Math 547, Exam 1. 2/9/10. Name:
e Read problems carefully. Show all work.
e No notes, calculator, or text.
e The exam is approximately 15 percent of the total grade.

e There are 100 points total. Partial credit may be given.




1. (10 points) Let R be a commutative ring, let ¢ : R — R be a ring homomorphism, and let

S ={a € R: ¢(a) = a}. Show that S is a subring of R.

Solution: Since ¢ is a ring homomorphism, we have ¢(1) = 1; it follows that 1 € S.

Let s, s' € S. Then we have ¢(s) = s and ¢(s') = s

Closure under +: Since ¢ is a ring homomorphism we have ¢(s+s') = ¢(s)+¢(s') = s+5'.
Therefore, we have s + 5" € S.

Closure under x: Since ¢ is a ring homomorphism we have ¢(ss’) = ¢(s)o(s') = ss'.
Therefore, we have ss’ € S.

Inverses for +: Let s € S. Since ¢ is aring homomorphism we have ¢(—s) = —¢(s) = —s.
Therefore, we have —s € S.

Combining these facts, we see that S is a subring of R.



2. (20 points) Let R be a commutative ring.

(a) (7 points) Define what it means for an ideal P < R to be prime.

Solution: An ideal P < R is prime if and only if whenever there are a, b € R with
ab € P, then we must have a € Porb € P.

(b) (13 points) Let P < R be a prime ideal. Show that R/ P is an integral domain.

Solution: Leta + P, b+ P € R/P, and suppose that
(a+P)-(b+P)=ab+P=0+P=P

Then we must have ab € P. Since P is a prime ideal, it follows that a € P (in which
casea+P =0+ P =P)orbe P (inwhichcaseb+ P =0+ P = P).



3. (27 points) Let R be a commutative ring.

(a) (7 points) Define what it means for an ideal M < R to be maximal.

Solution: An ideal is maximal in R if and only if whenever there is an ideal J < R with
M C JC R,wemusthave J = M orJ = R.

(b) (7 points) Give a simple condition on the ring i which guarantees that a prime ideal
in R is maximal.

Solution: If R is a PID, then a prime ideal is also maximal. This is what I wanted.

(c) (13 points) Let M # R be an ideal. Both of the following statements are true.

Prove one of the statements (your choice).

(1) Suppose that M is maximal. Show: For every € R\ M, there exists x € R
suchthat 1, —rx € M.

(2) Suppose that for every r € R\ M, there exists z € R such that 1z — rz € M.

Show that M is maximal.

Solution: For (1), let » € R\M. Then we have M C (r) + M C R. Since M is
maximal, we must have (r) + M = R, and since 1z € R, there exists z € R and
m € M such that rx +m = 1. It follows that 1 — re = m € M.

For (2), suppose that 3J < R with M C J C R. Then there is r € J\M C R\M.
By hypothesis, there must be + € R such that 1 — rz = m € M. Hence, we must
have rz +m = 1. Now, z € R, r € J < R implies that rx € J. Furthermore, since
m & M C J,wehaverc+m = 1 € J, from which it follows that J = R. Therefore,
M is maximal.



4. (23 points) Let R be a commutative ring.

(a) (10 points) Define what it means for R to be a Euclidean ring.

Use 0 to denote the norm function in your definition.

Solution: A ring R is Euclidean if it is an integral domain and there is a norm function
d: R\{0} — N U {0} such that Va,b # 0 in R, we have

i. d(a) < d(ab).
ii. 3¢, € R such that a = bq + r and either §(r) < §(b) or r = 0.

(b) (13 points) Suppose that R is a Euclidean ring with norm function . Both of the
following statements are true. Use the properties of § from part (a) to prove one of the
statements (your choice).

(1) If u € R* (u is a unit), then we have §(u) = J(1g).
(2) Ifu € Rhas 6(u) = 6(1g), then u € R* (u is a unit).

Solution: For (1), suppose that a € R*. Then there exists b € R* with ab = 1.
Applying property (i) of the norm function, we find that 6(a) < d(ab) = 6(1g). On the
other hand, applying property (i) again to a = a - 1 gives (1g) < d(a - 1g) < 6(a).
Combining these facts, we find that 6(1z) = 0(a).

For (2), property (ii) implies that we may write 1 = aq + r with ¢, € R and 6(r) <
d(a) orr = 0. If r # 0, then we have §(r) < d(a). But also, property (i) implies that
d(a) = 0(1,) < (r-1g) = 6(r). This is a contradiction. Hence we must have r = 0,
1=uaq,and a € R*.



5. (20 points): Let R = Z[\/7] = {a +b\/T : a,b € Z}.

(a) (10 points): Show that I = {a 4+ b\/7 : a =0 (mod 7)} is an ideal in R.

(b) (10 points): Is I a maximal ideal? Is it a prime ideal? Explain your answer.

(What is R/I? Think about how R/I determines whether / is maximal or not or
whether [ is prime or not. You should either try to use the Fundamental Ring Homo-
morphism Theorem, or you should try to count elements in R/1.)



6. Challenge problem: You may attempt this problem if you have completed problems 1 - 5.

Let R =Z[V2] = {a+by2:a,be Z}.

(a)

(b)

(©)

Show that the principal ideal (3) = 3R < R is maximal.
(Imitate the proof that (3) is maximal in Z[i]; use the fact that if either 3 { a or 3 1 b,

then we have 3 1 a? — 20°.)

Solution: Suppose that 7 < R has (3) C I C R. Then there is 2 = a + bv/2 € I\(3);
we must have 3 { a or 3 1 b, from which it follows that 3 { ¢ = a* — 2b?. Hence, we have
ged(3,t) = 1. Therefore, there are u, v € Z with 3u + tv = 1. Since (3) C I, we have
3u € I. Observe also that tv = (a4 bv/2)(a — bv/2)v = x(a — bv/2)v € I since z € I,
(a — b\/§)v € R, and I < R. Combining these facts, we see that 3u +tv = 1 € I; we
conclude that / = R and (3) is maximal.

Show that the principal ideal (7) = 7R < R is not maximal.

(Can you "factor” 7 in R?)

Solution: Observe that 7 = (3 — v/2)(3 + v/2). We claim that (7) C (3 ++/2) C R.

Suppose that 3 4 /2 € (7). Then there is a + bv/2 € R with 3 + /2 = 7(a + b\/2) =
7a + 7bv/2 which holds if and only if 7a = 3 and 7b = 1. This contradicts the fact that
a, b € 7. Hence, we have (7) C (3 4+ /2).

Suppose that 1 € (34 +/2). Then there is a+bv2 € Rwith 1 = (3++/2)(a+bv?2) =
(3a + 2b) + (a + 3b)v/2, which holds if and only if 3¢ + 2b = 1 and a + 3b = 0. But
a—+3bimplies that « = —3b; substituting in 3a+2b = 1 yields 3(—3b)+2b = —7b = 1,
which contradicts the fact that b € Z. Hence, we have (3 + \/5) C R.

Let p # 2 be prime. Can you conjecture (and prove) a general rule for when

(p) = pR < R is maximal?

Solution: It is a fact that (p) < R is maximal if and only if p = 3, 5 (mod 8). This
is a special case of a more general phenomenon. Let m = 2, 3 (mod 4) be a square-
free integer, and let p ¥ 4m be prime. Then we have (p) < Z[y/m] if and only if the
congruence 2 = 4m (mod p) does not have a solution. In terms of the Legendre

symbol from number theory, this condition is that the Legendre symbol (%) = —1.



