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ABSTRACT. We consider a normalized Eisenstein series of weight k on a con-
gruence subgroup of type I'g(N) with Nebentypus character x which vanishes
at all cusps of I'g(IN) inequivalent to the cusp at infinity. We determine con-
ditions on N, k, X, and an ideal a in certain number fields, under which their
Fourier series are congruent to 1 (mod a).

1. Introduction and Statement of Results

If k£ > 4 is an even integer, then it is well-known [K, pg.111] that the normal-
ized Eisenstein series given by

is a modular form of weight k with respect to SL(2,Z), where By, is the kth Bernoulli
number, ¢ := e2™* and o (n) is the function which sums the kth powers of the
positive divisors of n. Swinnerton-Dyer [Sw-D] showed that Ej(z) satisfies the
following congruence property:

THEOREM (SWINNERTON-DYER). If¢ > 5 is a prime, then Ex(z) =1 (mod £)
if and only if k =0 (mod ¢ —1).

This follows from the Von Staudt-Claussen Theorem regarding the divisibility
of the denominators of Bernoulli numbers.

Here we generalize Swinnerton-Dyer’s result to certain Eisenstein series in
spaces of modular forms of weight k& on a congruence subgroup of type I'o(N)
with Nebentypus character y. These spaces are denoted by My (I'o(N),x). For
background on integer weight modular forms, see [K]. Following the methods in
Sections 1-3 of Chapter VII of Schoeneberg’s book, Elliptic Modular Functions,
we develop the Fourier expansion at infinity of a normalized Eisenstein series
Enky(2) € Mp(To(N),x) which vanishes at all cusps of I'o(N) inequivalent to
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2 EISENSTEIN SERIES

the cusp at infinity, and we state conditions on N, k, and x guaranteeing the exis-
tence of these series. (Schoeneberg does this for Eisenstein series without character
on an arbitrary subgroup of level V). Using these expansions, we obtain conditions
on N, k, and x, and an ideal a in certain number fields, under which En 5, (2) =1
(mod a).

Theorem 1.1 lists formulas for En i (2) when they exist.

THEOREM 1.1. Suppose x is a Dirichlet character with modulus N and con-

m—1
ductor f, and 7., (d, x) := Z (R where ¢, == e’ . Suppose also that if X is
h=1
nontrivial and N =1 or 2, then k > 4 is an even integer satisfying x(—1) = (—1),
and if x is nontrivial and N > 2, then k > 3 is an integer satisfying x(—1) = (—1)¥.
Then the series En i (2) given by the following formulas are normalized modular
forms in My (Do(N), x) which vanish at all cusps of I'g(N) inequivalent to the cusp
at infinity.
1. If x is trivial and N = 1, then for an even integer k > 4,

(1) Enkx(2) = Er(z -2 Zak 1

n>1

If x is trivial and N > 1, then for an even integer k > 4,

2k¢(N) g 1u (N/ged(d,N)) |
2 E zZ) = ]. — )
(2)  Enkx(2) NkBk (1_ ) ;1 Zdn #(N/ ged(d, N)) |
p d>0

where ¢ denotes Euler’s phi function, and p denotes the Mobius function.
2. If x is nontrivial, then

k
Enpx(z) =1-—5 - DD d T aw(dx) + (-Drn(=d X)) | a7
(F)r7r (LX) Brx 2= .
>0

where By, is the generalized Bernoulli number associated to x.
3. If x is nontrivial and primitive, then

2% ol
(4) Enkx(z)=1- 5 Z Zx(d)dk g
k.x n>1 d|n
d>0

In what follows, let K, = Q(x) denote the extension of Q obtained by adjoining
the values of x, let Ok, _ denote the ring of integers of K, and denote by Ok,
the ring of integers of K, v = Q(x,(n). We also define ord,,(n) to be the power
of m dividing n if m and n are integers. If a = ¢ € Q, then ord,,(a) := ord,,(a) —
ord,, (b). Theorems 1.2 and 1.3 generalize Swinnerton-Dyer’s Theorem to the series
(2) and (4) listed in Theorem 1.1.
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THEOREM 1.2. Suppose that £ is an odd prime, x is the trivial Dirichlet char-
acter modulo N, and k > 4 is an even integer. Then the following are true:
1. Engy(z) =1 (mod ¢) if and only if k = 0 (mod ¢ — 1) and N = (* for
some nonnegative integer t.
2. Enjy(2) =1 (mod 2) if and only if N = 29p°, where p is an odd prime
satisfying ords(p* — 1) = 1 + orda(k) and a and b are nonnegative integers.

REMARK. Theorems 1.2.1 and 1.2.2 contain Swinnerton-Dyer’s Theorem as a
special case, the case where N = 1.

THEOREM 1.3. Suppose that £ is an odd rational prime, a is an ideal in Ok, N
with the property that a { (2), and x is a nontrivial primitive Dirichlet character.
Then for an integer k > 3 satisfying x(—1) = (=1)*, we have:

1. If N has at least two distinct prime divisors, then
Engy(z)#1 (mod a).
2. If N=4 and at(4), then
Eiry(2) #1 (mod a).
If N = 2% for some integer t > 3, then
Bypn()#1 (mod a).

3. If N =4, then
Erry(z)#1 (mod a)

unless there is a primitive root g of Z/0Z satisfying
p=ged(4,1 - x(9)g") # (1),
where p is an ideal in Ok, . In this case
Erpy(z) =1 (mod pordp(z)).
4. If N =/ and x = (%), the Legendre symbol, then
Eé,k,(%) =1 (mod /)
if and only if k = Z_Tl (mod ¢ —1).

5. If N = 0t for some integer t > 2, and if ged(¢,1 — x(g)g*) = (1) for every
primitive root g of Z/{Z, then

Egt’k)x(z) 7_é 1 (mod Cl).

Note that if a is an ideal in O,y and if j is a positive integer, then E?V k X(z) =
1 (mod a) whenever En x,(z) =1 (mod a), where E}ka(z) € Mjr(To(N), x).
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2. Background on Schoeneberg’s Eisenstein Series

Before proceeding with the proof of Theorems 1.1-1.3, we describe the basic
properties of Schoeneberg’s primitive and reduced Eisenstein series, the building
blocks for the Eisenstein series En k() that we construct. We keep the notation
from Schoeneberg’s book in what follows.

If f: H — C, where H is the upper half plane and ¢ = C U {oo}, and if

S = [Z Z] € SL(2,Z), then f(2)|xS := (cz +d)"*f(Sz). Suppose that N > 1

and k > 3 are integers, and m = [zl} and a = Zl} are pairs of integers.
2 2

Schoeneberg defines the inhomogenous Eisenstein series of weight k£ and level N as
follows [Sc, pg.155, (2)]:

GN,k,a(Z) = Z (m1z+m2)7k,

mi=a; (mod N)
mo=az (mod N)
m#0

(In his notation, Schoeneberg refers to modular forms having dimension —k < 0,
rather than having weight k > 0, which means the same. We prefer to use the term
weight.) If ged(aq, a2, N) = 1, then Gy i,a(#) is called a primitive Eisenstein series.

The relevant facts about primitive Eisenstein series are these:

1. [Sc, pg.155, Thm.1] For all a, Gy k.a(2) € Mi(T(N)).
2. [Sc, pg.155, (3)] For all a,

() GN-a(2) = (=1 Gy pal2).
3. [Sc, pg.155, (3)] If a =a; (mod N), then

(6) GNka(z) = GNga (2).
4. [Sc, pg.156, (4)] If A € SL(2,Z), then

(7) GN ka(?)|kA =GN aa(2),

where A’ is the transpose of A.
5. [Sc, pg.157, (5)] For integers a and b, define

a 1 ifb] a,
8 §(2) =
® <b> { 0 ifbfa.
Then _
Grpalz) =D (N ka)e v,

v>0
where

9) o) =3(5) X mit,

mo=az (mod N)
ma 750
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and for v > 1,

_ (_27Tl)k k—1 asm
(10) ay (N, k,a) = NeGE =) Z m" “sgn(m)(R".
m|v

#=a1 (mod N)

One may also define reduced Eisenstein series. If ged(ay, az, N) = 1, then these
may be written [Sc, pg.158, (7)]:

Gy ralz) = Z (miz —i—mg)*k.

m=a (mod N)

ged(my,m2)=1
Facts 1-4 concerning primitive Eisenstein series also hold for reduced Eisenstein
series. The reduced Eisenstein series are expressible as a linear combination of
primitive Eisenstein series [Sc, pg.159, (9)]:

X u(d
(11) Nkal?) = Z Z % GN k,ta(2)-
t (mod N) | g¢=1 (mod N)
d>0

We now proceed with the proof of Theorem 1.1

3. The Proof of Theorem 1.1

H1
We note that T'o(N) = U I'(N)A,, where the coset representatives A, lie in
v=1

the set

(12) Ha f} e SL(ZZ)},

T

where o, € (Z/NZ)*, B, € Z/NZ, v, = 0 (mod N), 6, = a, ! (mod N), and
w1 = [Lo(N) : I(N)]. We suppose that x is a Dirichlet character with modulus N
and conductor f. As our goal is to construct modular forms for My (I'o(N), x), we
impose the condition that £ > 3 is an integer with the property that

(13) x(=1) = (=D".

If A= [CCL Z] € I'g(N), then the transformation law satisfied by modular forms
£(2) € Mi(To(N), X) is given by:

(14) @A =Xx(d)f(2)-

An application of (14) using A = —I € I'y(IV) shows that the spaces My(To(N), x)
contain only the modular form which is identically zero when (13) does not hold.
We claim that

1258

0)(2) = > _X0.)G

1 =1 2%

[0](z)|kAu

G*
Lo (N) kx| .

is a modular form in My(To(N), x) with the property that it vanishes at all cusps
of I'g (V) inequivalent to the cusp at infinity.
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Observing that G* 07 (%) is a linear combination of reduced, and hence,
To(N).kx [ ]

by (11), primitive Eisenstein series, we impose the additional condition that k > 4
is an even integer when N =1 or 2. When N =1 or 2 and k > 3 is an odd integer,
it follows by (6) and (5) that

GN,k,a(Z) = GN,k,—a(Z)
= —GnNpal2).
This shows that Gy ;,a(z) = 0 in this case.

To verify that G; (z) € M(To(N), x), we only need to show that it

O(N))k)X7 {2]

satisfies (14) since it clearly satisfies the remaining defining properties of a modular
form in My (To(N),x). If A = [Z Z] € T'g(N), then A A = G, A, for some

G, € T(N), and for some v’ uniquely determined by v which runs through {1, ..., 1 }
as v does. Moreover, A,, = [OW P ], with 6, = d='§,, (mod N). Therefore,

Vv 51/
M1
G* A=Y x(0,)G* A A
Fo(N),k,x,[(lJ}(Z”k ;X( ) Nk[(lj](z”k
1258
=D X(d10.)G" (0] (kG v
v'=1 Tl
H1
= X(d) 3ROy, oy (M
v'= Tl
= d *
x(d) Fo(N),k,x,[(lJ](z)’
so G* z) € Mp(To(N),x)-
FD(N)7k7x,[(1J]( ) k(To(N), x)
Next, we calculate the value of G* 0-(2) at an arbitrary cusp =2. To
To(N).kox [ ] ¢

do this, we form A = [a b] € SL(2,7), and consider G* 01(2)|eA™L =
¢ d FO(N),k,X,[l]

Zr(n)q%. The value of G* 07(2) at =2 is r(0). The first step in the
TLZO FO(N))]C)X7{1:|
calculation is to simplify G* 01(2)|k A7 using (7) twice and (12):
FO(N))]C))O{I]
M1
G* A=) x(6,)G* A AT
FO(N),k,X7[(1J](Z)|k u:lX( ) N7k7[(1)](2)|k
M1
=>» x(6,)G™ () g AT
u:lX( ) NJ&[?;YV]( )k
_ — * —1
=N Z X(h)GN,k,[O] (2)|rA
he(Z/NZ)* h
(15) =N 3 TG, )
| ah
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In view of (15), we simplify G;‘V i [_Ch} (2) using (11):

ah
* * _ 2mivz
GNk[ ;OO‘V Ky []) e
d
(16) -y DS ENEE)
t€(Z/ND)* \ gi=1 (mod N) tah
d>0

We follow Schoeneberg’s computation of ag (N kK, [;iﬂ) and note that the first

equality is obtained by applying (9) and (16) [Sc, pg.160]:

* —c :u(d) _tCh —
aO(Nak7|:ahh}): Z Z dk 5( N > Z m g
te(Z/NZ)* \ dt=1 (mod N) m=tah (mod N)
d>0 m#0

- 5(_Th> > T Gy

d>0 md=ah (mod N)

m#0
—ch _
a7) (%) T et
m=ah (mod N) dlm
m##0 d>0

Observe that since

1 ifm=1o0or—1

18 d) = ’ ’

(18) dzu() { ifm=#1,0or—1,
ol

it follows that « (N k, [%hD # 0 if and only if ¢ = 0 (mod N) and d = h

(mod N), i.e., if and only if = 7 is T'(IV)-equivalent to the cusp at infinity. Contin-
uing our calculation, we now have
(19) "O=N 3 xlhoj (Mok [ 51])

€(Z/NZ)*

by (15). Therefore, (0) = 0 at all cusps of I'(IN) inequivalent to the cusp at

infinity, and hence, at all cusps of I'g(/V) inequivalent to the cusp at infinity since
I(N) C To(N).

It remains to show that the value of G* 01(2) at the cusp at infinity

FD(N)7k7X) [1]

is nonzero. Combining the previous facts given by (17), (19), (18), and (13), we

calculate:
r(0) =N Z xX(h) > m Y u(d)

€(Z/NZ)* m=h (mod N) d|m
m#0 d>0

= NxOO* +x(=1)(-1)")
(20) =2N.
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This proves that G; ok {0] (z) satisfies the cusp conditions stated in Theorem
0 28X 1

1.1.

We now develop the normalized Fourier expansion of G* 01(2) at in-
To(N)kx [ ] ]

d
finity. Recall that k is even when N = 1 or 2. Letting s; := Z % for
dt=1 (mod N)
d>0
t € (Z/NZ)*, we simplify G* (z) using (15) and (11):

FO(N)7k7X) |:§-)j|

Gl (2)=N Y(h)G* (2)
Fo(N),k,x,[(lJ] he(%\ll)* N,k,[g]
=N Z X(h) Z StGNk [0](2)
he(Z/NZ)* te(Z/NZ)* "L th

Letting ¢(N) := N Z stx(t), a constant dependent only on N, and making
te(Z/NZ)*
the change of variable j = th, we obtain

(21) i) =) 3% )G, 12,
je(Z/NZ)* J
Substituting (9) and (10) in (21), we have
G mpan o] =) > T
JE(Z/NZ)*
(22)
_ —2mri)* 2
DRI Lot 51 I SR P
m=j (mod N) "n>1 d|n
m#0 %=0 (mod N)

Using (22) and (13), observe that the constant term r(0) may also be expressed as

r) =) Y xS mh

JE(Z/NZ)~ m=j (mod N)
m#0

e(N) Y X(mym ™ (L +X(~1)(=1)")

m>1

(23) = 2¢(N)L(k, %),
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where L(k, x) is the Dirichlet L-function associated to x. Substituting (23) in (22)
gives us

GI‘g(N),k,X,[?] (z) = ¢(N)x

N —2mi)k . _ i n
2L(k,x)+mz SO0 Y d lsgn(acd | of
“n=1 | je@/Nz)- din
%=0 (mod N)

It is clear from (20) and (23) that ¢(NN) # 0. Therefore, we can define

(—27i)k
IN (k — D)Lk, X)

By (2) = 2Lk X)e(N)) "G

roa [0 =T

1

S X x> dtsen(d)cd | oF € Mu(To(N), x).
n>1 |\ je(Z/NZ)* d|n

2=0 (mod N)

Noting that

ST xM)Y d sen(@)cw = > xG) D dHC + (—1)RY)

JEZ/NZ)* djn JE(Z/NZ)* din
d>0
= d" N (rn(d,X) + (-1)frn(—d, X)),
d|n
d>0

and that the condition 5 = 0 (mod N) allows us to make the change of variable
n — nN, our formula becomes:

—27i)F
Bl = 14 g W) X0 0+ (T |
d>0

We now simplify En j (%) in the three cases specified in Theorem 1.1 using certain
well-known facts. If x is the trivial character with modulus N, then ¥ = x and k&
is even. We use the following facts to obtain formulas (1) and (2):

1. [Ir-R, Thm.2, pg.231] If k is a positive even integer, then

_1\E+1 )k
(k) = CTT BT B

where ((s) is the Riemann zeta function.
2. [Ir-R, pg.255] If x is trivial, then

C(k) if N=1,
L(k,x) = C(k) H (1 - %) if N>1.

p|N
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3. [A, pg.164] If x is trivial, then

TN(d7 X) = TN(_d7 X)
GV ed(d, V)
¢(N/ged(d, N))

When x is a nontrivial character with modulus N and conductor f, we use a
different set of facts to produce the formula (3):

1. [Ir-R, Prop.16.6.2] If x is nontrivial and k is a positive integer, then

B
L1 —k,x) = - =%,
k
2. If k is a positive integer, then
k) =(k-1),

where I'(s) is the classical I'-function.
3. If x is nontrivial and k is a positive integer, and if we define

1 if X(—l) = -1,
Oy = 0 £ _
1 X(_l) - 1a

then the functional equation for L(k, x) is [Iw, Ch.1, Sec.1.2]:

_ Ly (2m\" L0 k%)
L(k,x) = f2i sxx (f) F(k)COS(@)'

If x is a nontrivial primitive character with modulus N, we know the additional
fact [A, Thm.8.15]:

™~ (d; x) = x(d)7n (1, X),
which we substitute in (3) to obtain (4). This finishes the proof of Theorem 1.1.

4. The Proof of Theorem 1.2

The proof of Theorem 1.2 relies on some well-known facts about the ordinary
Bernoulli numbers, By:

THEOREM 4.1 (VON STAUDT-CLAUSSEN) [Ir-R, Thm.3, pg.233]. Suppose
that £ is a prime and k is a positive even integer. If £ — 1t k, then ord,(Bg) > 0,
and if £ — 1| k, then ordy(By) = —1.

THEOREM 4.2 [Ir-R, Thm.15.2.4]. Suppose that ¢ is a prime and k is a
positive even integer. If ¢ — 11k, then ord, (%) > 0.

In the case where x is the trivial character modulo 1 and ¢ is a rational
prime, the desired result follows by applying Theorem 4.1 to formula (1). This
is Swinnerton-Dyer’s Theorem.
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Therefore, we consider the cases in which N > 1. Welet En  (2) = Z a(n)q"
n>0

and cy = H:‘VNP' To start, we simplify the coefficient a(cy):

afew) = ZOO) 5~ e N/ e )
1 ¢(N/ged(d, N) -
NkB 1— — d| N
k}_][\] ( pk> HP‘NP
Since
(=)™ if d=N/]]w
pIN
p(N/ ged(d, N)) =
0 if d< N/ ,
va

where w(N) is the number of distinct prime divisors of N, it follows that

—1)»(N)+19k
a(cn) = (=1)

pIN
Note that
(24) ordg(a(en)) = orde(2) + ord,(k) — ord¢(Bx) — Zordg(p’C -1)

p|N

for a given prime ¢. Assuming for now that ¢ is odd, we analyze a(cy) (mod £) in
several cases.

CASE 1. £ —1¢tk.

ordy (£%) > 0 by Theorem 4.2, so ord¢(a(cy)) < 0 by (24), and hence, Ey . (2) #
1 (mod ?).

Cases 2a and 2b concern the situation where ¢—1 | k. In this situation, Theorem
4.1 implies that ordy(By) = —1. We suppose that ordy(k) = j. Then

(25) k=00 —1)m= ¢ )ym
for some positive integer m coprime to /.
CASE 2A. {—1 |k and Lt N.

ged(p,¢) = 1 for every prime p | N since £ { N, so p¥ = 1 (mod #*1) by (25).
Using (24) we have
ordg(a(en)) < (7 + 1)(1 —w(N)).
w(N) > 1since N > 1, so ords(a(cy)) < 0in this case. Consequently, En k. (2) # 1
(mod ¢).
CASE 2B. { — 1|k and (| N.
Using (24) and (25) again, we have
ordy(a(en)) < (j + 12— w(NV).

It follows that if N is not a positive power of ¢, then ord,(a(cy)) < 0, in which case
Eniy(z) #Z1 (mod £).
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Therefore, in the case where £ is an odd prime we know the following:
EnNjgx(2) Z1 (mod ¢) if K # 0 (mod ¢ — 1) or if N # ¢* for all positive integers ¢.
We now prove the converse.

For an odd prime ¢ and a positive integer ¢, we simplify E () by first
observing that

0= —1) if orde(d)
A if orde(d
0 if orde(d

)
) <
(o (2) -o(h))

using the notation defined by (8). After substituting (26) in (2), we obtain

S (e ged(d ) _ Z
HOTeeddF) 'l

2kt y
B (1)

(27) 3 }:&]5(Z)éq"—§: }:&]g(%ﬂ) q"

n>1 d|n n>1 d|n
d>0 d>0

Egt7k,x(z) =1-

Making the change of variables d — df? gives us

Z Z dk—15 (%) ¢ qn — gt(k—l)—&-l Z Z dk—l qn

n21\ gn =
a>0 d>0
_ n
(28) _ ptk=1)+1 Z —_— (ﬁ) ",
n>1

and similarly, making the change of variables d — d¢*~! gives us

(29) Z Z dk71(5 (%) qn —_ e(tfl)(kfl) Z Ok (étL_l) qn7
n>1 din n>1
d>0

where o, (%) = 0 if @ and b are integers with b # 0 but ¢ ¢ Z. Substituting (28)
and (29) in (27) yields

80 Ewin() =1 g 0 (o () —on (555)) 0"

n>1

Ept ;1 (2) = 1 (mod ¢) since ordy (#f,l)) > 1 by Theorem 4.1. This proves
Theorem 1.2.1.

Next, we assume ¢ = 2. If ords (k) = j, then
(31) E=2"m=¢(27 " )m



SWINNERTON-DYER TYPE CONGRUENCES FOR CERTAIN EISENSTEIN SERIES 13

for some positive odd integer m. Moreover, Theorem 4.1 implies that ords(Bj) =
—1 for every positive even integer k > 4. We examine ords(a(cy)) in two cases.
CASE 1’. 24 N.

ordy(p* — 1) > j + 1 for every prime p | N using (31), so
ordz(a(en)) <14 (j +1)(1 —w(N))

using (24). If w(N) > 1, it follows that En iy (2) # 1 (mod 2). Furthermore, if
N = p® for some odd prime p and positive integer b, and if ords(p*F — 1) > j + 1,
then Eb ., (2) Z1 (mod 2).

CASE 2'. 2| N.

Using (31) and (24) as in case 1’, we obtain
ords(a(en)) < 1+ (j +1)(2 — w(NV)).

If (N) > 2, then En gy (2) # 1 (mod 2). Also, if N = 29° for some odd prime
p and positive integers a and b, and if ords(p® — 1) > j + 1, then Eoapp k(2) #1
(mod 2).

Hence, En i (2) Z 1 (mod 2) if N does not have the form 29p®, where p is an
odd prime satisfying

(32) orda(p® —1) =j +1

and a and b are nonnegative integers. We therefore examine En i (z) (mod 2)
when N does have this form.

In the case where N = 2¢ for some positive integer a and in the case where
N = p® where p is an odd prime satisfying (32) and b is a positive integer, the
formulas for En g (%) are given by (30) with ¢ = 2 and ¢ = p, respectively. The
reasoning used there can also be used to show that En ;(2) =1 (mod 2) in these
cases.

In the case where N = 29" for some odd prime p satisfying (32) and a and
b positive integers, a formula for Ega,p i, (2) can be found by applying the same
reasoning used to derive (30):

2k
Eoa, v =1 A n
2ap kx(z) Bk(pk _ 1)(2k —1) 7;21: (n)q",

k n k n k n n
s () < rhovcs (s ) - 2o () + s (i)

Now observe that Egap,p .\ (2) =1 (mod 2) since ordy (W) =1 using
Theorem 4.1. This completes the proof of Theorem 1.2.
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5. The Proof of Theorem 1.3

The proof of Theorem 1.3 follows by applying the Theorems of Carlitz (The-
orems 5.1, 5.2) regarding the divisibility properties of the generalized Bernoulli
numbers By, to the formula (4). We extend the definition of ord to rings of inte-
gers of number fields in the obvious way.

THEOREM 5.1 (CARLITZ) [C, Thm.1]. Suppose that k is a positive integer,

{ is a rational prime, and x is a nontrivial primitive Dirichlet character with con-

ductor N. Then
Bry R

k D’
where R and D are elements in O, with gcd(R,D) = 1. If N has at least two
distinct rational prime divisors, then ® = 1. If N = £, then © is a product of
prime divisors of L.

We denote the series in formula (4) by En k(2) =Y, b(n)q", and observe
that o
b(1) Bex’
If N has at least two rational prime divisors, then there is an R € O, for which
b(1) = 52 by Theorem 5.1. It follows that if a is an ideal in Ok, and a{ (2),
then ordq(b(1)) < 0, so that Enx(2) # 1 (mod a), proving Theorem 1.3.1. The
proofs of Theorems 1.3.2-1.3.5 follow from Theorem 5.2.

THEOREM 5.2 (CARLITZ) [C, Thm.4]. Suppose x is a nontrivial primitive
character with conductor N, and £ is an odd rational prime. Then the following
are true.

1. If N =/, then % € Z unless there is a primitive root g of Z/lZ for which
(33) p=ged(l,1 - x(9)g") # (1),
where p is an ideal in Ok . In this case,
(B +1=0 (mod p'tord«®),

2. If N = (' for some integer t > 2, then % € Z unless there is a primitive
root g of Z/lZ for which

p=ged(4,1 - x(9)g") # (1),
where p is an ideal in Ok, . In this case,

Blmx

(1—x(1+0)=

=1 (mod p).

3. If N =4, then

By _{ 1 (mod 3) if k odd,
0 (mod 1) if k even.

By

4. If N = 2", for some integer t > 3, then =%x € 7.
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Note that if (33) holds, and if we let By, = U" X where Uy, and Vi y € O,
and ged(Ug,y, Vi) = 1, then

(34) ordy (Bg,y) = —ord, (¢) < —1.

We now proceed with the proofs of Theorems 1.3.2-1.3.5. We assume in all
cases that / is an odd rational prime, a is an ideal in Ok, n with the property
that a1 (2), x is a nontrivial primitive Dirichlet character, and k > 3 is an integer
satisfying x(—1) = (=1)¥.

PrOOF (OF THEOREM 1.3.2). If N =4 and k is even, then x is trivial. If
N =4 and k is odd, then b(1) = %4 for some nonzero integer s by Theorem 5.2.3.
If at(4), then ords(b(1)) < 0, s0 Egpy(z) # 1 (mod a). If N = 2' for some
integer ¢t > 3, then b(1) = 772 for some nonzero integer j by Theorem 5.2.4. Hence,
orda(b(1)) <0, 80 Egt 1 (2) #1 (mod a).

PROOF (OF THEOREM 1.3.3). If N = £ and ged (4,1 — x(g)g*) = (1) for every
primitive root g of Z/¢Z, then b(1) = 32 for some nonzero integer j by Theorem
5.2.1. Hence, ordy(b(1)) <0, so Ep(z) Z1 (mod a). If there is a primitive root
g of Z/{Z for which p = ged (4,1 — X( )g ) # (1), then ordy (Bg,y) = —ord,(¢) < —1
by (34). It follows that ord,(b(n)) > 1 for every n > 1 by formula (4), and thus,
Eppy(2) =1 (mod pords (),

PROOF (OF THEOREM 1.3.4). Suppose N = { and x = (3), the Legendre
symbol. If we choose an arbitrary primitive root g of Z/¢Z and suppose that there
is an a € Z/¢Z for which a® = g (mod ¢), then g = a’~! = 1 (mod ¢) since
ged(a, £) = 1. This contradicts the hypothesis that g is a primitive root of Z/¢Z,
so (4) = —1. Using this fact, observe that ged(¢, 1 — (—)g ) = gcd(4,1+ g*) # (1)

if and only if g¥ = —1 (mod ¢), i.e., if and only if k = 52 (mod ¢ — 1). In this
case ged((,1 — (9)g%) = (¢), so ordy (B,C (z)) < —1 by (34) Using formula (4), it
follows that ord(b(n)) > 1 for all n > 1 if and only if k = 5% (mod £ — 1).

PROOF (OF THEOREM 1.3.5). If N = ¢ for some integer t > 2, and if ged(¢, 1—
x(9)g*) = (1) for every primitive root g of Z/¢Z, then b(1) = 772 for some nonzero
integer j by Theorem 5.2.2. Hence, ordq(b(1)) <0, so Ept 1, (2) #1 (mod a).

Q.E.D.
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