well deÞnedfunction from A to B,

sinceeachcoloring of G will determinea uniquecoloring of Gáuv. We show that # is

one-to-oneandonto.

To show that # is 1-1, let f1 and f2 be two differentelementsof A . Thenfor some

x # V(G), f1(x) $= f2(x). Therearetwo cases.

Case1: x $= u andx $= v. Thenx # V(Gáuv) \ { w} . Then

( f1)# (x) = f1(x) $= f2(x) = ( f2)# (x).

9



Hence

( f1)# (x) = ( f2)# (x),

which impliesthat( f1)# $= ( f2)# .

Case2: x = u or x = v. Then f1(x) = f1(u) and f2(x) = f2(u). Now,

( f1)# (w) = f1(u) = f1(x) $= f2(x) = f2(u) = ( f2)# (w).

Hence

( f1)# $= ( f2)#

.

So# is 1-1 from A to B.

To show that# is onto,let g # B. DeÞnef by

f (x) =

%
&&'

&&(

g(x) if x # V(G) \ { u,v} ,

g(w) if x = u or x = v

First we show that f # A . Clearly, f : V(G) ( { 1,2, . . . , ! } and f (u) = f (v), sowe

only needto show that f is apropercoloring.

Supposex,y # V(G), andx,y areadjacent.Note that sinceu andv arenon-adjacent,

{ u,v} $= { x,y} . Now, therearetwo cases.

Case1: x,y # V(G) \ { u,v} . Then f (x) = g(x) $= g(y) = f (y). So x andy aregiven

differentcolorsby thefunction f .

Case2: { x,y} ) { u,v} $= /0. Thenby our previous remark,only oneof x or y is an

elementof { u,v} . WOLG,welet x# { u,v} andy# V(G) \ { u,v} . Sincex andyareadjacent

in G, it mustbethatw andy areadjacentin Gáuv. Hencef (x) = g(w) $= g(y) = f (y). Sox

andy aregivendifferentcolorsby thefunction f .

So f is a functionthat,using! colors,properlycolorsverticesin G with thestipulation

thatu andv aregiventhesamecolor. Hencef # A .

10



Now weshow that f# (x) = g(x). By deÞnition,

f# (x) =

%
&&'

&&(

f (x) = g(x) if x # V(Gáuv) \ w,

f (u) = g(w) if x = w

So f# (x) = g(x) for all x # V(Gáuv). Hence# mapsA ontoB. Since# is both1-1and

onto,| A | = | B |. !

LEMMA 2.9. LetG bea graphandlet u andv bedistinctverticesin G. ThencG+uv(! )

is equalto thenumberof proper! -coloringsof G which giveu andv differentcolors.

PROOF. Let A bethesetof proper! -coloringsof G suchthatu andv receivedifferent

colors.Let B bethesetof proper! -coloringsof G+uv.

We deÞne# : A ( B by # ( f ) = f# , wherefor eachx # V(G+uv) we have f# (x) =

f (x). Then# is a function from A to B, sinceeachproper! -coloring of G that assign

differentcolorsto u andv will determinea uniqueproper! -coloring of G+uv. We must

show that# is 1-1andonto.

For 1-1, let f1 and f2 betwo separateelementsof A . Thenfor somex # V(G), f1(x) $=

f2(x). But then( f1)# (x) = f1(x) $= f2(x) = ( f2)# (x). Hence# is 1-1 from A to B.

For onto,let g # B. DeÞnef by f (x) = g(x). Then f# (x) = f (x) = g(x). So( f (x)) =

g(x) for all x # V(G+uv). Therefore# is onto. Since# is both 1-1 and onto, | A | =

| B |. !

LEMMA 2.10. If u andv arenon-adjacentverticesin a graphG, then

CG(! ) = CG+uv(! )+CGáuv(! ).

PROOF. In any propercoloringof thegraphG thatuses! colors,therearetwo distinct

possibilities. Either u andv will have the samecolor, or they will have differentcolors.

By Lemma2.8 the numberof waysto color G giving u andv the samecolor is equalto

CGáuv(! ). By Theorem2.9thenumberof waysto colorG giving u andv differentcolorsis

equalto CG+uv(! ). HenceCG(! ) = CG+uv(! )+CGáuv(! ). !

11



LEMMA 2.11. If u andv areadjacentverticesin a graphG, then

CG(! ) = CG%uv(! )%CGáuv(! ).

PROOF. Sinceu andv areadjacent,any coloringof G mustassigndifferentcolorsto u

andv. Now, in any coloringof CG%uv(! ), u andv mayhave differentcolors,or they may

bethesame.But by Lemma2.8,C(G%uv)áuv(! ) is equalto thenumberof waysto properly

color G%uv, with the stipulationthat u andv be given the samecolor. We mustsubtract

thesepossibilitiessoCG(! ) = CG%uv(! )%C(G%uv)áuv(! ). SinceC(G%uv)áuv(! ) = CGáuv(! ) we

haveCG(! ) = CG%uv(! )%CGáuv(! ). !

12



CHAPTER 3

POLYNOMIALS

As we have mentioned,but have not yet shown, the numberof waysonecanÞll out

a Sudokupuzzleis thesameasthenumberof propercoloringsof a correspondinggraph.

Henceweareinterestedin how to determinethenumberof waysto properlycoloragraph

with ! colors,andhencethenumberof waysto Þll outaSudokupuzzle,is equalto amonic

polynomialevaluatedat ! . In this chapterwewill developandapplytheseideas.

DEFINITION 3.1. A (complex or real)polynomial of x is a functionof theform

p(x) =
!

"
i=1

aixi,

whereonly Þnitely many of the ai arenonzero(andeachai is complex or real, alterna-

tively). Theai arecalledthecoefÞcientsof thepolynomial.

NotethattheabovedeÞnitionimpliesthatapolynomialp(x) canbewritten in theform

p(x) = anxn +an%1xn%1 + . . .+a1x+a0, whichwewill do from now on.

DEFINITION 3.2. A polynomial p(x) = amxm+ am%1xm%1 + ... + a1x+ a0 is thezero

polynomial, if eachof the ai arezero; with otherwords p(x) = 0. If p(x) is a nonzero

polynomial,thenits degreeis n if an $= 0 andai = 0 for all i * n.

Wewill needanotheridea:

DEFINITION 3.3. A polynomialwith degreen is monic if andonly if an = 1.

DEFINITION 3.4. Let p(x) beapolynomial.Thenumberx0 is aroot of p(x) if p(x0) =

0

13



THEOREM 3.5. (FundamentalTheoremof Algebra) Let p(x) bea non-zero polynomial

of degree n with complex coefÞcients. Then p(x) has n roots, whenrepeated roots are

countedup to their multiplicity. [12]

COROLLARY 3.6. LetP(x) andQ(x) betwomonicpolynomials,andassumethat there

existsaninteger msuch thatP(! ) = Q(! ) for all integers! with ! * m. ThenP(x) = Q(x).

PROOF. AssumethereexistsQ(x) which equalsP(x) for all ! * m. Assumethat the

maximumof the degreesof P(x) andQ(x) is n. ThenThen(P%Q)(x) is a polynomial

of degree+ n with an inÞnite number of zero roots. This contradicts the Fundamental

Theoremof Algebra. !

Laterwewill makeuseof thefollowing Lemma:

LEMMA 3.7. Let p(x) bea nonzero polynomialof degreen with integer coefÞcientsand

a bean integer rootof p(x). Thenp(x) = (x%a)q(x), whereq(x) is a polynomialof degree

n%1 andhasinteger coefÞcients.

PROOF. We will do this by inductionon n, thedegreeof p(x). We will assumethatan

is theleadingcoefÞcientof p(x)

If n = 1, then 1
an

p(x) andx%a aretwo monicpolynomialswith thesameroots(since

bothhave oneroot,andit mustben. By Corollary3.6, 1
an

p(x) = x%a, sowe maychoose

q(x) = an, whichclearlysatisÞestheconditions.

Now let n > 1 andassumethestatementis truefor all polynomialswith degreen&< n.

Let p&(x) = p(x)%anxn%1(x%a). Sinceanxn%1(x%a) is a polynomialof degreen with an

asits leadingcoefÞcient,andit hasall integer coefÞcient,we have that p&(x) hasinteger

coefÞcientsandthedegreeof p&(x) is somen&, wheren&< n. Also, p&(a) = p(a)%anan%1 á

0 = 0. Thereforeby the inductionhypothesisthereis a polynomial q&(x) that hasdegree

n&%1 + n%2 that hasinteger coefÞcientsand p&(x) = (x%a)q&(x). Thereforep(x) =

q&(x)(x%a)+anxn%1(x%a) = (x%a)(anxn%1+q&(x)), andchoosingq(x) = anxn%1+q&(x),

q(x) is adegreen%1 polynomialwith all integerroots.hypothesis,thereis !
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We begin with the completegraphon n vertices,andthenwork our way towardsthe

generalcaseof any graphonn vertices.

THEOREM 3.8. Let G be the completegraph Kn. Thenthere existsa uniquemonic

polynomialwith integer coefÞcientsof degreen, denotedPG(x), which equalsCG(! ) for all

nonnegativeintegers ! .

PROOF. Theuniquenessof suchamonicpolynomialfollowsfrom Corollary3.6,sowe

only needto show theexistence.

We will show thatPG(x) = x(x%1)...(x%n+1). This is clearlyis a monicpolynomial

of degreen with integercoefÞcients.

Let ! beanonnegative integer.

SupposeÞrst that ! < n. Clearly, PG(! ) = 0. Now, in a propercoloring of Kn, any

two verticesmusthave differentcolors.Soany propercoloringof Kn mustusen different

colors.HenceCG(! ) = 0 aswell. Sofor each! < n, CG(! ) = 0 = PG(! ).

Now supposethat ! * n. ThenPG(! ) = ! (! %1)ááá(! %n+1). If we color G using

! colors,we maycolor theÞrstvertex with ! colors,thesecondvertex with ! %1 colors,

etc..HenceCG(! ) = (! )(! %1)...(! %n+1). But this is equalto PG(! ).

Sofor any ! , CG(! ) = PG(! ). !

THEOREM 3.9. Let G beobtainedfromthecompletegraphKn by removing oneedge.

Thenthere existsa uniquemonicpolynomialof degreen with integer coefÞcients,denoted

byPG(x), which equalsCG(! ) for all nonnegativeintegers ! .

PROOF. Theuniquenessof suchamonicpolynomialfollowsfrom Corollary3.6,sowe

only needto show theexistence.

Supposethatu andv arethetwo non-adjacentverticesthat resultfrom removal of the

singleedge.By Theorem2.9,we haveCG(! ) = CG+uv(! )+CGáuv(! ). Now CG+uv(! ) is a

completegraphon n verticesandis equalto a monicpolynomialof degreen with integer

coefÞcients,PG+uv(x) for all nonnegative integers! by Theorem3.8.But Gáuv is acomplete

graphon n%1 verticesand,alsoby Theorem3.8,cGáuv(! ) is equalto a monicpolynomial
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of degreen%1 with integercoefÞcients,PGáuv(x) for all nonnegative integers! . Hencewe

maychoosePG(x) = PG+uv(x)+PGáuv(x), which is a monicpolynomialof degreen andhas

integercoefÞcients. !

THEOREM 3.10. LetG bea graphonn * 1 vertices.Thenthereexistsa uniquemonic

polynomialof degreen with integer coefÞcients,denotedPG(x), which equalsCG(! ) for all

! * 0.

PROOF. We will usea doubleinduction. Upwardon thenumberof vertices, andthen

downwardon thenumberof edges.

For thebasesteponthenumberof vertices,notethatwhenn= 1, G consistsof asingle

vertex, sowehave thatCG(! ) = ! for all nonnegative integers! . We let PG(x) = x, which

is amonicpolynomialof degree1 andhasintegercoefÞcients.ThenCG(! ) = PG(! ) = ! ,

andwearedone.

Sonow let n > 1, andfor the inductionhypothesison thenumberof vertices,assume

thatfor any graphH onlessthann verticesthereexistsamonicpolynomialPH(x) of degree

n with integercoefÞcientssuchthatPH(! ) = CH(! ) for all nonnegative integers! .

Let G bea graphon n vertices.Let k be thenumberof edgesin G. We needto show

thatthereexistsa monicpolynomialPG(x) of degreen with integercoefÞcients,for which

PG(! ) = CG(! ) for all nonnegative integers! . We will show this by usinga downward

inductionon thepossiblevaluesof k..

To begin the basecaseon the numberof edges,assumethat G hasas many edges

aspossible. This meansthereis an edgebetweenany pairsof two differentvertices,so

G = Kn, andk =
! n

2

"
. Thenby Theorem3.8we aredone.Also, if k =

! n
2

"
%1 edges,then

by Theorem3.9wearedone.

So let k +
! n

2

"
%2. For the inductionhypothesison thenumberof edges,assumethat

for any graphH whichhasn verticesandk&edges,wherek < k&+
! n

2

"
, thereexistsamonic

polynomialPH(x) of degreen with integercoefÞcients,for which PH(! ) = CH(! ) for all

nonnegative integers! .
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Sincek, thenumberof edgesin G, is lessthen
! n

2

"
, thereexist two verticesu,v which

arenon-adjacent.By theorem2.9,

CG(! ) = CG+uv(! )+CGáuv(! ).

But CG+uv(! ) is thenumberof waysto color thegraphG+uv thathasn verticesandk+1

edges.Sincek < k+ 1 +
! n

2

"
, by the inductionhypothesison thenumberof edges,there

is a monicpolynomial PG+uv(x) of degreen with integercoefÞcientssuchthatPG+uv(! ) =

cG+uv(! ) for all nonnegative integers! . Also, Gáuv is a graphwith n%1 points. By the

inductionhypothesisonthenumberof vertices,thereis amonicpolynomialPGáuv of degree

n%1 with integercoefÞcients,suchthatPGáuv(! ) =CGáuv(! ) for all nonnegative integers! .

Now choosePG(x) = PG+uv(x)+ PHáuv(x). Clearly, this is a monic polynomialof degreen

thatsatisÞestherequiredconditions. !

We have establishedthat the numberof waysto color a graphwith ! colorsis given

by a uniquemonic polynomial. What canwe sayabouta graphthat is alreadypartially

colored?In particularcanwerepresentthenumberof waysof extendingapartialcoloring

to acompletecoloringby amonicpolynomial?

DEFINITION 3.11. Let G be a graphon somen verticesand let t be a nonnegative

integer, t + n. A partial proper coloring H of G on somet verticesis a function H :

B ( { 1,2, . . . , ! } , whereB " V(G), |B| = t, andif u,v # B areadjacentverticesof G, then

H(u) $= H(v).

DEFINITION 3.12. Let n bea positive integerandt,d, ! benonnegative integerssuch

that0 + t + n. Let G bea Þnitegraphon n verticesandH bea partialpropercoloringof t

verticesof G usingsomed colors.WedenotebyCG,H(! ) bethenumberof waysto extend

H to aproper! -coloringof G.

THEOREM 3.13. Let n bea positiveinteger andt,d benonnegativeintegers such that

0 + t + n. Let G be a Þnitegraph on n verticesand H be a partial proper coloring of t
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verticesof G usingsomed colors. Thenthere existsa uniquemonicpolynomialof degree

n%t, denotedPG,H(x), which equalsCG,H(! ) for all integers! for which ! * d.

PROOF. First note that for any n, if t = n, then or partial coloring alreadyproperly

colorsG, thereforeweonly haveonewayto extendit. Sofor any ! * d wehavecG,H(! ) =

1, andwemaychoosePG,H(x) = 1, which is clearlyamonicpolynomialof degree0. Since

n%t = n%n = 0, wearedone.

Also, for any n, if t = 0, thencG,H(! ) = cG(! ) andwearedoneby Theorem3.10.

Thereforein therestwewill assumethat0 < t < n.

We will usea doubleinduction. First upward on the numberof verticesn, andthen

upwardon thenumberof edgesof thegraph.For thebasestepon thenumberof vertices,

let n = 1. Thenwearedonesincetheonly possiblevaluesof t aret = 0 or t = 1 = n.

So not let n > 1, andassumethat the statement is true for any graphon lessthann

points. Let G be a graphon n pointsandk edges.We will proceedby inductionon the

numberof edgesin G.

For thebasestepon thenumberof edges,supposeG haszeroedges.Let H beapartial

propercoloringof G ont pointsandd colors,andlet ! beanintegersuchthat! * d. Then

wearefreeto colorany of theremainingn%t uncoloredverticeswith any of our ! colors.

HenceCG,H(! ) = ! n%t, andwe let PG,H(x) = xn%t, amonicpolynomialof degreen%t.

So let k > 1, andsupposethat the statementis true for any graphon n pointsandat

mostk%1 edges.

Let H beapartialpropercoloringof G ont pointsandd colors,andlet ! beaninteger

suchthat! * d. Therearetwo cases.

Case1: Every edgeof G connectstwo pointsthatarecoloredby H: We maycolor the

remainingverticeswith any of our ! colors. So thereare! n%t waysto extendthepartial

coloringto acompletecoloringof G. Thuswe let PG,H(x) = xn%t.

Case2: Thereexists an edge,whoseendverticesare u andv, with at leastoneend

vertex in G\ H. NotethatCG%uv,H(! ) is equalto thenumberof waysto extendthepartial

coloringof H to G if we allow u andv to have eitherthesameor differentcolors. Let H&
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bethecoloringon Gáuv thatagreeswith H everywhere,excepton u andv. If oneof u or v

is coloredby H, thenH&assignsthis color to w, otherwiseH&doesnot colorw. Sinceonly

oneof u,v is in H, it is clearthatH andH&bothcolor thesamenumberof vertices,t and

usethesamenumberof colors,d.

Also, note thatCGáuv,H&(! ) is equivalent to the numberof ways to extend the partial

coloringof H to G if we wereto requirethatu andv aregiventhesamecolor. Hencewe

have theequation:

CG,H(! ) = CG%uv,H(! )%CGáuv,H&(! )

By the induction hypothesison the numberof edges,there is a monic polynomial

PG%uv,H(x) of degreen%t suchthatPG%uv,H(! ) = CG%uv,H(! ) for every integer! * d.

By the induction hypothesison the numberof point, there is a monic polynomial

PGáuv,H&(x) of degreen%1%t suchthatCGáuv,H&(! ) = PGáuv,H&(! ) for all integers! * d.

SetPG,H(x) = PG%uv,H(x) %PGáuv,H&(x). This clearly is a monic polynomialof degree

n%t with CG,H(! ) = PG,H(! ) for all integers! * d. !
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CHAPTER 4

THE BIG-OH NOTATION

The big-oh notationwasintroducedby a GermannumbertheoristPaul Bachmannin

his bookAnalitischeZahlentheoriein 1894[3]. Thoughit canbeextendedto functionsof

realvariables,we will only useit for functionsof positive integersjust asin D.E. KnuthÕs

TheArt of ComputerProgramming[9]. The interestedreaderis referredto moregeneral

deÞnitionsin standardtextbooks.

The O-notationallows us to quantify the degreeof accuracy in our approximation,

for examplein expressionslike f (n) = en2+O(nln(n)). In general,thenotationO( f (n)) Ñ

or sometimesmorepreciselyOn( f (n)) Ñ maybeusedwhenever f (n) is a functionof the

positiveintegern; it roughlystatesthatmagnitudeof thequantityfor whichweuseO( f (n))

(while maynotbeexplicitly known) is not too large.

DEFINITION 4.1. Supposethat f (n) andg(n) aretwo functionsdeÞnedon thepositive

integers. We say that f (n) = O(g(n)) if andonly if thereexist integersno,M suchthat

| f (n) |+ M | g(n) | for all n * no.

Note that in this context, the equalitysign losessomeof its usualconveniences.For

example,from f (n) = O(g(h)) andh(n) = O(g(n)) wecannotconcludethat f (n) = h(n).

DEFINITION 4.2. Supposethat f (n) andg(n) aretwo functionsdeÞnedon thepositive

integers.Wesaythat f (n) + O(g(n)) if f thereexistsa functionh(n) andanintegern0 such

thath(n) = O(g(n)) and f (n) + h(n) for all n * n0.

In orderto beableto understandexpressionslike f (n) = en2+O(nln(n)), weneedanother

deÞnition.
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DEFINITION 4.3. Supposethat f (n), g(n) arefunctionson the positive integers,and

h(n,x) is an algebraicexpressionon the positive integersn and a variablex wherethe

variablex appearsonce. We saythat f (n) = h(n,O(g(n))) if f f (n) = h(n, ! (n)) for some

function! (n) where! (n) = O(g(n)).

In thefollowing, f (n) andg(n) arefunctionsandC is aconstant.Herearesomesimple

operationsthatwecandowith theO-notationthatfollow fairly trivially from thedeÞnition:

f (n) = O( f (n))

CáO( f (n)) = O( f (n))

O( f (n))+O(g(n)) = O( f (n)+g(n))

O(O( f (n)) = O( f (n))

O( f (n))áO(g(n)) = O( f (n)ág(n))

f (n)áO(g(n)) = O( f (n)ág(n))
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CHAPTER 5

ANALYSIS OF THE SUDOKU GRAPH

In this chapterwe usewhat we know aboutgraphtheoryandpolynomialsto obtain

someinterestingresultsaboutthegeneralDim(n,m) Sudokupuzzle.

It iseasytoseehow acompletedSudokupuzzleisequivalenttoapropergraphcoloring.

We will associatea graphXnm with theDim(n,m) Sudokugrid asfollows. Xnm will have

(nm)2 vertices,eachcorrespondingto a cell in theSudokugrid. Two distinctverticeswill

beadjacentif andonly if thecorrespondingcellsin thegrid areeitherin thesamerow, the

samecolumn,or the samesub-grid. This way eachvertex will be given a color distinct

from that of its neighbors. So for eachcompletedSudokupuzzle, therecorrespondsa

propercoloringof thegraphXnm.

To put this in a moregeneralandformal context, consideran Dim(n,m) grid. Each

cell in thegrid will beassociatedwith a vertex in Xnm that is labeled(i, j) with 0 + i, j +

nm%1. We will consider(i, j) and(i&, j&) to beadjacentif either(1) i = i&or j = j&or (2)

, i/ n- = , i&/ n- and, j/ n- = , j&/ n- .

THEOREM 5.1. Xnm is regular andthedegreeof each vertex is 3nm%(n+m)%1.

PROOF. Let v beandarbitraryvertex of Xnm. Thenv is adjacentto nm%1 othervertices

in its row, andnm%1 otherverticesin its column.It is alsoadjacentto nm%1 othersin the

n! m subgridit lies in, but n%1 of thesewerealreadycountedin its columnandm%1 of

themwerecountedin its row. Sov is adjacentto (nm%1)+ (nm%1)+ [(nm%1)%(n%

1)%(m%1)] = 3nm%(n+m)%1 vertices. !

To determinethechromaticnumberof Xnm, wewill recallthefollowing deÞnitions:
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DEFINITION 5.2. Let n beaninteger, n > 2, andlet k,m beintegers.We will saythat

k . m(modn) if n dividesm%k.

DEFINITION 5.3. Let n beaninteger, n > 2, andlet k beanintegers.k modn denotes

theuniqueintegerm for whichk . m (modn) and0 + m< n.

Now wearereadyto stateandprove thefollowing:

THEOREM 5.4. Thechromaticnumberof Xnm is nm.

PROOF. Without lossof generalitym * n. If mn= 1, thenXnm consistsof a single

point,andthestatementis trivial. Soassumethatmn> 1.

Firstweshow thatXnm cannotbeproperlycoloredwith fewerthannmcolors.Notethat

theverticesof Xnm whichrepresentthecellsin theuppern! mgrid areall adjacentto each

other. Theseverticesandtheedgesconnectingthemform thecompletegraphKnm. Since

we needat leastnm colorsto properlycolor Knm, we needat leastnm colorsto properly

colorXnm.

Next we show that nm colorsaresufÞcient. To do this we will explicitly constructa

propercoloring of Xnm usingnm colors. First without lossof generalitywe assumethat

n + m. Considerthevertices(i, j) with 0 + i + nm%1 and0 + j + nm%1. Now, usingthe

division algorithm,we let i = an+ r andwe let j = bm+s, wherea =
)

i&
n

*
andb =

)
j

m

*
.

Hence,

0 + a < m

0 + r < n

0 + b < n

0 + s< m
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andthe4-tuple(a,r,b,s) is uniquelydetermineseach(i, j). Now we will deÞnea function

f thatwill properlycoloreachvertex of Xnm usingnmcolorsasfollows

f (i, j) = (rm+a+bm+s) modnm

Clearly, f only usesnumbersfrom theset{ 0,1,2, ...,nm%1} , which hasordernm. Also,

since(a,r,b,s) is uniquefor each(i, j), f (i, j) assignsa uniquecolor to eachvertex (i, j).

Hence f is a function that colorseachvertex in the graphXn,m with nm colors(andnote

thatby our previousremark,if f is a propercoloringit doesindeeduseall thecolors).To

show thatthecoloringwill beproper, we needto show thatif two vertices(i, j) and(i&, j&)

receive thesamecolor thenthey arenotadjacent.

Soassumethat(i, j) and(i&, j&) receivethesamecolor. Sinceif they arenot in thesame

row, coloror subgrid,they cannotbeadjacent,weneedto examinethreecases.

Case1: Supposethat the two vertices(i, j) and (i&, j&) representcells in the same

Dim(n,m) subgrid.By virtueof beingin thesamen! msubgrid,wehave

+
i
n

,
=

+
i&

n

,
and

+
j

m

,
=

+
j&

m

,
,

hencea = a&andb = b&.

Now, sincethevertices(i, j) and(i&, j&) have thesamecolor,

f (i, j) = (rm+a+bm+s) modnm = (r&m+a&+b&m+s&) modnm= f (i&, j&)

(rm+a+bm+s) modnm = (r&m+a+bm+s&) modnm

(rm+s) modnm = (r&m+s&) modnm

Noticethatrm+s+ (n%1)m+s= nm+(s%m) < nmandsimilarly r&m+s&< nm. Hence

rm+ s= r&m+ s&. This implies that m | r %r&|=| s&%s |. Since0 + s,s&< m, it mustbe

thatmin(s,s&) * 0 andmax(s,s&) + m%1. Therefore| s&%s| s= max(s,s&)%min(s,s&) +

m%1%1 < m But | s%s&| is an integer that is divisible by m. Therefore| s%s&|= 0, so

s= s&. So| r %r&|= |s&%s|
m = 0 andr = r&.
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We have establishedthat(a,r,b,s) = (a&,r&,b&,s&). Thusi = an+ r = a&m+ r&= i&and

j = bm+ s= b&m+ s&= j&. So whenever two verticeswhich representcells in the same

sub-gridhave thesamecolor, they areidentical.

Case2: Supposethattwo vertices(i, j) and(i&, j&) representcells in thesamecolumn.

In this casej = j&, so f (i, j) = f (i&, j&) = f (i&, j). Then

f (i, j) = (rm+a+bm+s) modnm = (r&m+a&+bm+s) modnm= f (i&, j)

(rm+a) modnm = (r&m+a&) modnm

Noticethatrm+a+ (n%1)m+a< (n%1)m+m= nmandsimilarly r&m+a&< nm. Hence

rm+a= r&m+a&. Since0+ a,a&< m, wereasonasin case1 to show thatr = r&anda= a&.

We have establishedthat (a,r) = (a&,r&). Thus i = an+ r = a&n+ r&= i&. So when-

ever two verticeswhich representcells in thesamecolumnhave thesamecolor, they are

identical.

Case3: Supposethat two vertices(i, j) and(i&, j&) representcells in thesamerow. In

this casei = i&, so f (i, j) = f (i&, j&) = f (i, j&). Then

f (i, j) = (rm+a+bm+s) modnm = (rm+a+b&m+s&) modnm= f (i, j&)

(bm+s) modnm = (b&m+s&) modnm

By deÞnition,bm+ s= j < nm. Similarly b&m+ s&= j&< nm. Hencebm+ s= b&m+ s&,

thereforej = j&. Sowhenever two verticeswhich representcells in thesamerow have the

samecolor, they areidentical.

Hencef (i, j) properlycolorsXnm usingnmcolors.Thereforethechromaticnumberof

Xnm is nm. !

Supposenow thatwe have a Dim(n,m) Sudokupuzzlethat is partially Þlledout using

only nm%2 colors. Sincetwo colorshave not beenusedin the initial partial coloring,

it is apparentthat thesetwo colorscan be interchangedin a Þnalcoloring to get another
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coloring.Hence therewill notbeauniquesolutionto theDim(n,m) Sudokupuzzleunless

at leastnm%1 colorsareusedin aninitial, partialcoloring. We make this rigorousin the

next theorem.

THEOREM 5.5. AnyDim(n,m) solvableSudokupuzzlewill havea uniquesolutiononly

if it beginswith at leastnm%1 colors.

PROOF. Let H be the initial partial coloring of 0 + t < nm verticesof Xnm. Suppose

that H usesonly d + nm%2 colors. Thenby theorem3.13, thereexists a uniquemonic

polynomialof degree* 2, denotedPXnm,H(x), whichequalsCXnm,H(! ) for all ! * d.

Sincethechromaticnumberof Xnm is nm, wemusthaveCXnm,H(! ) = 0 for ! # { d,d+

1, ...,nm%1} . ThereforePXnm,H(x) = 0 for x # { d,d + 1, ...,nm%1} . So we may write

PXnm,H(x) = (x%d)(x%d %1)...(x%nm+ 1)q(x) for somemonic polynomialq(x). By

repeatedapplicationof Lemma3.7,we get thatq(x) hasintegercoefÞcients.For thecase

x = nm, wehavePXnm,H(nm) = (nm%d)!q(nm).

Now we have assumedthatd + nm%2, socertainly(nm%d)! * 2. Also, q(nm) must

bepositive, elsewe would not have any waysto ÞnishproperlycoloringXnm. Sinceq(x)

hasintegercoefÞcients,q(nm) * 1. Finally, this implies thatCXnm,H(nm) = PXnm,H(nm) =

(nm%d)!q(nm) * 2, andsothereis notauniquesolutionto theDim(n,m) Sudokupuzzle

whenfewer thannm%1 colorsareused. !
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CHAPTER 6

PERMANENTS AND SYSTEMS OF DISTINCT

REPRESENTATIVES

In this chapter, wewill developtheideaof asystemof distinctrepresentatives( SDR),

andwe alsoshow how permanentsof matricescanbeusedto count SDRÕs. This material

wasall developedin the20th century.

6.1. SYSTEMS OF DISTINCT REPRESENTATIVES

We begin with theconceptof an SDR. Basicallythis involvestakingoneuniqueele-

mentfrom acollectionof non-emptysets.

DEFINITION 6.1. Let n bea positive integer. Let S = (S1,S2, ...,Sn) bean(ordered)

collectionof non-emptysubsetsof asetM. A Systemof Distinct Representatives(abbre-

viatedSDR) is ann-tupleX = (x1,x2, ...,xn) of pairwisedistinctelementsof M, suchthat

xi # Si for all i # { 1,2, . . . ,n} .

A resultknown asHallÕsmarriagetheoremtellsusexactlywhenit is possibleto havea

systemof distinctrepresentatives.Let uswork towardsanunderstandingof this result.

DEFINITION 6.2. TheÞnitecollectionS satisÞesthemarriage condition if for every

# " { 0,1, . . . ,n} , wehave that

|
$

i##

Si |* | # | .

(i.e. any k subsetstakentogetherhaveat leastk elements)

Note that the marriageconditionis trivially satisÞedfor # = /0, so we do not needto

checkit for thatcase.
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WeÞrststateaquick lemmathatwill helpusprove themarriagetheorem.

LEMMA 6.3. If a collectionS = (S1,S2, ...,Sn) of Þnitesubsetsof a setM satisÞesthe

marriagecondition,theneach Si is non-empty.

PROOF. Assumethat S satisÞesthe marriagecondition,andÞx an i # { 1,2, . . . ,n}

arbitrarily. Choose# = { i} . Themarriageconditionimpliesthat

1 =| # |+ |
$

!##

S! |=| Si | .

HenceSi containsat leastoneelementandcannotbeempty. !

Now wehaveanotherdeÞnitionthatwill helpusin theproofof ourmaintheoremabout

SDRs

DEFINITION 6.4. Let S = (S1,S2, ...,Sn) bean(ordered)collectionof non-emptysub-

setsof a setM andlet # be a nonemptypropersubsetof { 1,2. . . ,n} . # is critical with

respectto S , if

| # |=|
$

i##

Si |

Now wearereadyto stateandprove thefollowing:

THEOREM 6.5. A collectionS = { S1,S2, ...,Sn} of Þnitesubsetsof a setM hasa SDR

if andonly if S satisÞesthemarriagecondition.

PROOF. SupposeÞrst(x1, . . . ,xn) is anSDRfor thecollectionS . Let# " { 1,2, . . . ,n} .

DeÞneX = { xi : i # #} . Then,sincethe xi arepart of an SDR, andconsequentlyareall

different, | X |=| # |. But sincexi # Si for eachi, it mustbe that X " ' i##Si, therefore

| X |+ | ' i##Si |. Therefore| # |+ | ' i##Si |, andsoS satisÞesthemarriagecondition.

Now supposethat S satisÞesthe marriagecondition. We will proceedby induction

on n, thenumberof setsin S . For thebasecaselet | S |= 1. ThenS = (S1). Choose

# = { 1} . By Lemma6.3wehave thatS1 $= /0, sowemusthaveanx1 # S1. But then(x1) is

anSDRfor S .

28



Now let n > 1 andassumethetheoremis truefor all | S &|< n.

SinceS satisÞesthemarriagecondition,wehave thefollowing cases:

Case1: S hasno critical sets,with otherwordsfor every nonemptypropersubsets#

of { 1,2, . . . ,n} wehave that

| # |< |
$

i##

Si |

By Theorem6.3,eachSi is nonempty. Sowe maypick anxn # Sn arbitrarily. DeÞnethe

orderedcollectionS &= (S&
1 \ { xn} , ...,S&

n%1) whereS&
i = Si %{ xn} . We wil l show thatS &

satisÞesthemarriagecondition.Let # " { 1,2,3, . . . ,n%1} benonempty. Notethat# is a

nonemptypropersubsetof { 1,2, . . . ,n} , thereforefrom ourassumptionwehave that

| # | + |
$

i##

Si | %1 =|
- $

i##

Si

.
\ { xn} |

= |
- $

i##

(Si \ { xn}
.

|=|
$

i##

S&
i,

proving thatS &doessatisfythemarriagecondition.Since| S &|< n, anSDR(x1, . . . ,xn%1)

existsfor S &by theinductionhypothesis.Clearly, (x1, . . . ,xn) thenis anSDR for S

Case 2: S has a critical set #0 = { i1, . . . , ik} . Clearly, 1 + k + n %1. We will

use#1 = { 1,2, . . . ,n} \ #0 = { j1, . . . , jn%k} , where j1 < j2 < . . . < jn%k. We will de-

Þnetwo orderedcollection of sets,S &andS Óas follows: S Ó= (Si1,Si2, . . . ,Sik) and

S &= (S&
j1,S

&
j2, . . . ,S

&
jn%k

), whereS&
ji = Sji %X, whereX =

# k
!=1Si! . Clearly, S ÓsatisÞesthe

marriagecondition,thereforeby the inductionhypothesisit hasan SDR (xi1,xi2, . . . ,xik).

Moreover, since#0 is critical, we have thatX = { xi1,xi2, . . . ,xik} . We will alsoshow that

S &satisÞesthemarriagecondition.Let #&" #1, anddeÞne# = #&' #0. Since#0 and#1

aredisjoint

| #&| +k =| #&' #0 |=| # |

Since#0 is critical, wehave that|X| = k = |#0|. Since#0 " # wehave that

X =
k$

!=1

Si! "
$

!##

S! ,
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which impliesthat

$

!##

S! =

/
- $

!##

S!

.
%X

0

' X =
- $

!##

(S! %X)
.

' X =

/
n%k$

!=1

S&
j!

0

' X

Now eachof theS&
j! aredisjoint from X, therefore

|
$

!##

S! |=|
n%k$

!=1

S&
j! | + | X |=|

n%k$

!=1

S&
j! | +k

By themarriageconditiononS wehave that

k+ | #1 |=| # |+ |
$

!##

S! |=|

/
n%k$

!=1

S&
j!

0

| +k

from which it follows thatS &satisÞesthe marriagecondition. Thereforeit hasan SDR

(xj1,xj2, . . . ,xjn%k). Now for any t # { 1,2, . . . ,n%k} wehave thatxjt # Sjt %X, soxjt # Sjt

andxjt /# X. But xjt /# X givesus thatxjt $= xi! for any ! # { 1,2, . . . ,k} . This implies that

(x1, . . . ,xn) is anSDR for S , completingtheproof. !

6.2. PERMANENTS AND THE HALL MATRIX

We now know when it is possibleto have an SDR. But how many SDRÕs doesa

collectionof non-emptysetshave?To count SDRÕswewill represent oursetsasmatrices.

Thematrix we will useis a special incidencematrix calledthe Hall Matrix . This matrix

was namedafter Philip Hall, who originally proved the marriagetheoremin 1935. An

illustrationof theHall Matrix for threesetsis givenin Figure6.1.

DEFINITION 6.6. Let A = (A1,A2, ...An) be a collectionof Þnitesubsetsof a theset

A = { 1,2, ...,n} . The Hall Matrix , associatedwith the collectionA is the n! n, (0,1)

matrix whose(i, j)%th entryis 1 if andonly if i # Aj .

Additionally, weneedto deÞnethepermanentof amatrix.
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1 2

A1

3

4

5

A collection of three

subsets of {1,2,3,4,5}
Hall Matrix for

this collection

1 1 1 0 0

0 1 1 1 0

0 0 1 0 1

A2

A3

FIGURE 6.1. GeneralHall Matrix

DEFINITION 6.7. If A is ann! n matrixwith thei, j entrygivenby ai j , the Permanent

of A, denotedper(A), is

"
$ #%(n)

a1$ (1)a2$ (2)...an$ (n)

where%(n) denotesthesymmetricgroupon then symbols{ 1,2, ...,n} .

Thefollowing is immediatefrom thedeÞnition:

LEMMA 6.8. LetA beann! n matrixandc bea constant.Thenper(cA) = cnper(A)

PROOF. Let A= (ai j) andcA= (bi j). Thenbi j = cai j andsofor any $ # %(n) wehave

that

b1$ (1)b2$ (2)...bn$ (n) = ca1$ (1)ca2$ (2)...can$ (n) = cna1$ (1)a2$ (2)...an$ (n)

Then

per(cA) = "
$ #%(n)

b1$ (1)b2$ (2)...bn$ (n) = "
$ #%(n)

cna1$ (1)a2$ (2)...an$ (n)

= cn "
$ #%(n)

a1$ (1)a2$ (2)...an$ (n) = cnper(A)
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!

Now weshow thatit is possibleto countan SDRÕs by evaluatingapermanent.

THEOREM 6.9. SupposeA = (A1,A2, ...An) is a collectionof Þnitesubsetsof a theset

{ 1,2, ...,n} . Thenthenumberof waysto selectan SDR for A is equalto thepermanent

of theHall matrix,H, associatedwith A .

PROOF. In theevaluationof per(H), theproductcorrespondingto aparticularpermuta-

tion$ is 1preciselywheni # A$ (i) for all i, otherwisetheproductequalsto0. Sotheperma-

nentcountsthenumberof permutations$ for which i # A$ (i) for all i. But i # A$ (i) for all

i is equivalentwith $ %1(i) # Ai, whichmeanspreciselythat($ %1(1),$ ,%1(2), ...,$ %1(n))

is an SDR for (A1,A2, ...An). Soeachsuchpermutation$ givesanSDR for A . Thusthe

numberof waysto selectan SDR for A is at leastequalto per(H).

Now, any SDR arisesfrom sucha permutation,sinceits elementsx1, . . . ,xn areall

differentandthey arein { 1,2, . . . ,n} . Henceper(H) is at leastequalto thenumberof ways

to selectan SDR for A .

Hencethenumberof waysto selectan SDR for A is equalto per(H). !

6.3. TWO FAMOUS THEOREMS

So the numberof SDRÕs is equalto a permanent,but how do you evaluatea perma-

nent? In 1926B.L. van der Waerdensuggestedthe problemof determiningthe minimal

permanentamongall n! n doublystochasticmatrices,whicharematricesin whichtherow

sumsandthecolumnsumsareall equalto 1. Heconjecturedthatfor any doublystochastic

matrixA,

per(A) * n!/ nn

By 1981,D.I. FalikmanandG.P. Egoritsjev hadbothprovideddifferentproofsof thecon-

jecture.Thetheoremis known asthevanderWaerdenconjecture.[7] and[6]
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Additionally, in 1967H. Minc conjecturedthatif A is a (0,1) matrixwith row sumsri,

then

per(A) +
n

$
i=1

ri !
1
ri

Thiswasprovedin 1973by L.M. Bregman.[5]
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CHAPTER 7

THE NUMBER OF LATIN SQUARES

In this chapterwe will usea Hall Matrix to countthenumberof Latin squares.Recall

that

DEFINITION 7.1. A Latin square of rank n is ann! n matrix whereevery row and

everycolumncontainsprecicelyoneof eachof thenumbers1,2, . . . ,n.

A partially Þlled rank4 Latin SquareandthecorrespondingHall Matrix for itÕs third

column is shown in Figure 7.1. The ith row of the matrix tells us which numbersare

allowablein theith cell in thethird columnof theLatin square.

THEOREM 7.2. Thenumberof ranksLatin squaresis at leasts!2s/ s(s2).

PROOF. For a rank s Latin square,the numberof ways to Þll in the Þrst column is

clearly s!. Supposewe have completedk columnsof the Latin square.We now want to

Þll in the k+ 1-st column. For eachcell (i,k+ 1) of the k+ 1st column,we let Ai be the

setof numbersnot yet usedin the ith row. The sizeof Ai is therefores%k. Now, Þlling

in the k+ 1st column is equivalent to Þndingan SDR for the collection (A1,A2, ...,As),

sincethe numberput in the i-th row hasto be in Ai andthe numbersin the columnmust

all be different. The numberof ways this canbe doneis equalto the permanentof the

1 4

2 1

3 2

4 3

0 1 1 0

0 0 1 1

1 0 0 1

1 1 0 0

FIGURE 7.1. A rank4 Latin squareandtheHall Matrix
for its 3rd column
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correspondingHall matrix for the collection (A1,A2, ...,As). We denotethis matrix H.

Considerthe matrix (s%k)%1H. Eachrow hass%k non-zeroentriesof size1/ (s%k).

Hencethe row sumsareall equalto 1. Now considerthe ith columnof the Hall matrix

H. Sincethe numberi wasusedexactly oncein eachof the k columnsalreadyÞlled in

our s! s Latin square,therewill beexactly s%k 1Õs in theith columnof H. But asthis is

truefor eachi, we cansaythatH hass%k 1Õs in eachcolumn. Thereforethecolumnsof

(s%k)%1H all sumto 1. Hence(s%k)%1H is adoublystochastic,s! smatrix.

By the van der Wardenconjecture,per
-
(s%k)%1H

.
* s!/ ss. Henceper(H) * (s%

k)ss!/ ss. By Theorem6.9,thereareat least(s%k)ss!/ ss waysto Þll in thek+1-stcolumn,

oncetheÞrstk columnshavebeenÞlledin. Now to obtaina lowerboundonthenumberof

Latin squares,wesimply needto take theproductoverk rangingfrom 0 to s%1.

s%1

$
k=0

(s%k)ss!
ss =

/
s!
ss

0 ss%1

$
k=0

(s%k)s =

/
s!
ss

0 s

(s!)s =
s!2s

s(s2)

Hencethenumberof ranksLatin squaresis at leasts!2s/ s(s2). !

At thispointwewould like to re-formulatetheabove resultin termsof theexponential

function. This will make it easierto compareto the correspondingformula for Sudoku

puzzles.We will invoke StirlingÕs formula for factorials.Therearemany versionsof this

result.We will usetheoneusedin [8]. Theinterestedreadermayalsoreferto [11] or [14]

for details.

THEOREM 7.3.

ln(n!) = nln(n)%n+
1
2

ln(n)+O(1)

THEOREM 7.4. Thenumberof ranksLatin squaresis at least s!2s

ss2
= ss2

e%2s2%O(slns).

PROOF. Let N bethenumberof ranksLatin squares.By Theorem7.2,weseethat

N *
s!2s

ss2
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But, usingStirlingÕs formula,

ln
- s!2s

ss2

.
= 2sln(s!)%s2lns

= 2s[slns%s+
1
2

lns+O(1)]%s2lns

= s2 lns%2s2 +slns+2sO(1)

= lnss2
+sln(s)%2s2 +2sO(1)

Therefore,

s!2s

ss2 = ss2
e%2s2+sln(s)+2sO(1)

Sincefor any constantC wehave thatif s* e2C thenln(s) * 2C andthussln(s) * 2sO(1),

wegetthatsln(s)+2sO(1) + 2sln(s). Also sincesln(s) ( ! ass( ! , if s is big enough,

sln(s)+2sO(1) > 0. Thereforesln(s)+sO(1) = O(sln(s)), andso

s!2s

ss2 = ss2
e%2s2+O(slns)

!

Fromnow on whenwe talk aboutn andm we will view m assomefunctionm(n) of n.

Thismeansthatany functionof mandn will ultimatelybecomejusta functionof n. Thus,

theO-notationsweusewill referto functionsof n only.

THEOREM 7.5. Let m= m(n) bea functionof n such that n + m(n). Thenthere is a

positiveconstantC and a nummbern0 such that fod all n * n0 numberof ranknm Latin

squaresis at least(nm)(nm)2
e%2(nm)2%C(nmlnm).

PROOF. Let s = nm. Then immediatelyfrom 7.4 we get that the numberof Latin

squaresis at least

(nm)(nm)2
e%2(nm)2+O(nmlnmn)
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Thismeansthatthereis afunctiong(n) = O(ln(nm)) suchthatthenumberof Latin squares

is at least

(nm)(nm)2
e%2(nm)2+g(n)

Sinceg(n) # O(nmln(mn)) measnthat thereis a positive constantC1 anda num,bern0

suchthat

|g(n)| + Cmnln(nm) = Cmn(ln(n)+ ln(m)) + 2C1ln(m),

wegetthat%2C1nmln(m) + g(n), andtheresultfollows. !
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CHAPTER 8

TECHNICAL DETAILS

Weusethesameconceptualprocessto countthenumberof Sudokupuzzlesasweused

countthenumberof Latin squares.However, thealgebrathatresultsis muchmoredifÞcult.

In this sectionwe presentseveral lemmata which will eventuallysimplify our calculation

at theend. Theseby themselvesarejust thealgebraicdetails, their meaningwill become

clearin thelaterchapters.

Throughoutthis chapter, for eachwe will assumethat m= m(n) is an integer valued

functionof n, n, r areintegers,where 2 + n + m and1 + r + n, we will usethefollowing

notation:

#r = / (r%1)m
n%1 0 (1)

& =
m

n%1
(2)

The goal of this chapteris to prove the following singleequality, namely, that under

appropriateconditionswehave that

n

"
r=1

1
#r

"
k=1

ln(nm%(r %1)m%k+1)+
m

"
k=#r+1

ln(nm%(k%1)n)

2

< nmln(nm)%1.5nm
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Notethatsincem* n, thisgivesusthat& > 1. Wenow have thefollowing inequalities

(usingalsothatr + n:

(r %1)& =
(r %1)m

n%1
+ #r (3)

(r %1)&+1 *

3
(r %1)m

n%1

4

+1 * #r (4)

#1 = 0 (5)

#r +

5
(n%1)m

n%1

6

= m (6)

#r *

5
m

n%1

6

* 2 for all r * 2 (7)

Also,

n%1

"
r=0

&r =
&n(n%1)

2
=

mn
2

(8)

n%2

"
r=0

&r =
mn
2

%(n%1)& =
mn
2

%m (9)

Wewill needthefollowing Lemmata

LEMMA 8.1. For each positiveintegers n,k, k
n+k < ln(n+k)%ln(n) < k

n

PROOF. Sincethe derivative of ln(x) is 1
x, andthesetwo functionsarecontinuouson

(0, ! ), by theMeanValueTheoremfor derivatives[2] wehavethatthereis a ' # (n,n+k)

suchthat

ln(n+k)%ln(n)
k

=
1
'

Since 1
n+k < 1

' < 1
n, thestatementfollows. !

LEMMA 8.2. For each integers ! , j where2 + ! + j wehavethat

j

"
i=!

1
i

+ ln( j)%ln(! )+
1
!
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PROOF. Since1
x is a decreasingpositive functionon the interval [1, ! ), we get,using

theleft-handRiemannsums[2] of thecorrespondingintervalsof length1 that

j

"
i=!

1
x

+

j7

!%1

1
x

dx

Thestatementfollows from notingthat

7 1
x

dx = ln(x)+C

andusingLemma8.1 !

LEMMA 8.3. For each integers ! , j where2 + ! + j wehavethat

j ln( j)%(! %1) ln(! )+ ! % j +
j

"
i=!

ln(i)

+ ( j +1) ln( j +1)%! ln(! )+ ! % j %1

PROOF. Sinceln(x) is anincreasingnonnegativefunctionontheinterval [1, ! ), weget,

usingtheleft- andright-handRiemannsumsof thecorrespondingintervalsof length1 that

j7

!%1

ln(x)dx +
j+1

"
i=!

ln(i) +

j7

!%1

ln(x)dx

Thestatementfollows from notingthat

7
ln(x)dx = xln(x)%x+C

!

LEMMA 8.4. For each integers ! , j where2 + ! + j wehavethat

j2

2
ln( j)%

(! %1)2

2
ln(! %1) +

(! %1)2

4
%

j2

4
+

j

"
i=!

i ln(i)

+
( j +1)2

2
ln( j +1)%

! 2

2
ln(! )+

! 2

4
%

( j +1)2

4
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PROOF. Sincexln(x) is an increasingnonnegative function on the interval [1, ! ), we

get,usingtheleft- andright-handRiemannsumsof thecorrespondingintervalsof length1

that

j7

!%1

xln(x)dx +
j

"
i=!

i ln(i) +

j+17

!

xln(x)dx

Notethat
7

xln(x)dx =
x2

2
ln(x)%

x2

4
+C

Thelemmafollows. !

LEMMA 8.5.

n

"
r=1

#r

"
k=1

1
nm%(r %1)m%k+1

+
n

"
r=1

m

"
k=#r+1

1
nm%(k%1)n

+ 3lnm+2

PROOF. Wehave from equation(5) that

n

"
r=1

#r

"
k=1

1
nm%(r %1)m%k+1

=
n

"
r=2

#r

"
k=1

1
nm%(r %1)m%k+1

=
n

"
r=2

nm%(r%1)m

"
j=nm%(r%1)m%#r+1

1
j

Usingequation(6) weobtain

nm%(r %1)m%#r +1 * mn%(r %1)m%m+1 = mn%rm+1

Therefore

n

"
r=2

#r

"
k=1

1
nm%(r %1)m%k+1

+
n

"
r=2

nm%(r%1)m

"
j=nm%(r)m%1

1
j

41



becausethis oneis summingmoreterms.Sincereversingthesumover r nicelygivesus

n

"
r=2

nm%rm+m

"
j=nm%rm+1

1
j

=
m

"
j=1

1
j
+

3m

"
j=2m+1

1
j
+ááá+

nm%m

"
j=(n%2)m+1

1
j

=
nm%m

"
h=1

1
h

= 1+
1

nm%m
+

nm%m%1

"
h=1

1
h

,

wegetfrom Lemma8.2andLemma8.1that

n

"
r=2

#r

"
k=1

1
nm%(r %1)m%k+1

+ 1+
1

nm%m
+ ln(nm%m)%ln(2)

+
1

m(n%1)
+ ln(nm)+

1
nm

+ ln(nm)+1 + 2ln(m)+1

Also,

n

"
r=1

m

"
k=#r+1

1
nm%(k%1)n

<
n

"
r=1

m

"
k=1

1
nm%(k%1)n

= n
m%1

"
k=0

1
nm%kn

=
m%1

"
k=0

1
m%k

=
m

"
h=1

1
h

+ 1+
1
m

+ ln(m)%ln(2) + ln(m)+1

andthestatementfollows. !

LEMMA 8.6.

n

"
r=1

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9

+ mnln(nm)%mln(nm)+ ln(nm)%nm+
m
n

%
n

"
r=2

8 m

"
k=#r+1

ln
!
m(n%r +1)%k+1

"
9

PROOF. Clearly, if r = 1 then#r = 0. Therefore

n

"
r=1

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9

=
n

"
r=2

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9
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Fromequations(6) and(7) weget1 + #r + mfor r > 1. Also notethatfor any k suchthat

1 + k + m, wehave that

m(n%r)+1 + nm%(r %1)m%k+1 + nm%(r %1)m (10)

Now,

E =
n

"
r=2

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9

=
n

"
r=2

8 #r

"
k=1

ln(m(n%r +1)%k+1)
9

=
n

"
r=2

8 (n%r+1)m

"
j=(n%r+1)m%#r+1

ln( j)
9

=
n

"
r=2

8 (n%r+1)m

"
j=(n%r)m+1+m%#r

ln( j)
9

=
n

"
r=2

8 (n%r+1)m

"
j=(n%r)m+1

ln( j)%
(n%r)m+m%#r

"
j=(n%r)m+1

ln( j)
9

=
n

"
r=2

8 (n%r+1)m

"
j=(n%r)m+1

ln( j)%
(n%r+1)m%#r

"
j=(n%r)m+1

ln( j)
9

=
n

"
r=2

8 (n%r+1)m

"
j=(n%r)m+1

ln( j)%
m

"
k=#r+1

ln
!
m(n%r +1)%k+1

"
9

It is easyto seeusingLemma8.3that

n

"
r=2

(n%r+1)m

"
j=(n%r)m+1

ln( j) =
(n%1)m

"
s=1

ln(s) =
(n%1)m

"
s=2

ln(s)

+ ((n%1)m+1) ln((n%1)m+1)%2ln(2)%(n%1)m+1

Thus,usingLemma8.1wegetthat

n

"
r=2

(n%r+1)m

"
j=(n%r)m+1

ln( j) + ((n%1)m+1)
-

ln(nm)%
m%1
mn

.
%(n%1)m%1.8
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Now,

(m%1)(n%1)m+m%1
nm

=
m2n%mn%m2 +2m%1

mn

= m%1%
m
n

+
2
n

+
1

nm

* m%1%
m
n

therefore

n

"
r=2

(n%r+1)m

"
j=(n%r)m+1

ln( j) + ((n%1)m+1) ln(nm)%nm%1+
m
n

= mnln(nm)%mln(nm)+ ln(nm)%nm+
m
n

Hence,

n

"
r=2

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9

+ mnln(nm)%mln(nm)+ ln(nm)%nm+
m
n

%
n

"
r=2

8 m

"
k=#r+1

ln
!
m(n%r +1)%k+1

"
9

!

LEMMA 8.7. Wehavethat

n%2

"
r=2

-
m(n%r +1)%(r %1)& %1

.
ln

-
m(n%r +1)%(r %1)& %1

.
*

- mn2

2
%n%

3mn
2

+2
.

ln(nm)+
m
2

%
n2

2
%

1
2

%
mn(n%1)

4
+

m+&
2

ln(n)

PROOF.

C2 :=
n%2

"
r=2

-
m(n%r +1)%(r %1)& %1

.
ln

-
m(n%r +1)%(r %1)& %1

.

=
n%3

"
r=1

-
mn%r(&+m)%1

.
ln

-
mn%r(&+m)%1

.
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Clearly, (n%2)(& + m) = (n%1)& %& + (n%2)m = nm%m%&, so usingappropriate

Riemannsumson intervalsof length&+mweobtainthat

(&+m)C2 *

mn%&%m%17

m+&%1

xln(x)dx

*
(mn%& %m%1)2

2
ln(mn%& %m+1)

%
(mn%& %m%1)2 %(m+& %1)2

4

%
(m+& %1)2

2
ln(m+& %1)

=
(mn%& %m%1)2

2
ln(mn%& %m%1)

%
m2n2

4
+

mn(&+m%1)
2

%
(m+& %1)2

2
ln(m+& %1),

therefore

C2 >
(mn%& %m%1)2

2(m+&)
ln(mn%& %m%1)%

m2n2

4(m+&)

+
mn
2

%
mn

2(m+&)
%

(m+& %1)2

2(m+&)
ln(m+& %1)

>
(mn%& %m%1)2

2(m+&)
ln(mn%& %m%1)%

m2n2

4(m+&)

+
mn
2

%
mn

2(m+&)
%

m+&
2

ln(m+&)

Now, it is easyto seethat

!
mn%(&+m)%1

"2

2(&+m)
=

m2n2

2(m+&)
%

mn
(m+&)

%mn+
&+m

2
+1+

1
2(&+m)

sousingthefactthatm+& = mn
n%1, weobtainthat

!
mn%(&+m)%1

"2

2(&+m)
=

mn(n%1)
2

%n+1%mn+
&+m

2
+1+

1
2(&+m)

>
mn2

2
%n%

3mn
2

+
&+m

2
+2
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Also by Lemma8.1,

ln
-

mn%& %m%1
.

* ln(mn)%
&+m+1

mn%& %m%1

Now,

!
mn%(&+m)%1

"2

2(&+m)
á

(&+m+1)
mn%& %m%1

=
mn%(&+m)%1

2

+
(mn%(&+m)%1)

2(&+m)

<
mn%(&+m)

2
%1+

n(n%1)
2

Puttingall thesetogether, weobtainthat

!
mn%(&+m)%1

"2

2(&+m)
áln

-
mn%& %m%1

.

>
- mn2

2
%n%

3mn
2

+
&+m

2
+2

.
ln(nm)%

mn%(&+m)
2

%
n2

2
+

n
2

%1

Now,

m+&
2

ln(m+&) <
m+&

2

-
ln(m)+

&
m+&

.
=

m+&
2

ln(m)+
&
2

Combiningall these,weget

C2 >
- mn2

2
%n%

3mn
2

+
&+m

2
+2

.
ln(nm)%

mn%(&+m)
2

%
n2

2
+

n
2

%1

%
m2n2

4(m+&)
+

mn
2

%
mn

2(m+&)
%

m+&
2

ln(m)%
&
2

*
- mn2

2
%n%

3mn
2

+
&+m

2
+2

.
ln(nm)+

m
2

%
n2

2
%

1
2

%
mn(n%1)

4

%
m+&

2
ln(m)

!

46



LEMMA 8.8.

n%1

"
r=2

m(n%r) ln(m(n%r)) + ln(m)
- mn2

2
%

3mn
2

+m
.

+ ln(n)
- mn2

2
%mn+m

.
%

mn2

4
%0.8m

PROOF.

n%1

"
r=2

m(n%r) ln(m(n%r)) =
n%2

"
r=1

mrln(mr) = mln(m)

1
n%2

"
r=1

r

2

+m

1
n%2

"
r=1

r ln(r)

2

= mln(m)
(n%1)(n%2)

2

+m

1

%(n%1) ln(n%1)+
n%1

"
r=2

r ln(r)

2

,

where

n%1

"
r=2

r ln(r) +
n2

2
ln(n)%

n2

4
%2ln(2)+1,

%(n%1) ln(n%1) + %(n%1)
-

ln(n)%
1

n%1

.
= %(n%1) ln(n)+1.

Therefore

n%1

"
r=2

m(n%r) ln(m(n%r)) + mln(m)
(n%1)(n%2)

2

+m

1

%(n%1) ln(n)+
n2

2
ln(n)%

n2

4
%1.8

2

= ln(m)
- mn2

2
%

3mn
2

+m
.

+ ln(n)
- mn2

2
%mn+m

.
%

mn2

4
%0.8m

!
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LEMMA 8.9.

n

"
r=2

8 m

"
k=#r+1

ln
!
m(n%r +1)%k+1

"
9

>

2.3m%
n2

2
%

1
2

%
mn
4

%ln(m)
-

m+n%2
.

+ ln(n)
- 5mn

2
%

m
2

%n+2+
&
2

.

PROOF. Usingequation#n = m, weobtain

B2 =
n

"
r=2

m

"
k=#r+1

ln
:

m(n%r +1)%k+1
;

=
n%1

"
r=2

m(n%r+1)%#r

"
k=m(n%r)+1

ln(k)

Now,

m(n%r+1)%#r

"
k=m(n%r)+1

ln(k) *

m(n%r+1)%#r7

m(n%r)

ln(x)dx

= (m(n%r +1)%#r) ln(m(n%r +1)%#r)%m(n%r +1)+#r

%m(n%r) ln(m(n%r))+m(n%r)

= (m(n%r +1)%#r) ln(m(n%r +1)%#r)%m+#r

%m(n%r) ln(m(n%r)),

So

B2 *
n%1

"
r=2

1

(m(n%r +1)%#r) ln(m(n%r +1)%#r)%m+#r

%m(n%r) ln(m(n%r)),

2

.
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UsingLemma8.8wecanseethat

B2 * (2m%#n%1) ln(2m%#n%1)

+
n%2

"
r=2

(m(n%r +1)%#r) ln(m(n%r +1)%#r)

+

1
n%1

"
r=2

(%m+#r)

2

+ ln(m)
-

%
mn2

2
+

3mn
2

%m
.

+ ln(n)
-

%
mn2

2
+mn%m

.
+

mn2

4
+0.8m

Now, 2m%#n%1 = 2m%/ (n%2)&0* 2m%(n%1)& = m, so

B2 *
n%2

"
r=2

(m(n%r +1)%#r) ln(m(n%r +1)%#r)

+

1
n%1

"
r=2

(%m+#r)

2

+ ln(m)
-

%
mn2

2
+

3mn
2

.

+ ln(n)
-

%
mn2

2
+mn%m

.
+

mn2

4
+0.8m

By equations(3) and(4), if we substitute%(r %1)& %1 for %#r and(r %1)& for #r , we

obtain

B2 *
n%2

"
r=2

(m(n%r +1)%(r %1)& %1) ln(m(n%r +1)%(r %1)& %1)

+

1
n%1

"
r=2

(%m+(r %1)&)

2

+ ln(m)
-

%
mn2

2
+

3mn
2

%m
.

+ ln(n)
-

%
mn2

2
+mn%m

.
+

mn2

4
+0.8m

Now

n%1

"
r=2

-
%m+(r %1)&

.
= %m(n%2)+

&(n%1)(n%2)
2

= %mn+2m+
m(n%2)

2
= %

mn
2

+m.
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UsingthisandLemma8.7weobtain

B2 *
- mn2

2
%n%

3mn
2

+2
.

ln(nm)

+
m
2

%
n2

2
%

1
2

%
mn(n%1)

4
+

m+&
2

ln(n)

+ ln(m)
-

%
mn2

2
+

3mn
2

%m
.

+ ln(n)
-

%
mn2

2
+mn%m

.

+
mn2

4
+0.8m%

mn
2

+m

= 2.3m%
n2

2
%

1
2

%
mn
4

%ln(m)
-

m+n%2
.

+ ln(n)
- 5mn

2
%

m
2

%n+2+
&
2

.

!

LEMMA 8.10.

n%2

"
r=1

:
(m%r&) ln(m%r& %1) + ln(m)

- mn
2

%
n&
2

%1
.

%(& %3) ln(& %1)

%
mn
4

%
3m
4

+%1+
3&

2(n%1)

PROOF. Since(n%2)& = m%&,

n%3

"
r=1

ln(m%r& %1) =
1
&

n%3

"
r=1

& ln(m%r& %1)

+
1
&

7 m%&%1

&%1
ln(x)dx

+ (m%& %1) ln(m%& %1)%(& %1) ln(& %1)%m%2

Now,

(m%& %1) ln(m%& %1) + (m%& %1)(ln(m)%
&+1

m
)

= (m%& %1) ln(m)%& %1+
(&+1)2

m
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Now, if n (andthereforem) is big enough,then

(&+1)2

m
=

&2

m
+

2&
m

+
1
m

=
&

n%1
+

2
n%1

+
1
m

<
&

n%1
+1,

from which

(m%& %1) ln(m%& %1) + (m%& %1) ln(m)%&+
&

n%1
.

Thus,

n%3

"
r=1

ln(m%r& %1)+&ln(& %1) + (m%& %1) ln(m)%&+
&

n%1

+ ln(& %1)%m%2

Therefore,

n%2

"
r=1

(m%r&) ln(m%r& %1) = &ln(& %1)+
n%3

"
r=1

(m%r&) ln(m%r& %1)

+ (m%& %1) ln(m)%&+
&

n%1

+ ln(& %1)%m%2

+
n%3

"
r=1

(m%r& %1) ln(m%r& %1)

Now, since(n%2)& = m%&,

D =
1
&

n%3

"
r=1

&(m%r& %1) ln(m%r& %1)

+
1
&

m%&%17

&%1

xln(x)dx

+
(m%&)2

2&
ln(m%&)%

(m%& %1)2 %(& %1)2

4&
%

(& %1)2

&
ln(& %1)
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Now,

ln(m%&) + ln(m)%
&
m

wehave,usingthatm%& = (n%2)&, that

(m%&)2

2&
ln(m%&) +

(m%&)(n%2)
2

ln(m)%
(m%&)2

2m
.

Also, aneasycomputationgivesthat

(m%& %1)2 %(& %1)2

4&
=

m2 %2m&+2& %1
4&

>
m(n%1)

4
%

m
2

+
1
4

>
mn
4

%
3m
4

+
1
4

Therefore,wegetthat

D <
(m%&)(n%2)

2
ln(m)%

(m%&)2

2m

%
mn
4

+
3m
4

%
1
4

%&ln(& %1)+2ln(& %1)

<
(m%&)(n%2)

2
ln(m)%&ln(& %1)+2ln(& %1)

%
m
2

+& %
mn
4

+
3m
4

+
&

2(n%1)

Therefore,

n%2

"
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(m%r&) ln(m%r& %1) +
(m%&)(n%2)

2
ln(m)%&ln(& %1)+2ln(& %1)

%
m
2

+& %
mn
4

+
3m
4

+
&

2(n%1)

+(m%& %1) ln(m)%&+
&

n%1

+ ln(& %1)%m%2
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- mn

2
%
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2
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.

%(& %3) ln(& %1)

%
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4

%
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4

+%1+
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Now,

!

LEMMA 8.11. For big enoughn, wehave

n

"
r=2

8 m

"
k=#r+1

ln(nm%(k%1)n)
9

+ ln(n)
- mn

2
%3m%n+& %1

.

+ ln(m)
- mn

2
%

n&
2

+2%&
.

%
3mn

4
+3m+n%&

PROOF. Using#n = m, weobtainthat

B1 =
n

"
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m

"
k=#r+1

ln
:

nm%(k%1)n
;

=
n%1

"
r=2

m

"
k=#r+1

ln
:
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;

=
n%1

"
r=2

m

"
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ln
:

n(m%k+1)
;

=
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"
r=2

m%#r

"
k=1

:
ln(n)+ ln(k)

;

andconsequently, usingequation(3)

B1 = ln(n)

1
n%1

"
r=2

(m%#r)

2

+
n%1

"
r=2

m%#r

"
k=1

ln(k)

+ ln(n)

1
n%2

"
r=1

(m%r& %1)
9

+
n%1

"
r=2

:
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;
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&(n%1)(n%2)
2
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+
n%2

"
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:
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;
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.
+

n%2

"
r=1
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0
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2

= ln(n)
- mn

2
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.
%

mn
2

+3m+n%2

+
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(m%r&) ln(m%r& %1)

0
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Now usingLemma8.10weobtain

B1 + ln(n)
- mn

2
%3m%n+2

.
%

mn
2

+3m+n%2

+ ln(m)
- mn

2
%

n&
2

%1
.

%(& %3) ln(& %1)

%
mn
4

%
3m
4

+%1+
3&

2(n%1)

= ln(n)
- mn

2
%3m%n+2

.
+ ln(m)

- mn
2

%
n&
2

%1
.

%
3mn

4
+3m+n%3%(& %3) ln(& %1)

Now,

ln(& %1) + ln(&)%
1
&

,

so

-
3%&

.
ln(& %1) <

-
3%&

.
ln(&)+1

Usingthatln(&) = ln(m)%ln(n%1) + ln(m)%ln(n)+ 1
n%1, wegetthat

-
3%&

.
ln(& %1) +

-
3%&

.
(ln(m)%ln(n))+3%&

This means
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- mn

2
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.
+ ln(m)

- mn
2

%
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2
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.

%
3mn

4
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-
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.
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- mn
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- mn
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%
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4
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!
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LEMMA 8.12. If for some( such that 0 < ( + 3 we havethat whenever m * n and

m# O(n4%( ), thenthere is anN such that for all n * N wehave

n

"
r=1

1
#r

"
k=1

ln(nm%(r %1)m%k+1)+
m

"
k=#r+1

ln(nm%(k%1)n)

2

< nmln(nm)%1.5nm

PROOF. By Lemma8.6wehave that

n

"
r=1

8 #r

"
k=1

ln(nm%(r %1)m%k+1)
9

+ mnln(nm)%mln(nm)+ ln(nm)%nm+
m
n

%
n

"
r=2

8 m

"
k=#r+1

ln
!
m(n%r +1)%k+1

"
9

By Lemma8.9wehave
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k=#r+1
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>
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-
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.

By Lemma8.11wehave
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"
r=2
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"
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+ ln(n)
- mn

2
%3m%n+& %1
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2
%
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3mn

4
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CombiningthesethreeLemmatawe get that theexpressionF we want to estimatein the

Lemmais

F + mnln(nm)%mln(nm)+ ln(nm)%nm+
m
n

%2.3m+
n2

2
+

1
2

+
mn
4

+ ln(m)
-
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.

+ ln(n)
-

%
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2
+
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2
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2

.
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- mn
2
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.
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- mn

2
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2
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%
3mn

4
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Thus,
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Now, using
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-
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.
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2
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.
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2
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m
n

wegetthat

G
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m
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1
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+
1
2

%
1
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%

1
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.
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-
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1
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%
2
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%
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.

+
1.2
mn

+
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+
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Clearly, for aÞxed) > 0, wegetthatif n * n0, then

G
mn

= ln(m)
- 1

m
+

1
mn

+
1
2

%
1

2(n%1)
%

1
n(n%1)

.

+ ln(n)
-

%2%
1
2n

%
2

mn
+

1
n(n%1)

%
3
n

.
+ )

Now, sincem* n, if n%1 < m, so 1
mn < 1

n(n1)
. Thus,

1
m

+
1

mn
%

1
2(n%1)

%
1

n(n%1)
<

1
m

%
1

2(n%1)

Soif m* 2n%2, thenwehave that

G
mn

<
1
2

ln(m)%2ln(n)+
1.2
mn

+
n

2m
+

1
m

%
1

n(n%1)
+

1
n2

andif alsom= O(n4%( ), then,usingthat if n * n0 thenm + Cn4%( , so ln(m) + ln(C)+

(4%( ) ln(n), weget

G
mn

+ 2ln(n)%
(
2

ln(n)+
1
2

ln(C)+ )

= %
(
2

ln(n)+ ) ,

and,sinceln(n) ( ! , wegetthat G
mn < 0, thus,G < 0. If m+ 2n%2, then

ln(n) + ln(2n%2) = 2ln(n%1) + 2ln(n)%
n%1

,

andwegetsimilarly thatif n is big enough,thenfor some)1 > 0 wehave that

G
mn

+ %2ln(n)+ ln(n)+ )1 < %ln(n)+ )2,

andasbefore,wegetthatG < 0. Therefore,

F + mnln(nm)%1.5nm+G < mnln(mn)%1.5mn

!
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CHAPTER 9

COUNTING SUDOKU PUZZLES

We now turn our attentionto calculatingan upperboundfor the numberof Sudoku

puzzles.Again, we will do this by calculatingthesumof thepermanentsof theHall ma-

tricesfor eachcolumnof theSudokupuzzle.However, we will formulatetheHall Matrix

oneway for someof thecolumns,andanotherway for theothers.We will extensively use

resultsfrom thepreviouschapter

A pictureof aHall matrix, formulatedtheÞrstway, is givenin Figure9.1. ThisMatrix

representsthethird columnof theDim(2,3) puzzleto its left. As with theLatin square,the

ith row of thematrix tells uswhichnumbersareallowablein theith cell in thethird column

of theSudokupuzzle.For this Hall Matrix, we only allow numbers for a cell which have

notbeenusedin thesub-gridthecell lies in.

Again we will assumethatm= m(n) is somefunctionof n suchthatm* n. Notethat

whenn = 1, thenaDim(n,m) Sudokupuzzlejust becomesa rankm Latin square:thesize

of a subgridis just 1! m, andthe conditionthat we do not have repeatingnumbersin a

sub-gridis thesameastheconditionthatwedonothave repeatingnumbersin a row.

1 2

4 5

3 4

2 6

6 1

5 3

0 0 1 0 0 1

0 0 1 0 0 1

1 0 0 0 1 0

1 0 0 0 1 0

0 1 0 1 0 0

0 1 0 1 0 0

FIGURE 9.1. A Dim(2,3) Sudokupuzzleandthe Hall
Matrix for its 3th column
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1 2 3 6

4 5 6 2

3 4 1 5

2 6 5 3

6 1 2 4

5 3 4 1

0 0 0 1 1 0

1 0 1 0 0 0

0 1 0 0 0 1

1 0 0 1 0 0

0 0 1 0 1 0

0 1 0 0 0 1

FIGURE 9.2. A Dim(2,3) Sudokupuzzleandthe Hall
Matrix for its 5th column

THEOREM 9.1. If there is a ( such that 0 < ( < 3 andthefunctionm= m(n) satisÞes

n + m andm= O(n4%( ), thenthere is a positiveconstantC anda numbern0 such that if

n * n0 thenthenumberof Dim(n,m) Sudokupuzzlesis at most

(nm)(nm)2
e%2.5(nm)2+C(nmln(m))2

PROOF. Notethatsincetheresultis valid for largen only, wewill assumethatn * 2.

Recall that a bandis a column of sub-grids.Supposewe have Þlled in the Þrstr %1

bands.Now considertherth band,andsupposewealreadyhaveÞlledtheÞrstk%1 column

How many wayscanwe Þll in thekth columnof this band?For eachcell (i,(r %1)m+k),

we let Ai be the setof numbersavailable for that cell. In the ith row, thereare(r %1)m

optionsalreadytaken; andin theÞrst(k%1) columnsof this sub-grid,thereare(k%1)n

optionsalreadytaken.Theoptionstakenin therow andtakenin thesub-gridmightoverlap,

sowecanonly besurethatwehaveusedupat least

max{ (r %1)m+k%1,(k%1)n}

optionsthatwecannotusefor thiscell. Therearealsopossiblysomeoptionsalreadyused

in thecolumnwearein.

TheHall matrix for this situationwill look like theonein Figure9.2
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So the sizeof Ai is at mostnm%max{ (r %1)m+k%1,(k%1)n} . Hencewe have at

most

min{ nm%[(r %1)m+k%1],nm%(k%1)n}

many numbersavailable to use. Sincewe mustuseeachnumberfrom 1 to nm exactly

oncein this column, Þlling this column is equivalent to Þndingan SDR for the collec-

tion { A1,A2, ...,Anm} . By Theorem6.9thenumberof waysthiscanbedoneis equalto the

permanentof thecorrespondingHall matrixfor thecollection{ A1,A2, ...,Anm} . Denotethis

matrixH. Eachrow i of H will havesumsi + min{ nm%[(r %1)m+k%1],nm%(k%1)n} .

Wewill now useMincÕsconjecture.Noticethat

nm%(k%1)n + nm%(r %1)m

impliesthat

k * (r%1)m
n%1 +1

Hencewhenk # { 1,2, ..., / (r%1)m
n%1 0} thenumberof waysto Þll in thekth columnis atmost

(nm%(r %1)m%k+1)!
nm

nm%(r%1)m%k+1

Whenk # {/ (r%1)m
n%1 0+1, ...,m} thenumberof waysto Þll in thekth columnis atmost

[nm%(k%1)(n)]!
nm

nm%(k%1)(n)

Wemusttaketheproductoverall columnsto estimatethenumberof waysto Þll in this

band.

Hencethenumberof waysto Þll in therth bandis atmost

#r

$
k=1

[nm%(r %1)m%k+1]!
nm

nm%(r%1)m%k+1 !
m

$
k=#r+1

[nm%(k%1)(n)]!
nm

nm%(k%1)(n)
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Soif Sn,m is deÞnedto bethenumberof waysto Þll in theentireSudokupuzzle,then

Sn,m +
n

$
r=1

1
#r

$
k=1

[nm%(r %1)m%k+1]!
nm

nm%(r%1)m%k+1!

!
m

$
k=#r+1

[nm%(k%1)(n)]!
nm

nm%(k%1)(n)

2

(11)

In orderto proveour theorem,it is enoughto show thatthereis aconstantC andanumber

n0 suchthatfor all n * n0 wehave

Sn,m + (nm)(nm)2
e%2.5(nm)2+C(ln(m))2)

or, alternatively, that

ln(Sn,m) + (nm)2 ln(nm)%2.5(nm)2 +C(nmln(m))2

This is equivalentwith showing that

ln(Sn,m)
nm

+nm+ nmln(nm)%1.5nm+C(ln(m))2 (12)

Now from theexpressionwehave in equiation(11)

ln(Sn,m) +
n

"
r=1

1
#r

"
k=1

ln
8

[nm%(r %1)m%k+1]!
nm

nm%(r%1)m%k+1

9
+

+
m

"
k=#r+1

ln
8

[nm%(k%1)(n)]!
nm

nm%(k%1)(n)
9 2

And so

ln(Sn,m)
nm

+
n

"
r=1

1
#r

"
k=1

ln[nm%(r %1)m%k+1]!
nm%(r %1)m%k+1

+
m

"
k=#r+1

ln[nm%(k%1)(n)]!
nm%(k%1)n

2
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applyingSterlingsformula to the factorialsshows that thereis a constantC1 > 0 anda

numbern1 suchthatwhenevern * n1, theexpressionon theright sideis atmost

n

"
r=1

#r

"
k=1

1

ln(nm%(r %1)m%k+1)%1+
(1

2) ln(nm%(r %1)m%k+1)+C1

nm%(r %1)m%k+1

2

+
n

"
r=1

m

"
k=#r+1

1

ln(nm%(k%1)n)%1+
(1

2) ln(nm%(k%1)n)+C1

nm%(k%1)n

2

Noticethat%1 is summedn#r timesin theÞrstline,andthenn(m%#r) timesin thesecond

line for a total of nmtimes.Pulling thisoutandre-arrangingtermsgivesus

ln(Sn,m)
nm

+nm+

n

"
r=1

1
#r

"
k=1

ln(nm%(r %1)m%k+1)+
m

"
k=#r+1

ln(nm%(k%1)n)

2

(13)

+
n

"
r=1

1
#r

"
k=1

(1
2) ln(nm%(r %1)m%k+1)

nm%(r %1)m%k+1
+

m

"
k=#r+1

(1
2) ln(nm%(k%1)n)

nm%(k%1)n

2

(14)

+
n

"
r=1

1
#r

"
k=1

C1

nm%(r %1)m%k+1
+

m

"
k=#r+1

C1

nm%(k%1)n

2

(15)

Now, by Lemma8.12wehave

( 13) + nmln(nm)%1.5nm (16)

So in order to show equation(12),it is enoughto show that for n big enough,thereis a

constantC suchthat(14)+(15)is atmostC(log(m))2.

In (14), thenumeratorof eachexpressionis atmost 1
2 lnnm+ lnm. Hence

( 14) + lnm
n

"
r=1

1
#r

"
k=1

1
nm%(r %1)m%k+1

+
m

"
k=#r+1

1
nm%(k%1)n

2

Soby lemma8.5,wehave,

( 14) + lnm! (3lnm+2) = 3(lnm)2 +2ln(m)
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In ( 15),weagainuselemma8.5andimmediatelyseethatfor someconstantC

( 15) + C! 3lnm+2

Therefore,(14) and(15) togetherareat most3((ln(m))2 + 5ln(m)+ 2, which is certainly

smallerthan4(ln(m))2 if n (andthereforem) arebig enough. !
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CHAPTER 10

THE PROPORTION OF LATIN SQUARES THAT ARE ALSO

SUDOKU PUZZLES

In thischapterweestimatethefractionof ranknmLatin squaresthatarealsoDim(n,m)

Sudokupuzzle,with otherwords,we estimatethe probability that if we randomlyselect

a ranknmLatin squaresuchthatevery suchsquareis selectedwith thesameprobability,

thenthis randomlyselectedLatin squareis alsoaDim(n,m) Sudokupuzzle.

THEOREM 10.1. Let pnm be the probability that a randomlychosenrank nm Latin

square is alsoa Sudokupuzzle. Thenthere is a positiveconstantC anda numbern0 such

that if n * n0 then

pnm + e%(nm)2+C(mn(ln(m))2)

In particular, pnm ( 0 asn tendsto inÞnity.

PROOF. By Theorem9.1, thereis a positive constantC1 anda numbern1 suchthat if

n * n1, thenthenumberof Sudokupuzzlesof Dim (n,m) is atmost

(nm)(nm)2
e%2.5(nm)2+C1(nm(lnm)2).

By Theorem7.5,thereis anegativeconstantC2 andanumbern2 suchthatif n * n2 number

of Latin squaresof ranknmis at least

(nm)(nm)2
e%2(nm)2+C2(nmlnm).
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Selectn3 = max(n1,n2). If n * n3, thentheprobabilitythata randomLatin squareof rank

nmis alsoaDim(m,n) Sudokupuzzleis atmost

(nm)(nm)2
e%2.5(nm)2+C1(nm(lnm)2)

nm(nm)2e%2(nm)2+C2(nmlnm)
+ e%0.5(nm)2+C1nm(lnm)2)%C2nmln(m)

Now,

C1nm(lnm)2)%C2nmln(m) = C1nm(ln(m))
-

1%C2
1

ln(m)

.

But clearly, if m* e|C2|, thenthis is at most2C2nm(ln(m))2. Sincem* n, if n * e|C2|, this

is achieved.SoselectingC0 = 2C1 andn0 = max(n2,e|C2|) will beenoughfor theÞrstpart

of theclaim. Sinceaprobabilityis nevernegative,weonly needto show that

lim
n( !

/

e%(nm)2+C(mn(ln(m))2
)

0

= 0

Since

e%0.5(nm)2+C(mn(ln(m))2
=

1

e0.5(nm)2%C(mn(ln(m))2 =
1

!
e0.5(nm)%C(ln(m))2"nm,

it is enoughto show that

lim
n( !

(e0.5(nm)%C(ln(m))2
) = ! ,

or, alternatively, that

lim
n( !

(0.5(nm)%C(ln(m))2) = ! ,

But this follows from usingtheLÕHopitalRule[2] to obtain

lim
m( !

m

ln2(m)
= lim

n( !

m
2ln(m)

= lim
n( !

m
2

= !

andusingthat

0.5(nm)%C(ln(m))2 = 0.5n(ln(m))2

/
m

(ln(m))2 %
C
2n

0

( !

!
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