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Hilbert Transform Pairs
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Hilber Pairs of Wavelets

Given two mother wavelets 1, 19: R — R, find necessary and
sufficient conditions so that o = Ha)y.

» If this is possible, find an example.

» If not, characterize “how close we can get” (and give an
example).




The Dual-Tree Complex Wavelet Transform

We are interested in approximants with the following pro-
perties:

» Fast algorithms
» Perfect Reconstruction
» Modeling geometric features

» Shift Invariance
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The Dual-Tree Complex Wavelet Transform

We are interested in approximants with the following pro-
perties:

» Fast algorithms }

» Perfect Reconstruction

Orthogonal real-valued
wavelets (MRA)

Complex valued wavelets
Y =u+iHu.

» Modeling geometric features }

» Shift Invariance




The Dual-Tree Complex Wavelet Transform

We are interested in approximants with the following pro-
perties:
» Fast algorithms
» Perfect Reconstruction Dual-Tree Complex
Wavelet Transform:

» Modeling geometric features | v=v+iHw.

» Shift Invariance
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Multiresolution Analysis
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Multiresolution Analysis
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Multiresolution Analysis
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Multiresolution Analysis

Lo(R) = Brez W

S VhcVicVpC Vo Caen )
o € Vo )

hp = <¢7 d’—l,n)

Slhal* =1 > hnhigok = Ok

H(z) = Zhnz’"
nez

H(2)H(1/z) + H(-2)H(-1/z) =2

mp(§) = Zhne_i”§
nez

[ma (€ + [mn (€ +m)* =1

e Wy

n = <7/17¢—1,n>

G(z) = Zgnz’"
nez

G = tH(- 1)

my(€) = 3 gne "

nez

my(€) = e~ Cmy,(§ — )




Multiresolution Analysis

S VhcVicVpC Vo Caen ) Ly(R) = @z Wn
¢ € W J e Wy
B(&) = mi(€/2)0(&/2) 6(&) =my(€/2)9(6/2)
hyp = <¢7 d’fl,n) n = <'4/17 ¢71,n>

SlhalP =1 | X huhusor = 0 gn = (=1)"hn 2

H(z) = Zhnz’" G(z) = Zgnz’"
nez nez
H(2)H(1/z) + H(-2)H(-1/z) =2 G(z):%ll(—%)

ma(€) =Y hne "¢ my(§) =Y gne "¢
nez ner

[mn (€)1 + [mn (€ + ) =1 my(€) = e~ my,(§ — )




The Phase Condition

Assume therg exists a 27-periodic function 6: R — R so that
mp, (€) = e ¥ Emy, (€).

> §a() = eI X NG, (g).

> g, (€) = e my, (€).

> Da(E) = ei{&(g/z—w)—zz‘;l9(&/2“1)}@1(5).

Therefore,

—isign(§) = ei{0(§/2—7r)—22°:2 0(5/2k)} implies 1o = Ha)y.

6(¢/2+m) = 0(6/2"") = = sign(©).
k=1

eg. 0(&)=¢/2for —m<E< .




Approximate Hilbert Transform Pairs

The Phase condition is equivalent to a “half-sample delay”:

2) _ (1)
h%) - hn-l—l/?'

Design approximate Hilbert transform pairs, by making error
function small near £ = 0:

E() = Mhy, (26) - eiiémhl (26).

Equivalently, near z =1,




The Design Problem

Construct shortest FIR filters my,, my,, with specified number
of zero moments K, Ko; and my,, (€) ~ e /%my, (€).




The Design Problem

Construct shortest FIR filters my,, my,, with specified number
of zero moments K, Ko; and my,, (€) ~ e /%my, (€).

» The CoCoA Method
» The “Flat-Delay Allpass Filter” Method.




Computational Commutative Algebra (CoCoA)

o = Z h%l)hq(zl}r% | N1/2] conditions
o = Z hg_% | N2/2| conditions
Hy(2) = Q(z)(1+ 1) K, conditions
Hy(2) =Q(2)(1+ %)KZ K conditions
Hy(2%) — 1Hi(2) = Q(2)(1 - %)L L conditions




Computational Commutative Algebra (CoCoA)

» Each condition gives a polynomial
PE € @[XO,...,XNl,YO,.. . 7YN2]-

» Find Grobner basis of I = (pl, ... ,ps) C Q[X,Y]

with Lex order.
(s = |N1/2| + | N2/2| + K1 + Ko +L)

» From Grobner basis, easier to choose a set of solutions.




Computational Commutative Algebra (CoCoA)

CoCoa 3.7

by L. Robbiono, A. Copani, G. Miesi,
J. Abbott, 4. Bigatti, M. Caboora,
M. Kreuzer, D. Perkinson

online help @ twpe "Man( )"
release notes : type "RelMotes();"

— Current ring is R = Q[tx,¥,z]

Use S::=0[obcdefgh], Lex;
s=ldeal{oi2+bh oot ZedhZ-1, ehZefrZeghzehh2-1, acebd, eg+fh, osbeced-e-f-g-hi;

BME o+ FAZ 4 M2 4 M2 -

B[4]3
be ~bd + o2 + od - ce - cf - cg - ch

+ 2bg + 2bh - 2d*2 + 2de + 2df + 2dg + 2dh - 2ef - Zeh - 2fg - 2gh

B[&];
efh - f42g - g*3 - ghtZ

B[7];
2bd*2 - bde - bdf - bdg - bdh - ©*3 - c2d + chZe + 02T + 0420 + o*Zh - cdZ + cde + cdf + cdd + cdh - cef - ceh -
ofg - cgh + @3 - dhZe - dh3f - dhZg - dA2h + def + deh + dfg + dgh




Flat-Delay Allpass Filter

Ni=Ns, K1 = K»

Design filters with z-transforms H; and Hs satisfying

Hi(z) = F(2)D(z), Hy(z) = F(2)2 ED(2).




Flat-Delay Allpass Filter

Ny = No, K1 = K>

Design filters with z-transforms H; and Hs satisfying

Hi(z) = F(2)D(z), Hy(z) = F(2)2 ED(2).

» D is chosen to achieve the (approximate) half-sample delay.

» F'is chosen to achieve the “vanishing moments” condition.




Flat-Delay Allpass Filter

N1 = Noy, Ki = Ko
Design of D:
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Flat-Delay Allpass Filter

N1 =Nz, K1 = Ko

Design of D:
VL) (- L+n)
G+D-(G+n+1)

Design of F":
F(z)=Q(2)(1+ %)K

Design of @:  » Generate (r,) symmetric, minimal length
such that

R(z)(z+2+ é)KD(Z)D(l/Z) is halfband.
> () is a spectral factor of R:

R(z) = Q(2)Q(1/z).
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