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Tempered distributions modeling singularities
Point Singularities

〈δ, f〉 = f(0, 0) 〈γs, f〉 =
∫

R2 f(x)|x|−s dx

(0 < s < 2)
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Tempered distributions modeling singularities
Line Singularities

〈νθ, f〉 =∫
R f(x cos θ, x sin θ) dx

θ

supp ν̂θ

θ

supp νθ

〈1θ, f〉 =∫
{y>x tan θ} f(x, y) dy dx

θ

supp 1θ
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Tempered distributions modeling singularities
Corner Singularities

〈Ωθ, f〉 = 〈1θ10, f〉 =∫
wedge f(x, y) dy dx

θ

supp 1θ10

〈ωθ, f〉 =∫
δ{wedge} f(x, y) dy dx

θ

suppωθ
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Dual-Tree Complex Wavelet Transform
Almost-Hilbert Transform pairs of wavelets

Definition
{φ, ψ} (scaling function, mother wavelet, 1D)
{Hφ,Hψ} does not give wavelets.
Approx. H by H so that {Hφ,Hψ} gives wavelets.
Build complex valued wavelets (1D):

Φ = φ+ iHφ, Ψ = ψ + iHψ.

Build complex valued wavelets (2D):

Φ⊗Ψ, Ψ⊗ Φ, Ψ⊗Ψ, Φ⊗Ψ, Ψ⊗ Φ, Ψ⊗Ψ.
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Dual-Tree Complex Wavelet Transform
Almost-Hilbert Transform pairs of wavelets

|a|(Ψ⊗Ψ)ab =
[
ψ
(
x−b1
a

)
+ iHψ

(
x−b1
a

)][
ψ
(y−b2

a

)
+ iHψ

(y−b2
a

)]
=
[
ψ
(
x−b1
a

)
ψ
(y−b2

a

)
−Hψ

(
x−b1
a

)
Hψ

(y−b2
a

)]
+ i
[
ψ
(y−b2

a

)
Hψ

(
x−b1
a

)
+ ψ

(
x−b1
a

)
Hψ

(y−b2
a

)]
<(Ψ⊗Ψ)ab =

1
|a|
[
ψ
(
x−b1
a

)
ψ
(y−b2

a

)
−Hψ

(
x−b1
a

)
Hψ

(y−b2
a

)]
=(Ψ⊗Ψ)ab =

1
|a|
[
ψ
(y−b2

a

)
Hψ

(
x−b1
a

)
+ ψ

(
x−b1
a

)
Hψ

(y−b2
a

)]
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Analysis of point singularities
delta distribution

Analysis away from 0
b 6= 0,

〈δ,<(Ψ⊗Ψ)ab〉 = 1
|a|
[
ψ
(
− b1

a

)
ψ
(
− b2

a

)
−Hψ

(
− b1

a

)
Hψ

(
− b2

a

)]
〈δ,=(Ψ⊗Ψ)ab〉 = 1

|a|
[
ψ
(
− b1

a

)
Hψ

(
− b2

a

)
+ ψ

(
− b2

a

)
Hψ

(
− b1

a

)]
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Analysis of point singularities
delta distribution

Analysis at 0

〈δ,<(Ψ⊗Ψ)a0〉 = 1
|a|
(
ψ(0)2 −Hψ(0)2

)
〈δ,=(Ψ⊗Ψ)a0〉 = 1

|a|ψ(0)Hψ(0)

Theorem
If either ψ(0) 6= 0, or Hψ(0) 6= 0,∣∣〈δ, (Ψ⊗Ψ)a0〉

∣∣ = O
(

1
|a|
)

^〈δ, (Ψ⊗Ψ)a0〉 = tan−1

(
ψ(0)Hψ(0)

ψ(0)2 −Hψ(0)2

)
,

(constant for all a)
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Analysis of point singularities
γs, 0 < s < 2

Analysis away from 0

〈γs,<(Ψ⊗Ψ)ab〉 =
a2−s

|a|

{∫∫
ψ
(
u− b1

a

)
ψ
(
v − b2

a

)
(u2 + v2)s/2

du dv

−
∫∫

Hψ
(
u− b1

a

)
Hψ

(
v − b2

a

)
(u2 + v2)2/s

du dv

}

〈γs,=(Ψ⊗Ψ)ab〉 =
a2−s

|a|

{∫∫
ψ
(
u− b1

a

)
Hψ

(
v − b2

a

)
(u2 + v2)s/2

du dv

+
∫∫

ψ
(
v − b2

a

)
Hψ

(
u− b1

a

)
(u2 + v2)s/2

du dv

}
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Analysis of point singularities
γs, 0 < s < 2

Analysis at 0

〈γs,<(Ψ⊗Ψ)a0〉 =
a2−s

|a|

∫∫
ψ(u)ψ(v)−Hψ(u)Hψ(v)

(u2 + v2)s/2
du dv

〈γs,=(Ψ⊗Ψ)a0〉 =
a2−s

|a|

∫∫
ψ(u)Hψ(v) + ψ(v)Hψ(u)

(u2 + v2)s/2
du dv

Theorem

∣∣〈γs, (Ψ⊗Ψ)a0〉
∣∣ = O

(
a2−s

|a|
)

^〈γs, (Ψ⊗Ψ)a0〉 = Cψ,s, constant for all a
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Analysis of line singularities
νθ, 0 ≤ θ < 2π

Analysis at a general location

〈νθ,<(Ψ⊗Ψ)ab〉 = sign(a)
{

∫
ψ
(

cos θu− b1
a

)
ψ
(

sin θu− b2
a

)
du

−
∫

Hψ
(

cos θu− b1
a

)
Hψ

(
sin θu− b2

a

)
du

}
〈νθ,=(Ψ⊗Ψ)ab〉 = sign(a)

{
∫
ψ
(

cos θu− b1
a

)
Hψ

(
sin θu− b2

a

)
du

−
∫
ψ
(

sin θu− b2
a

)
Hψ

(
cos θu− b1

a

)
du

}
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Analysis of line singularities
νθ, 0 ≤ θ < 2π

Analysis at the singularity

〈νθ,<(Ψ⊗Ψ)aλ(cos θ,sin θ)〉

= sign(a)
{∫

ψ(u cos θ)ψ(u sin θ) du−∫
Hψ(u cos θ)Hψ(u sin θ) du

}
〈νθ,=(Ψ⊗Ψ)aλ(cos θ,sin θ)〉

= sign(a)
{∫

ψ(u cos θ)Hψ(u sin θ) du−∫
ψ(u sin θ)Hψ(u cos θ) du

}
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Analysis of line singularities
νθ, 0 ≤ θ < 2π

Theorem

∣∣〈νθ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉
∣∣ = Cψ,θ, constant for all a

^〈νθ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉 = Cψ,θconstant for all a
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Summary

Magnitude Phase∣∣〈δ, (Ψ⊗Ψ)a0〉
∣∣ = O

(
1
|a|
)

^〈δ, (Ψ⊗Ψ)a0〉 = tan−1
(

ψ(0)Hψ(0)
ψ(0)2−Hψ(0)2

)
∣∣〈γs, (Ψ⊗Ψ)a0〉

∣∣ = O
(
a2−s

|a|
)

^〈γs, (Ψ⊗Ψ)a0〉 = Cψ,s∣∣〈νθ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉
∣∣ = Cψ,θ ^〈νθ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉 = Cψ,θ∣∣〈1θ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉
∣∣ = O(|a|) ^〈1θ, (Ψ⊗Ψ)aλ(cos θ,sin θ)〉 = Cψ,θ
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