U,-OPERATORS AND CONGRUENCES FOR SHIMURA IMAGES
MATTHEW BOYLAN

ABSTRACT. Recent works [2, 5, 13, 14] studied how Hecke operators map between subspaces
of modular forms of the type A, s = {n(dz)"F(6z) : F(z) € M} for suitable ¢. For primes
p > 5, we give results on how U, maps between subspaces of these spaces with p-integral
coefficients modulo powers of p. As a corollary, we prove congruences between Shimura
images of a natural family of half-integral weight eigenforms modulo p. Specifically, we
classify all congruences of the type

Shim, (n(24z)" Es(24z)) = Shim, (17(242)T/E5/ (24z)) (mod p)

for 1 < r,r’ <23 with ged(rr’,6) = 1,5 <p <23,and s,s" € {0,4,6,8,10,14}. Congruences
of this type were used in [7, 8] to extend Ramanujan’s congruences for p(n) modulo powers
of 5, 7, and 11.

1. STATEMENT OF RESULTS.

We let b denote the complex upper half-plane, we let z € b, and we let ¢ := *™*. As a
building-block for spaces of modular forms, the Dedekind eta-function,

(1.1) n(z)=q"* T —q¢),

plays a central role in this paper. See Section 2 for necessary background on modular forms.

We let 1 < r < 24 be an integer, and we define 4, := ﬁ. For square-free t € Z, we let

D, denote the discriminant of Q(v/#), and we define the Dirichlet character x,(-) := (£).
When N > 1 is an integer, we let 1y denote the trivial character modulo N. For all even
integers s, we let M, denote the space of modular forms on SLy(Z) with weight s, and we
set

(1.2) Ay = (0,2 F(5,2) : F(2) € M,}.

Prior works [2, 5, 13, 14] used S, ¢ in place of A, ;. We use A, s to avoid confusion with the
standard notation for subspaces of cusp forms. We note that A, s = {0} when s < 0 or s = 2
since My = {0} for such s. Standard facts imply that the sets A, s are subspaces in spaces
of cusp forms S, 245(o(2),%,) of weight r/2 + s, level 2, and nebentypus

r/2
Xy 1 even,

’l/}T = X3 ng(Tu 6) = ]-7
15, re{3,9,1521).

We observe, for odd r, that forms in A, , transform with half-integral weight and theta
multiplier system.
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The works [2, 5, 13, 14] studied the effect of Hecke operators on the subspaces A, ;. When
p > 5 is prime and m > 0 is an integer, we let T,,» denote the Hecke operator with index p™
on the space S, jo4(I'o(07), ¥r). For all positive integers ¢, we define

(1.3) 0t) = t — 24 L%J |

the least positive residue of ¢ modulo 24. We note that when ¢ is odd, we have ((t) =
t—24 th_d The following theorem states to which spaces T,,» maps A, ;.

Theorem 1.1. Let 1 < r < 24, let m and s be non-negative integers with s even, and let
p > 5 be prime. Then we have

A, if m is even,
Tpm . AT‘,S — Af(pr),
{0} if m is odd and r is odd.

g T=Lr) if m is odd and r is even,
2

Garvan [5] and Yang [13] proved the theorem for odd r and m = 2, from which the result
follows for odd r and all even m. When r and m are odd, T, is zero on the half-integral
weight spaces S, jo15(I'0(67), ¢). The author and Brown proved the theorem for even r and
all m in [2].

1.1. U, on the subspaces A,(fg modulo powers of p. Let p > 5 be prime, let 1 < r < 24,
let s > 0 be even, and let 7 > 1. We let Z,, denote the localization of Z at p, and we
consider

A®P) = {n(6,2)"F(6,2) : F(2) € M, N Z,[q]}.
We define the U,-operator on C[q] by

Za(n)q” | U, = Za(pn)q”.

One of our goals is to study the effect of the U,-operator on the subspaces Aq(%) with coeffi-
cients reduced modulo p’. When we say that f € Aﬁ{’s’ (mod p’), we mean that there exists
g€ Asffs) such that f = ¢ (mod p/) in Z, [q].
Theorem 1.2. Let 1 < r < 24 be an integer, let s and j be non-negative integers with s
even and 7 > 1, and let p > 5 be prime.

(1) Suppose that r is odd . Then we have

U, : A?) — AP (mod p?).

T,8 E(pr)“s_i_'rfg(pr)_’_%ﬂ.)
uppose at r 1S even. en we have
2) S that r 1 Th h
AP . (mod p’) j<s+:t-1
2(pr), s+ =210 (pr) ! - 2
U, : AP (1()1)7 ) 2

) E(pr),s-i—%(pr)_&_qs(pj) (HlOd p])7 j > s + 5 _ 1

We note that forms in the image of U, on A&%’ ) modulo powers of p have weights which tend
p-adically to r/2 + s as j — oo.
Remark. Instead of framing Theorem 1.2 and its proof in Section 3.1 in terms of the spaces

AP} which exist at level 62 with ¢, = ﬁ, one may frame the theorem and its proof in
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terms of spaces {n(z)"f(2) : f(z) € M}, which transform on SLy(Z) with multiplier system
v, where v, is the eta-multiplier defined in Section 2.8 of [6] or Lemma 4 of [14]. While this
approach is more direct and uniform, it may introduce some other technical issues.

We use the notion of filtration on modular forms modulo p to obtain a more precise result
when j = 1.

Theorem 1.3. Let 1 < r < 24 be an integer, let s > 0 be an even integer, and let p > 5 be
prime.
(1) Suppose that r is odd, and let a be the unique non-negative integer with
ap+2<s+ 52 <(a+1)p+1. Then we have

U, : A,(n7 — A tor), (mod p).

S+T Z(p'r)er 1 (pfl)a
(2) Suppose that r is even and that (r,s) # (2,0). Let b be the unique non-negative
integer with bp +2 < s+ & < (b+ 1)p + 1. Then we have

U,: A®) — A®)

Upr), s+ 7218 _(p 1) (mod p).

Remark 1. We may express the integers a and b as

. FJF%_?J - r+g-2J'
p ’ p

Remark 2. We have s + 5 —2 < 0 with 1 < r < 24 even and s > 0 even if and only
if (r,s) = (2,0). In this case, we have Ay = Cn(122)? with 7(122)? = > a(n)q" €
S1(To(144),x_1). We let p > 5 be prime. Using the fact that n(122)? is a normalized
newform with properties of the 7}, (see (2.3)), U,, and V,-operators (see (2.2)), one can show
that

p(12:2 | U, = <1zz)2<a< )= A(122)"7)  (mod p), p=1 (mod 12),
= 2p—£(2p
(P22 A(12) 75 (mod p), p#1 (mod 12)
lies in A, 1(2p), =420 L () = A4(2p) ,_ e, In agreement with part (2) of Theorem 1.2 for

(r,s,7) = (201)

1.2. Congruences between Shimura images on Agﬂ) modulo p. Let p > 5 be prime.
A second goal of this paper is to provide a uniform explanation for congruences between
images of the Shimura Correspondence on forms in the spaces A&{Q modulo p. See Section
2.3 for a definition and properties of the Shimura Correspondence. Examples of congruences
of this type played a central role in the work of [7, 8] on extending Ramanujan’s congruences
modulo powers of 5, 7, and 11 for p(n), the ordinary partition function. In [8], the authors

prove
(1.4) Shimlg( (242)1) = (0> F»(2)) ® x3 = Shimags(n(242)**)  (mod 5),

where 6 = ¢& d , to conclude the existence of infinitely many sub-progressions 5/n + 5(j) for
which Ramanujan’s congruence modulo 5/ can be refined to a congruence modulo 51, In
[7], Jameson proved

(1.5) Shimi;(n(242)*) = Shimgs(n(242)*)  (mod 7)
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and
(1.6) Shim;3(1(242)"° Eg(242)) = Shimys(n(242)* Eg(242))  (mod 11);

refinements to congruences for p(n) modulo powers of 7 and 11 were obtained by verifying
that the forms in these congruences are congruent to twists of derivatives of weight two cusp
newforms with integer coefficients. These refinements, then, are phrased in terms of data
associated to the corresponding elliptic curves. In this paper, we prove the following theorem
on congruences for Shimura images. We recall, for all ¢ > 1, that £(t) is the least positive
residue of ¢ modulo 24.

Theorem 1.4. For all values of p, s, r, o(p,s,r), and {(pr) in the table below, we have

Shim, (7(242)" F,(242)) = Shimy) (1(242)" P B, 5. (242)) (mod p).

p s r a(p,s,r)  Lpr)
5 0,6 1,7,13,19 S r+4
7 0,4,8 1,5,13,17 s r+6
04638 1,13 5 r+ 10
0,4,6 5,17 5 r+2
13 0,4,6,810,14  1,5,7,11 s r412
. 04681014 17 s r+16
0,4,6,10 5,11 s+ 4 r+8
o 04681014 L5 s r+ 18
0,4,8 7,11 s+6 r+6
0,4,6,8,10,14 1 5 23
53 0,4,6,10 5 s+ 4 19
0,4,8 7 s+6 17
0,4 11 s+10 13

Remark 1. The congruences in the theorem are the complete list of congruences modulo p
between images of the Shimura Correspondence on spaces 5;2 , where 5 < p < 23 is prime,
1 < r < 23 has ged(r,6) = 1, and s € {0,4,6,8,10,14}. We note that such spaces are

one-dimensional. The theorem accounts for 111 congruences.

We also observe that by Theorem 1.4 of [14], the Shimura images of the forms in the theo-
rem are newforms in S, ;251 (Fo(6), —x2(7), —x3(7)) ® X3, the space of cusp forms of weight
r+2s — 1 on ['y(6) with eigenvalues —x»(r) and —x3(r) for the Atkin-Lehner involutions
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Wy and W, respectively. For information on the Atkin-Lehner operators, see [1]; for in-
formation on twists of modular forms, see Chapter 7 of [6]. From this perspective, the
theorem gives the complete list of congruences modulo p between newforms in the spaces
Sri2s—1(L0(6), =x2(7), —x3(r)) ®x3, where 5 < p < 23 is prime, 1 < r < 23 has ged(r,6) = 1,
and s € {0,4,6,8,10, 14}.

Remark 2. We observe that the cases of (p,s,r) € {(5,0,19),(7,0,23),(11,8,13)} in the
theorem give (1.4), (1.5), and (1.6) used to prove refinements of Ramanujan’s congruences
for p(n) modulo powers or 5, 7, and 11.

Acknowledgment. The author thanks the referee for their careful reading of this paper
and for their insightful comments. These comments improved the content and clarity of the

paper.
2. BACKGROUND ON MODULAR FORMS.

For background on modular forms, one may consult [4] or [6].
2.1. Integer weights. We let N and k be integers with NV > 1, and we let x be a Dirichlet
character modulo N. We denote the space of holomorphic modular forms on I'o(N) with

nebentypus x and weight k by My (I'o(N),x) € M(I'1(N)); its subspace of cusp forms is
S(To(N), x). When N = 1, we write Sy C M. For s > 4 and even, we require

(2.1) A(z) :=n(2)** € Sia, FEy(2):=1— = Zde 'q" € M,,

snld\n

where B, is the sth Bernoulli number.
Next, we define operators on C[g]. For all positive integers m, we define operators U,
and V,, by

(2.2) > am)g" | Un =Y a(mn)g", > an)q" | V= a(n)g™.
With m, N, k, and x as above, we define the Hecke operator T, = T}, ., on C[q] by

(2.3) Samq | Tni=d" Y dx(da ()"

d|ged(m,n)

When p is prime, we find from (2.2) and (2.3) that

(24) > an)g" [T, => a(n)g" | Up+p"'x(p) > _aln)g" |V,

oo (3)

n
with a (—> = 0 for ptn. These operators map spaces of modular forms as follows:
p

‘ M (To(Nm),x) mtN,
Um . Mk(FO(N)>X) — {Mk<FO(N)7X> m | N;
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2.2. Half-integer weights. Next, following Shimura, we discuss modular forms of half-
integral weight. For details, see for [10] and [11]. We let N and A be integers with N > 1
and 4 | N. The space of holomorphic modular forms on I'g(N) with nebetypus x and
weight A+1/2is My;1/2(To(N), x) € Mat1/2(F1(IV)). These forms transform with the given
parameters with respect to the theta-multiplier system. For all integers m > 1, let m’ denote
the square-free part of m. The operators U,, and V,,, as in (2.2), map spaces of half-integral
weight modular forms as follows:

M. T'o(Nm , m! m N7
Un : Mysrj2(To(N), x) —» 4 Pa/2(LoVm), o) m g
Myi172(Co(N), XXme) — m | N;

Vin MA+1/2(F0(N)7X) — MA+1/2(F0(Nm)aXm/)-

For all integers m > 1, there are Hecke operators T}, = T}, r+1/2,, Which preserve the half-
integral weight spaces Myy1/2(I'o(IV), x) and their subspaces of cusp forms. The U- and
V-operators also preserve cusp conditions in both integral and half-integral weights. We
note, for all m > 1, that T,, is zero when m is not a perfect square. When p is prime, we
write Tp2 for Tp2 \ 11/, and x* for xx2;. We have

25 a1 o= 3 (aten) + (5) et + x50 () ) o

with a (%) = 0 when p? { n.
p

2.3. Shimura Correspondence. We now recall basic facts on the Shimura Correspon-
dence. Welet N, A > 2, and x be as in Section 2.2, welet f(2) = > a(n)q™ € Sxy1/2(Lo(N), x),
and we let ¢t > 1 be square-free. For all n > 1, we define A;(n) by the formal identity

<. A(n > a(tn?
> ;,L(S)ZL(S—AJrl,xxtxil)-Z (ns )7
n=1 n=1

where the first factor on the right is a Dirichlet L-series. It follows, for all n > 1, that
(2.6) A =D o (5)(5) ata?).

We then define

Shim,(f) := ZAt(n)q”.
n=1
We have the following theorem.

Theorem 2.1. Assuming the notation above, we have Shimy(f) € Sox(To(N/2),x?). Fur-
thermore, Shim; commutes with the actions of the appropriate Hecke operators: For all
primes p, we have

Shlmt(f ’ Tp27)\+1/27X> = Shlmt(f) ’ TP,QA,XQ'

We recall that f(z) € Sxi1/2(Fo(N), x) is an eigenform for the Hecke operator Tp2 xi1/9,y,
where p is prime, if and only if there exists 7, € C such that f(2) | T2 at1/2 = W[ (2). We
now record basic, well-known facts on modular forms which are eigenforms for Tj,2 y11 /2, for
all primes p. These facts have short proofs. Therefore, we sketch them here.
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Proposition 2.2. Let t, \, N > 1 with t square-free, X > 2, and 4 | N. Suppose, for all
primes p, that f(z) = Y a(n)q" € Sxz12(Lo(N), x) is an eigenform for Tz xi1/2, with
eigenvalue ~y,. Suppose also that Shim;(f) =3 Ai(n)q™ € Sar(To(N/2), x?).
(1) We have Shim,(f) = 0 if and only if a(t) = 0.
(2) Suppose that a(t) # 0. Then

I . - A(n) 2
wsmmt(f) = Z alt) q" =q+- € Sn(lo(N/2),x")

is an eigenform for T, ox\2 for all m > 1 with eigenvalue vy, =

(3) For all square-free t1, ty > 1, we have
a(ty)Shimy, (f) = a(ty)Shimy, (f).

Proof. For part (1), we observe from (2.6) that a(t) # 0 implies that Shim;(f) = a(t)q +
- # 0. For the reverse implication, we suppose that a(t) = 0. By (2.6), it suffices to
show, for all s > 1, that a(ts?) = 0, which one may do by induction on primes dividing s
using (2.5).
For the second part, (2.4) and Theorem 2.1 imply, for all n > 1 and for all primes p, that

Ay(pn) + p? " 'x(p)* Ay (g) = P Ai(n).

We set n = 1 and use (2.6) to obtain A;(p) = 1, A4:(1) = ypa(t), from which the statement
follows for p. The structure theory for Hecke operators in integer weight now implies that

1 A
(—t)Shimt( f) is an eigenform for T, 55 2 for all m > 1 with eigenvalue ~,, = tgr;)
a a

For the third part, we first suppose that a(t;)a(ts) = 0. Then at least one of a(t;)
and a(ts) is zero, say a(t;) = 0. Part (1) now implies that Shim, (f) = 0 which gives
a(ty)Shimy, (f) = a(t2>Sh1mt1(f) = 0. Next, we suppose that a(t;)a(t2) # 0. From part (2),
it follows that

——Shim = ! "=gqg+---, —=Shim = £ =q+-
(l(tl) tl(f) Z (I(tl) q q (l(tg) t2(f) Z ( ) q =q
A A
are eigenforms for 77, 55 ,2 for all m > 1 with the same eigenvalues: u(m) =Yy = u(m) .
a(t1) a(ts)
The result follows. O

2.4. Modular forms modulo p. We let p > 5 be prime. In the following proposition,
we give well-known facts on the operators from Section 2.1 on formal power series with
coefficients in Z,) reduced modulo p.

Proposition 2.3. Let p > 5 be prime, let N and k be positive integers with k > 2, let
x be a Dirichlet character modulo N, and let f(q), 9(q) € Zy[q]. We have the following
congruences.

(1) f(q) | Up = f(q) | Ty (mod p).
(2) f(q) |V, = f(g)" (mod p).
EZ% fl@)r U, = JI(Q) (mod p).

(7@ - 9(a) | Uy = £(@) - (9(a) | Uy) (mod p).
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(5) Let Ey(2) be as in (2.1). When k > 4 and p — 1 | k, we have Ey(z) € Zg)[q] and
Er(z) =1 (mod p).

Next, we let I' = I';(N) or ['o(IV), we let @ be an integer or half-integer, we let p > 5

be prime, and we set Mé”)(r) = My(T') N Z)[q]. We also suppose that j and k are non-
negative integers, that 1 < r < 24, and that s > 0 is even. We first note, from part five of
the proposition, that modulo p we have

(2.7) MPT)C M

(@), AT C AP

For integers k > 2, part one of the proposition implies that U, : M,gp )(F) — M,Ep )(F)
(mod p). When N =1 and k > p + 1, Serre ([9], Thm. 2.3) proved that there exists an
integer 5 > 1 for which U, : M,gp)(l“) — Mk p—1sI) (mod p). Dewar [3] recently proved

a precise generalization to levels N > 4, which we require:

Theorem 2.4 (Thm. 1 of [3]). Suppose that p > 5 is prime, that N # 2, 3 with pt N, that
A>1, and that 2 < B <p-+1. Then we have

Uy MG, 5(T) — M1 5(T)  (mod p).
Furthermore, the map is surjective.

Remark. We may rephrase the statement of the theorem as follows: Let & > 0 be an
integer. Then we have

Up: MP(T) — M (1) (mod p),

and the map is surjective when k£ > p + 2.

Lastly, we comment on the Shimura Correspondence on modular forms with p-integral
coefficients reduced modulo p. As above, for integers or half-integers o and for primes p > 5,
we set M (Do(N), x) := ME (To(N), x) N Zylal. When x is real and t > 1 is square-free,
(2.6) implies that Shim, preserves p- integrality of Fourier coefficients, and hence, congruence
modulo powers of p. We have f € /\+1/2( o(N), x) implies that Shim(f) € Sé’/)\)(FO(N/Z)).

When j and ¢ are positive integers with ¢ square-free and f, g € S o(N), x) have
f(z) = g(2) (mod p?), it follows that Shim,(f) = Shim;(g) (mod p’).

/\+1/2(

3. PROOF OF THEOREMS 1.2, 1.3, AND 1.4.

We let 1 <r <24, s >0 be even, and p > 5 be prime. We define

B, = Ars | Vacdroa) = {n(242)"F(242) : F(2) € M,}

and B,(«,s : Ars | Vecd(r24)- Since p > 5, the operators T, and U, commute with Vieq(r,24)-

Therefore, Theorem 1.1 holds for B, s in place of A, s, and it sufﬁces to show that Theorems
1.2 and 1.3 hold for B(s in place of A For j > 1, Theorem 1.2 holds when f(z) € MP
has (n(242)"f(242)) | U, = 0 (mod p]). Hence, we suppose that (n(24z)"f(242)) | U, # 0

(mod p).
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3.1. Proof of Theorem 1.2. We first prove part one of Theorem 1.2, in which case
1< r < 24is odd. Parts (2) and (4) of Proposition 2.3 imply that

(3.1) (7(242)P47 £(242)) | U, = (n(24p2)?" 1(242)" f(242)) | U,
= n(242)"" " (n(242)" f(242)) | U, 20  (mod p?).

We denote the order of vanishing of the reduction modulo p? of g(q) € Z, [q] by ordg’;j)(g).
We now bound the order of vanishing of the g-expansion of (3.1) modulo p’. We recall, for
all integers ¢ > 1, that £(¢) is the least positive residue of ¢ modulo 24.

Lemma 3.1. Let j, p, r, s€ Z with j > 1, p > 5 prime, 1 < r < 24 odd, and s > 0 even,
and let f € M®P . We have

ord®) ((n(242)"+7 £(242)) | U,) > =1 + €(pr).

Proof. Since the form is not zero modulo p/, its order of vanishing is finite. From (1.1) and
(3.1), we compute this order as

ord®) (n(242)” (n(242)7 f(242)) | U, ) = 0rd @ ((242)" ") + 0rd 2 ((242)f (242)) | U)
=7+ ordQ(n(242)7 £(242)) | Uy),

If we suppose that 7(242)" f(24z) = Z a,,r(n)q", then we have
n=r (mod 24)
n242)f(242) [ U= Y angn)gr = > anglpn)g"= > ans(pn)q",
n=r (mod 24) pn=r (mod 24) n=pr (mod 24)

pln

where the last equality holds since p > 5 is prime implies that p*> = 1 (mod 24). The
conclusion follows. O

Remark. Suppose that ordgﬁj)(f) =ng > 0. Then we have n(24z)" f(24z) = Z ar (n)q".

n>24ng+r
n=r (mod 24)

In this setting, we improve the lower bound in the lemma to p’~! + £(pr) + n;, where n,

24
is the least integer with n; > oty such that ny = £(pr) (mod 24). Alternatively, this
p
j 24 —pl
lower bound is p/ ! + ¢(pr) + 24k, where k is the least integer with k& > 1o +;4 P (pr)'
D

The next lemma identifies the space of type (1.2) in which the form in (3.1) lies modulo p?.

Lemma 3.2. Let j, p, v, s, and f be as in Lemma 3.1. Modulo p’, we have
(p) _

L(pr)+p—1 r—0(pr J_ ¢ -1
Z(pr)+p—24L (pV)le-p J7 s+ 2(p7)+p > p_HQL (Pr)zl-p J

(p) ‘
Bg(p’l‘)—‘rl, s-‘,—#_ﬁ_#’ ] Odd

J even,

(n(242)P+7 (242)) | U, €

The proof of Lemma 3.2 requires the following proposition.
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Proposition 3.3. Let j, p and r be as in Lemma 3.1. We have

r+1, J even,

¢ ) =
(r+p") {g(r+p):7°+p—24L%;lj, j odd.

1 (mod 24), j even,
p (mod 24), j odd.
that £(t) is the least positive residue of ¢ modulo 24, the statement follows. O

Proof. Since p > 5 is prime, we have p/ = Recalling from (1.3)

We turn to the proof of Lemma 3.2.
Proof of Lemma 3.2. Noting (2.1) and that p’ +7 — £(p/ +r) =0 (mod 24), we have

0(242)7F7 f(242) = n(24z2) @ p(242)P N0 £ (247)
pltr—e(pdtr)

= (242) WHIA(242) = f(242) € BY

o(pi+r), S+P3+T*§(PJ+T) ’

Using Proposition 3.3, we obtain

B F22) 77(24z)r+1A(24z)%f(24z) € BZ)I p J even,
n(24z)P" 7" f(242) = it tp ’ 2
17(242) P A (242) 521 £(242) € BP j odd.

(r+p), s+EHrfen)’

Since r is odd and p > 5, these subspaces consist of forms of weight s + p% € 7, and
the power of the eta-function which occurs as a factor of forms in these subspaces is even.
Furthermore, r > 1, s > 0, and p > 5 imply that s 4 ]‘% —-1> 5]7_1 > g forall j >1. It
follows from (2.4) that U, and T}, agree modulo p’ on these subspaces. Hence, to determine
where U, modulo p’ maps B,(n{;), we apply Theorem 1.1 with U, in place of 7T}, and B, in
place of A, . Recalling from (1.3) that ¢(¢) is the least positive residue of ¢ modulo 24, we
observe that

Lpr)+p—1
(3.2) p(r +1)) = Lpr) +p — 24 W’)TPJ
and, since p and r are odd with p > 5, that
(3.3) U(pl(r+p)) = pr) + 1.
Hence, when j is even, Theorem 1.1 and (3.2) give U, modulo p’ mapping B(Tl bl to
T ST
B® _ _ r® _
p(r+1)), s+t rH=tp(rtl) O(pr)+p—24| Lorkip=l | oy r=ten) P op g yg| Loride=l
When j is odd, Theorem 1.1 and (3.3) give U, modulo p/ mapping B® to

J+r—e(r+

B(p) _ 1a(p)

J4r—e(r+ L(r+p)—L(p(L(r+ - r—L(pr) J_1°
U(p(E(r+p))), s+ HT=Hrtp) | Lrtp) —bp(Urtp))) (pr)+1, s+ "=4er) el ot

This proves Lemma 3.2. U
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We now use Lemmas 3.1 and 3.2 to prove part one of Theorem 1.2. We recall that
1 < r <24 is odd in part one of the theorem. A consequence of Lemma 3.2 is that there
exists g(2) € Z[q], depending on j, p, r, and f, with

(»)

(3:4) R R e
M j odd
and
T — Llpr)+p—1 . )
35) (n(2aey (1) | U, = {124 TS g 042) - mod ), even,
P 1n(242)P)+1g(242)  (mod p), j odd.

Lemma 3.1 implies that

U(pr) + 24 ord((g)(g(z)) +p—24 V(m)z%_lj , j even,
O(pr) + 24 ord((f:)(g(z)) +1, j odd
>p + U(pr).

We conclude that g(z) has g-expansion modulo p/ with order of vanishing

ord®) ((n(242)" " (242)) | U,) = {

; pj*lfp_i_ V(W)ﬂkl
(35) ord®(g(2)) = {7 L

24

J , J even,
J odd.

We note that the expressions on the right side of the inequalities are integers since p > 5 is
prime. We next define

g(z)A(z)_( 247P+V(pr)21p_lj>7 j even,
oA 7)), i odd.

We use (3.4) and (3.6) to deduce, for both even and odd j, that h(z) € M®

. is a
s L) 4 9(0)

2
holomorphic modular form, where ¢ is Euler’s phi-function. We may therefore rewrite (3.5)

as

pt =Py Lf(w)ﬂ?*l

77(242)é(pr)+p—24V(W;pilJ A(24z) = 24 Jh(24z)’ j even,

(n(242)7"*" f(242)) | U, =

0(242)KN 1A (242) 2 h(242), j odd.
Hence, for both even and odd j, we find that
(3.7) (n(24z)pj+rf(24z)) | U, = 1(242)" @47 p(242)  (mod p?).

From (3.1) and (3.7), we now have
D42 (n(242)7 £(242) | Uy = (02427 F(242)) | Uy = (24204 1242)  (mod 7).

Part one of Theorem 1.2 follows for all j > 1.
When r is even and s + 5 — 1 > j, we find that U, and T, agree modulo p’ on A&{?; we

then apply Theorem 1.1 with U, in place of T}, and B,(%) in place of A£?2 to prove part two of
the theorem for such j. To conclude the proof of Theorem 1.2, we explain how to adapt the
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argument for part one to prove part two when j > s+ 7 — 1. We suppose that f(z) € ]\/[S(p )
has (1(242)"f(24z2)) | U, £ 0 (mod p?). In analogy with (3.1), we first note that

(n(242)"*7 £(242)) | U, = n(242)™ " ((242)" f(242)) | U, (mod 7).

Since r is even and p > 5 is odd, the exponent 2p’ 47 is even, which allows us to use Theorem
1.1, to study U, modulo p’ on the relevant spaces, as in the proof of part one of the theorem.
As the details of the argument are not significantly different, we omit them in the interest
of brevity.

3.2. Proof of Theorem 1.3. Let 1 < r < 24, let s > 0 be even, let p > 5 be prime, and
let I' = I'g(576). We first prove Theorem 1.3 for even r. When (r,s) # (2,0), the operators

U, and T, agree modulo p on B). Theorem 1.1 implies that U, maps B C Ms(i)z(f‘) to
2

(») (») : : : (»)
Bﬁfpr),s—i-T_ZQ(pT) C Msi%(F) modulo p, while Theorem 2.4 implies that U, maps Msi%(F) —
Ms(i)%_(p_l)b(F) modulo p, where b = F%JJ. We use (2.7) to conclude that the image of

U, on B) modulo p lies in

() (p ) _ r
E%QW)J+L—QEL—F]AJ —(p— 1W(Iv __E%QWL8+5:%EQ~{p—1M'

When 7 is odd, we modify the proof of part one of Theorem 1.2 in order to apply Theo-
rem 2.4. With f(z) € M® we recall the j = 1 case of (3.1):

(3.8) (n(242)"7" f(242)) | Up = n(242) (n(242)" f(242)) | U, (mod p).

Since r and p are odd imply that Tﬂ’ is an integer, we observe that 77(242)“’"]”(242) €

M (i ) e (T") has integer weight. Therefore Theorem 2.4 implies that (3.8) lies in M®) EEE (1) (I
s+ —1)a

s+p2r—2

J. On the other hand, by the 7 = 1 case of Lemma 3.2, the
M(p i (T') modulo p. It follows from (2.7) that

modulo p, where a = {

form (3.8) lies in B
(3.8) lies in

r— Z(p'r) p 1 =
pr)+1, s+ 1=4en) L 2t

(p) (») (»)
Bf(pT)+1 S+T l(p'r)erEl S+p-§'r_( —1)(1(F) B (pr)+1 SJrT Z(p'r)+p 1 (p 1)0,.

We conclude as in the proof of part one of Theorem 1.2. We now have g(z) € M (i )PZ(M pl )
s+——+55=—(p—1)a
such that ’ ’

(n(242)P77 f(242)) | U, = n(242)* P g(242)  (mod p).
We compare with (3.8) to obtain
0(242)(n(242)" f(242)) | U, = n(242)"#*g(242)  (mod p),

which gives the result.

3.3. Proof of Theorem 1.4. We let N and \ be positive integers with A > 2 and 4 | N, we
let x be a Dirichlet character modulo N, and we let f(2) = > a(n)q™ € Sxi12(Fo(N), x)-
We require a lemma and a corollary on the interplay between the Shimura Correspondence
and U-operator on the form f.
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Lemma 3.4. Let i and j > 1 with i square-free and j | i, and let f be as in the preceding
paragraph. Then we have

Proof. We note that j and i/j are square-free. For all n > 1, we define b,;(n) by
> bi(n)g" = £ U;j € Sy,1(To(N5), xx;).
Therefore, from (2.2) we have b;(n) = a(jn). We also find that

_Jxily, i=1(mod 4) and j =3 (mod 4),
XoXifi = Xis otherwise.

Since 4 | N and y is a Dirichlet character with modulus NV, it follows that XXJX 1Xi)j = XXX
We now use (2.6) to compute

. n2 "
ShlIIh‘/j(f | UJ) — Z ZXXinQ(i/j(d)d)‘ lb (] d2> q

dln

=> D x@ar! (d2> q" = Shim;(f).

dln

The following corollary is an application of Proposition 2.2 and the lemma.

Corollary 3.5. Suppose, for all primes £, that f(z) is an eigenform for the Hecke operator
T g1/2,x- Let ty, ta, and m > 1 be square-free with ged(m,ty) = 1. Then we have

a(mtq)Shimy, (f) = a(t1)Shimy, (f | Upn).
Remark. Let p > 5 be prime, and let j > 1. When x is real and f(z) € /(\JZI/Q(FO(N) X),
the statement of the corollary holds modulo p’.

Proof. We note that since m and t, are square-free and coprime, we have mt, square-free.
We find that

a(mitq)Shimy, (f) = a(ty)Shim,,, (f) = a(t;)Shimy, (f | Un),

where the first equality follows from part (3) of Proposition 2.2, and the second follows from
the lemma with ¢« = mty, and j = ts. O

We now embark on the proof of Theorem 1.4. We let p, s, and r be as in the theorem,
and we set

fT,S( ) - 77(242 242 Zars q € A

Since A(fs) is one-dimensional for such p, s, and r, Theorem 1.1 implies that the forms f, s(2)
are eigenforms for Tj2 for all primes ¢ > 5. Furthermore, since these forms have support on
indices relatively prime to 6, formula (2.5) implies that they are eigenforms for 7 and Ty
with eigenvalues both equal to zero. Therefore, we may apply Corollary 3.5 to them with
t1 =r, to = {(pr), and m = p to obtain

(3.9)  an,(pl(pr))Shim, (5(242)" E,(242)) = Shimgpn (1(242)" E,(242)) | Uy).
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We suppose that v,((n(242)"Es(24z)) | U,) = v > 0. We have a, s(pl(pr)) = 0 (mod p")
from (3.9). Dividing by p¥ in (3.9) yields

ar,s(l;i(p—r))Shimr(n(24z)rEs(24z)) = Shimy(y, <(n<24Z)TE;E24Z>> | UP) €

Therefore, to complete the proof of Theorem 1.4, it suffices to show, in the notation of the
theorem, that

(n(242)" Bs(242)) | Uy _ ansl®lr) o gyeom g, (242) (mod ).

Zp)a]-

p'U = p’U
When v = 0, part one of Theorem 1.3 gives (7(242)"Es(24z)) | U, € Béfpr) o (D)
all of the cases we consider, this space is one-dimensional spanned by 1(242) P E,, ; .1 (24z).
The result follows.

(mod p). In

When v > 0, part one of Theorem 1.2 implies that (n(242)"F(24z)) | U, # 0 (mod p*™!)

lies in B o+ modulo p’+!. Hence, there exists c(z) € M®

vi1, With
e(p,r,)’s+"‘ £(pr) ¢<P +7‘ l(pv‘) ¢<p +1)

(1(242)"Ey(242)) | Up = ars(pl(pr))n(242)"®)e(24z) - (mod p**h),

which gives

(n(242)" E5(242)) | U, _ ars(pl(pr)) (

1 = 24 d
(3.10) ) PP2e(242)  (mod p)

in M( )T tor) | 600+1) (I'p(24)). Since the form on the right side of the congruence arises as the

image of V24 on a form on SLy(Z), we apply Uy to see that (3.10) is equivalent to

(n(242)"E4(242)) | U, _ ans(Plpr))
( pn(24z) ) )|U24_ P’ (=)

A theorem of Sturm [12] states that two forms in M, (v )(FO(N )) agree

mod p)

in M(P)

s Tl Z(W) d>(p“+1)'
modulo p 1f and only if their coefficients agree modulo p up to index & ﬁ (1 + ), where
(p)

the product is over primes ¢ | N. The spaces M Jreton) | s6v+) ¢<pv+1) have Sturm bound 2s +r —

{(pr) + ¢(p™1). We conclude the theorem for (p, s 7’) with v > 0 on a case-by-case basis
using the Sturm bound to show in each case that c(z) = Ey(ps,r(2) (mod p).

Example. We illustrate the general case when v > 0 with a typical example: (p,s,r) =
(19,8,11). We observe that ¢(19,8,11) = 14. Part one of Theorem 1.3 gives (1(242)'! Fg(24z)) |

U € B, (mod 19), which implies that (1(242)" Eg(242)) | Uiy = 0 (mod 19). The ar-
gument in the preceding paragraph gives ¢(z) € M1(76 with

((7’](242)11E8<24Z>) | U19
19n(242)17

To prove that c¢(z) = E4(z) (mod 19), we note that Ei4(2) = E14(2)Ei3(2)° (mod 19) in

Ml(;g) , and we check that the first |£2 | coefficients agree modulo 19.

) | Uzy = 5¢(2)  (mod 19).
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