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Tempered distributions modeling singularities

Point Singularities
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Tempered distributions modeling singularities

Line Singularities
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Tempered distributions modeling singularities

Corner Singularities

(Qo, f) = (Lolo, f) = (we, f) =
fwedge f(.I, y) dy dx f5{wedge} f(.T, y) dy dx
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Dual-Tree Complex Wavelet Transform

Almost-Hilbert Transform pairs of wavelets

o {¢,1} (scaling function, mother wavelet, 1D)
o {H¢p, Hy} does not give wavelets.
e Approx. H by H so that {H¢, Hiy} gives wavelets.

@ Build complex valued wavelets (1D):
¢ =¢+iHg, U =1 +iH1.
e Build complex valued wavelets (2D):

PRV, Yd, TRV, OV, TP TRU.
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Dual-Tree Complex Wavelet Transform

Almost-Hilbert Transform pairs of wavelets

o {¢,7¢} (scaling function, mother wavelet, 1D)
o {Ho, H1} does not give wavelets.
e Approx. H by H so that {H¢, Hiy} gives wavelets.

@ Build complex valued wavelets (1D):

®=¢+iHo, U =4+ iHY.
e Build complex valued wavelets (2D):

PRV, Yd, TRV, OV, TP TRU.
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Dual-Tree Complex Wavelet Transform

Almost-Hilbert Transform pairs of wavelets
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Dual-Tree Complex Wavelet Transform

Almost-Hilbert Transform pairs of wavelets
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Analysis of point singularities

delta distribution

Analysis away from O
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Analysis of point singularities

delta distribution

Analysis at 0

If either 1(0) # 0, or Hy(0) # 0,
(6, (T @ ©)ao)| = O ()

af

<6, (U @ U)go) = tan™? (

$(0)? — Hy(0)?

(constant for all a)

$(0)H(0) )
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Analysis of point singularities
Vs, 0 < 5 <2

Analysis away from O
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Analysis of point singularities
Vs, 0 < 5 <2

Analysis at 0

(75, R(¥ @ ¥)40) ’ // Plu u2 + v;p)(s/z) () du dv

P (u + ¢ (v) Hip(u)
(75, S(¥ @ U)4o) | | // u2+v2)3/2 du dv

Theorem

a275
‘(787 (\Il ® \Ij)a0>| = O(W)
<Us, (¥ @ W)qo) = Cy s, constant for all a
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Analysis of line singularities
1,0 <60 < 27

Analysis at a general location

Vo, R(T ® V)p) = sign(a){

/w ((cos fu — 2)4p (sin Bu — 2) du

_ /H¢(cos€u — D) Hp (sin Ou — ©2) du}
Vo, S(T ® V),p) = sign(a){

/w(cosﬁu— b Fop(sinfu — ) du

B by — b
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Analysis of line singularities
1,0 <60 < 27

Analysis at the singularity

<V95%(\Ij ® \P)a A(cos 6,sin 9)>

= sign(a {/1/) wcos 0)(usin @) du—

/qu)(ucosﬂ)Hw(usinQ) du}
<V97%(\I[ ® \P)a A(cos 6,sin 9)>

= sign(a {/w wcos @) H(usin @) du—

/@D(u sin @) H1)(u cos 6) du}
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Analysis of line singularities
1,0 <60 < 27

‘<IJ,9, (¥ ® \Ij)a/\(cosﬁ,sine)>‘ = Cy 9, constant for all a
<(vg, (¥ ® ‘I’)a,\(cose,sjn 9)> = Cy gconstant for all a
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Summary

Magnitude

(6, (¥ W),0)| = O

|<'757 (\I} ® “I})aD)‘ = O(

|<V97 (\Ij ® \Ij)a A(cosQ,sin9)>| = Cw,ﬂ

|<197 (\Ij ® \Ij)a /\(cosé),sine)>|

Phase
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A8, (0 @ W)a0) = tan~ (5P

)

Us, (¥ @ W)qo) = Cys
<<V9’ (\IJ & \Ij)a A(cosQ,sin9)> = C‘/’ﬂ

= O('“D <<107 (\II ® qj)ak(cos&,sinﬁ)) = Cw,G
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