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Homework 3 Solutions.

Show that the intersection of two ideals of a commutative ring is again an ideal.

Proof. Let I, J< R with R a commutative ring. Leta, b € I NJ. Then we have a, b € I and
a,be J.Since I, JaR,wehaveaxtbec INJandab e INJ. Itfollowsthat INJ<R. O

Show that if R is a finite ring, then every prime ideal of 12 is maximal.

Proof. Let R be a finite ring and let P < R be a prime ideal. Since P is prime, the quotient
R/P is an integral domain; since R is finite, the quotient is finite. Hence, R/P is a finite
integral domain. As such, it is a field, and therefore, P is maximal. U]

Find a non-zero prime ideal of Z & Z that is not maximal.

Solution: We claim that I/ = {(0,n) : n € Z} is a prime ideal of Z & Z which is not
maximal. To see that it is an ideal, note that for all (0,7n,), (0,n2) € I, we have (0,n;) £
(0,n2) = (0, £ ng) € I. Furthermore, for (ry,r5) € Z & Z and (0,n) € I, we have
(r1,72) - (0,n) = (0,ren) € I. Now, we claim that (Z & Z)/I = Z. For this, we define
amap ¢ : Z ®Z — 7 by ¢((n1,ns)) = ny;. We observe that ¢((1,1)) = 1 and that
d((n1,n2)+(r1,72)) = ¢((n1+7r1,na+7r2)) =ni+11 = ¢((n1,n2)) +P((r1,72)). We also
see that qb((nl, ’I’LQ)(T'l, 7“2)) = qb((nlrl, ’I’LQT’Q)) = nry = gf)((nl, ng))gb((rl, 7“2)). Therefore,
¢ is an onto homomorphism with ker¢p = I. Applying the fundamental homomorphism
theorem for rings yields (Z & Z)/I = 7. Since Z is an integral domain, but not a field, it
follows that [ is prime, but not maximal.

Let R be a commutative ring with ¢ € R. The annihilator of « is defined by Ann(a) =
{z € R: za = 0}. Prove that Ann(a) is an ideal of R.

Proof. Let x1, x5 € Ann(a). Then we have z7a = 0 and zoa = 0. It follows that (z; +
T9)a = x1ataxsa = 0£0 = 0. Hence, we have x; £ 25 € Ann(a). But also, for z € Ann(a)
and r € R, we have (rz)a = r(xa) = r -0 = 0 from which it follows that rz € Ann(a).
Therefore, Ann(a) is an ideal of R. O

(a) Show that the set N = {a € R : In > 1 with a" = 0} of all nilpotent elements of a
commutative ring forms an ideal of the ring.

Proof. Let a, b € N. Then there are ny, no > 1 with a™ = 0" = 0. Letn =
max(ny,ny). Then we have " = b" = 0. Since R is commutative, the binomial
theorem holds, which we apply to (a 4 b)*":

(a4 ) — i (i”) ai(=b)> i = 0

1=0

since each summand has one of 7 and 2n — ¢ > n. It follows that a £ b € N. Now, let
r € R. Since R is commutative, we have (ra)” = r"a™ = r™ - 0 = 0. Therefore, we
have ra € N. Hence, we have N < R. OJ



(b) Show that R/N hs no non-zero nilpotent elements.

Proof. Observe that (a + N)* = N in R/N if and only if ™ + N = N, which
holds if and only if b = a” € N. Now, b € N implies that there is an m > 1 with
b = (a™)™ = a™ = 0. Therefore, we have a € N. It follows that R/N has no
nilpotent elements. [

(c) Show that N C P for each prime ideal P of R.

Proof. Leta € N and let P < R be prime. Then there is a smallest n > 1 with " = 0.
Observe that ™ = 0 € P. Since P is prime, we must have a € P. O]

65.3, #13 Let R be a commutative ring with ideals 7, J. Let
I+J={r€eR:x=a+0bforsomeac I,bec J}.
(a) Show that I + J is an ideal.

Proof. Let x1 =iy + j1, T3 = is + jo € I + J. Then we have x1 + x5 = (i1 £ i2) +
(j1 £72) € I + Jsincei; +iy € [ and j; £ jo € J. It follows that 2y £ 2o € [ + J.
Now, letx =i+ j € I + Jandletr € R. Then we have rx = ri +rj € I 4+ J since
ri € I and rj € J. It follows that rz € I + J and that I + J is an ideal of R. [

(b) Determine nZ + mZ in the ring of integers.

Solution: We have nZ + mZ = gcd(m,n)Z. For a proof, see Theorem 1.1.6 on p. 8
of the text.

§5.3, #14 Let R be a commutative ring with ideals /, J. Define the product of the two ideals by

IJ = {Zaibi:aief,biej,neN}.
=1

(a) Show that IJ is an ideal contained in 1 N J.

Proof. Letx =3 1 aib, y = > ", c;d;. Then we have

T+ Yy = ia,bl + idej = iazbl + i(:l:cj)dj elJ
i=1 j=1 i=1 j=1

since it is a finite sum (n + m summands) with summands obtained as products of
elements from I with elements from .J. Now, let » € R. Then we have

n

re = Z(mi)bl clJ

i=1

since ra; € I. It follows that I.J < R. Moreover, observe that z = > a;b; € I since
a; € I,b; € R,and I < R. Similarly, x € J since a; € R, b; € J, and J < R. Hence, we
must have /J C I N J.

O



(b) Determine (nZ)(mZ) in the ring of integers.
Solution: We claim that (nZ)(mZ) = (nm)Z. To see this, let x € (nZ)(mZ). Then
there are r;, r; € Z for which x = > (rin)(rim) = nm . rrl € (nm)Z. It
follows that (nZ)(mZ) C (nm)Z. On the other hand if y € (nm)Z, then there is

anr € Z withy = rmm = (rn)m € (nZ)(mZ) since rn € nZ. Thus, we have
y € (nZ)(mZ).

§5.3, #17 b, ¢ Let R be the set of matrices <Z b> with entries a, b, ¢, d € Q such that « = d and ¢ = 0.

d

(b) Let I be the set of all matrices for which ¢« = d = 0. Show that [ is an ideal of R.

Proof. Let X = (O bl),Y = (0 b2) € I,and let Z = (a Z) € R. Then we

0 0 0 O 0
have
o 0 blzl:bg o 0 ab1 . 0 (Zbl
Xj:Y—(O 0 >€I, ZX—(0 0)6[,XZ—(O O)GI.
Hence, 7 is an ideal in R. O

(c) Use the fundamental homomorphism theorem for rings to show that R /I = Q.

Proof. Define amap ¢ : R — Q by ¢ <<3 Z)) = a. We claim that ¢ is a ring

homomorphism. First, we observe that ¢ ((1 0)) =1. Let A = (a 2), B =

0 1 0

c d

( ) € R. We have
0 c

() (52) = (5 ")) == (6 0)2 (6 )
A6 D)6 8) =1 azt)) oo (6 w) o (G 7))

Therefore, ¢ is an onto ring homomorphism with kernel /. The fundamental ring ho-
momorphism theorem gives R/I = Q. O

§5.3, #20 Let p be prime and let (p) <Z[i] = R. Show that R/(p) has p* elements and characteristic p.

Proof. Consider the map ¢ : R — Z, & Z, defined by ¢(a + bi) = ([a],, [b],). We claim
that this map is a homomorphism of groups. Let a + bi, ¢ + di € R. Then we have
B((a-+bi)+ (c+di)) = dl(a+)+(b+d)i) = ([atcly, [o+dl) = ([alp, [Blp) + ([clps [d]) =
¢(a+ bi) + ¢(c + di). It follows that ¢ is an group homomorphism with kernel (p); by the
fundamental group homomorphism theorem we see that R/(p) = Z,®Z, as groups. Hence,
we see that |R/(p)| = p®. Moreover, we see that R/(p) = {a+bi+ (p) : 0 < a,b < p—1}.

It remains to verify that the characteristic of the quotient is p. We observe that p(1 + (p))p +
(p) = 0 + (p) and that p is the smallest positive integer r for which (1 + (p)) = (p). O



§5.3, #21 Let R = Z[i]. Find necessary and sufficient conditions on m, n € Z for the element m + ni
to belong to the ideal (1 + 27). Use these conditions to determine the ideal (1 4 2i) N Z < Z.

Solution: We observe that m + ni € (2 + 4) if and only if Ja + bi € R with m + ni =
(a+bi)(2+1i) = (a — 2b) + (2a + b)i. Hence, we see that m + ni € R if and only if Ja,
b € Z with m = a — 2b and n = 2a + b. Therefore, we have m + ni € (1 4 2¢) N Z if and
only if n = 2a+ b = 0, in which case b = —2a and m = a — 2b = a — 2(—2a) = ba. It
follows that (1 + 2i) N Z = 5Z.

§5.3, #26,b,¢,d, e (b) Show that (2¥) is an ideal of R.

Proof. This is is the principal ideal generated by 2*. It is proper since 1 & (2%). (If 1 €
(2*), then there is m/n € R with 1 = 2¥(m/n); hence, we have 2¥ | n, a contradiction
since n is odd. On the other hand, if m € Z is odd, we have (m) = (1) = R since
1 =m(1/m). O

(c) Show that every proper non-zero ideal of R has the form (2%) for some k£ > 1.

Proof. Express m/n € R as m/n = (2'a)/b for some ¢ € Z and odd a, b. We define
vo(m/n) = t. It follows that R = {m/n € Q : vy(m/n) > 0}. Now, let I < R be
proper. We first claim that for all m/n € I, we have vy(m/n) > 1. If not, then for
some m/n € I, we have va(m/n) = 0, which implies that m is odd. Therefore, we
have n/m € R and (m/n)(n/m) =1 € I, so I = R, a contradiction.

Hence, we let k£ = min(ve(m/n) : m/n € I} > 1. By the argument above, such a k
exists. Let mo/ng € I have vy(mg/ng) = k. Then we write mg/ng = (2%ag)/bo
with odd ag, by. We now assert that I = (2). Let m/n € I. Then we have
va(m/n) = ky > k; it follows that m/n = (2¥a)/b with odd a, b. We observe
that m/n = 2%((2"7%a)/b) € (2*). Hence, we have I C (2%). Next, note that
28 = (mo/no)(bo/ao) € I since mg/ng € I and by/ay € R, which gives (2%) C 1.

]

(d) Show that R/(2%) & Z,y.

Proof. Define a map ¢ : R — Zyx by ¢(m/n) = [mn~']s. This is an onto ring
homomorphism with kernel (2¥). The result follows from the fundamental ring homo-
morphism theorem. 0

(e) Show that (2) is the unique maximal ideal in R.

Proof. Let I < R be a non-zero ideal of R. Parts (b), (c), (d) show that R/I is a field if
and only if / = (2). Therefore, [ is the only maximal ideal in R. H



