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Two stochastic elliptic models

Model l: r  ((E[a](xX)+ (X! ))r u)="f
(x;! ) is a colored noise with a known correlation
function.

Model Il: r  ((E[a](x)+ W.(x;!)) r u)=f
W (x;! ) is spatial white noise oh,(D).
" indicates the Wick product corresponding to
1t6-Skorokhod integral.
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Outline

A brief overview of numerical methods for Model |
Karhunen-Loeve expansion of the noise.
Polynomial chaos methods and variants.

A stochastic nite element method for Model Il
Spectral expansion of the white noise.
Weighted Wiener chaos space.
A stochastic FEM method.

A simple comparison between Model | and Il.
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Karhunen-Loeve expansion of the colored noise

Let (X;! ) be asecond-orderandom process with zero mean and unit
variance, i.e.E[ ](x) =0; E[ ?](x) = 1. If the correlation function
R(x;y)= E[ (X;!) (y;!)] s known, the noise can be expressed as

ps .
(x;1)= P ihi(X) |
=1
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Karhunen-Loeve expansion of the colored noise

Let (X;! ) be asecond-orderandom process with zero mean and unit
variance, i.e.E[ ](x) =0; E[ ?](x) = 1. If the correlation function
R(x;y)= E[ (X;!) (y;!)] s known, the noise can be expressed as

S _
(1) = P hi (X) |
i=1
f(IO “iyhi(x))gl, are eigen-pairs dR(x;y), where
Z Z
RO y)hi(y)dy = ihi(x); hi (xX)hj (x)dx = :

D D
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Karhunen-Loeve expansion of the colored noise

Let (X;! ) be asecond-orderandom process with zero mean and unit
variance, i.e.E[ ](x) =0; E[ ?](x) = 1. If the correlation function
R(x;y)= E[ (X;!) (y;!)] s known, the noise can be expressed as

S _
(1) = P hi (X) |
i=1
f(p “iyhi(x))gl, are eigen-pairs dR(x;y), where
Z Z
] RO y)hi(y)dy = ihi(x); ] hi (xX)hj (x)dx = :

f igis a set oimutually uncorrelatedandom variables with zero
mean and unit variance.

The convergence of K-L expansion is optimal in thesense.
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Approximate the problem using a series of random variables

8
S o (a(x;!)ru(x;!)) = f(x)onD;
u(x;!')=0 on@D:
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Approximate the problem using a series of random variables

8
S o (a(x;!)ru(x;!)) = f(x)onD;
u(x;!')=0 on@D:
8
S 1 (am(x; )ru(x; )) = f(x)onD;
u(x; )=0 on@D:

a0 )= BRI+ M P i)

=( 1;::7; m),and indicates the degree of perturbation.
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Approximate the problem using a series of random variables

8
S o (a(x;!)ru(x;!)) = f(x)onD;
u(x;!')=0 on@D:
8
S 1 (am(x; )ru(x; )) = f(x)onD;
u(x; )=0 on@D:

a0 )= BRI+ M P i)

=( 1;::7; m),and indicates the degree of perturbation.

Need to approximate the random functiofx; ) ef ciently!
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(Generalized) polynomial chaos (gPC)

POlynomiaI ChaOS\'Niener, 38; Cameron and Martin, 47]
Let C be the space of continuous functions induced by the
Wiener processW,;;0<t< 1g. If F is a functional oL ,(C),
i.e.,E[F?] < 1 , then the Fourier-Hermite expansion
X X Y Z
F= f ()=t H;,(j); ;= b)dw,
j j=0 ji=0 =1 °

converges in thé,(C) sense, where; 2 Ng, | | = ilzl i

fhb(t)gis a complete orthonormal set of real functions in
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(Generalized) polynomial chaos (gPC) - cont'd.

Generalized polynomial chagi and Karniadakis, 02]

N ,/>4 ;M«
u(x; )= u () ()F u (X)) “jz1 i (i)

J 1=0 j 1=0

P
m 2Ny, 2RMjj=" "1 i
W ; areindependentE| ] = w.r.t. the PDH ( )

m Correspondence between PDF and classical orthogonal

polynomials:uniform - Legendre; Gaussian -Hermjiggc.

W L, completeness of orthogonal polynomials.
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Apply gPC to the stochastic elliptic problem

L(x;u; )= f(x)

w Galerkin projection:
P

™ PC expansionsi =

W ResidualR( )= L(x;P ]P iU ) fx).

™ Deterministicsystemaf : [E R() () =0; jj=0;::::p:

. (M + p)!
W # of .(Mﬁpp!)
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Apply gPC to the stochastic elliptic problem

L(x;u; )= f(x)

Galerkin projection:

P
™ PC expansionsi =

W Residual:R( )= L(X;P Jp o U ) f(x).

™ Deterministicsystemai : |[E R() () =0; j j=0;:::;p:

. (M +p)!
W # of .(Mﬁpp!)

Collocation projection:

M Interpolation operatorf )g;\':gl : a set of grid points in the parametric space.

W Deterministic system on grid points:L (x;u; U))= f(x):

M Choices off () g: full tensor-products of Gauss quadrature poirts(N M ), sparse

grids -O(N log(N)M 1)
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Comments on (generalized) polynomial chaos

» Advantages of gPC.:

Fast convergence due to spectral expansion.
Ef ciency due to orthogonality.
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Comments on (generalized) polynomial chaos

Advantages of gPC.:

Fast convergence due to spectral expansion.

Ef ciency due to orthogonality.

Disadvantages of gPC.:

Ef cency decreases as the number of random dimensions
Increases.

Inef cient for problems with low regularity in the parametr
space.

May diverge for long-time integrations.
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Variants of the polynomial chaos method

Choices of global approximation bases.
W Sparse polynomial chaos basgshwab et al., Webster et al.]

Vi={f,

al£ p}
I — 5 dim(v.)<dim({v)

V,:={f,| a £ b}
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Variants of the polynomial chaos method

Choices of global approximation bases.
Sparse polynomial chaos baspshwab et al., Webster et al.]

Vi={f,

al£ ) f
1 — dim{v,)<dim(v) :

V,:={f,| a £ b}

Choices of local approximation bases 2
Piecewise nite element spacmabuska et al.]
Wavelets approximatiorLe Maitre et al.]

Adaptive multi-element gPQwan and Karniadakis]
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Strong ellipticity and Model |

P _
Strong ellipticity:ay = E[a](x)+ M, P hi(x) i >c> Oa.s.

10° 10° 10" 10° 10"
Correlation length

AsM !'1 | strong ellipticity condition may fall.
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Outline

A brief overview of numerical methods for Model |
Karhunen-Loeve expansion of the noise.
Polynomial chaos methods and variants.

A stochastic nite element method for Model |l
Spectral expansion of the white noise.
Weighted Wiener chaos space.
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Stochastic elliptic PDE - Model Il (white noise

8

S Au+| (Mu)| = f(x) onD;

' ux) = 0 on@D:
Au(x) =  Di(a (x)Dju(x))

(Mu) = Ito-Skorokhod integral oM u
Mu(x) = Di( j (x)Dju(x))

Note: M can be an operator up to order two.
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White noise on a real separable Hilbert spacé)

Given a complete orthonormal basisyg;._, in U and a zero-mean
Gaussian familyM = f\W.(h); h 2 Ug such that

E[M (h1)W (h2)] = (h1;h2)u;  8hirhe 2U;

the formal series “

W = VAL (Wi ) Wi
k=1

IS called(Gaussian) white noisen U.
Note: Due to the fact thawi;wj) = j , W (wx) N (0O;1).

P
Spectral expansion &: W =, wi(X) «x, k N (0;1).
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Weighted Wiener-chaos space

® De ne alinear bounded operat&® onL>(F=( ;F;P)):

RH =rH: R =r H: 0<r <CC:
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Weighted Wiener-chaos space

De ne a linear bounded operat& onLo(F=( ;F;P)):
RH =rH; R =r; 0o<r <cC:

RL2(F; X): the closure ot »(F; X ) with respect to the norm

X
Kf KR L, (rxy = KRTKE ryy = kF kg Ir?;
2J

P
where the chaos expansionfotakes the fornt = jljzof H .
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Weighted Wiener-chaos space

De ne a linear bounded operat& onLo(F=( ;F;P)):
RH =rH; R =r; 0o<r <cC:

RL2(F; X): the closure ot »(F; X ) with respect to the norm

X
Kf KR L, (rxy = KRTKE ryy = kF kg Ir?;
2J

P
where the chaos expansionfotakes the fornt = jljzof H .

Givenf 2R Lo(F;X)andg2 R *Ls(F;X), we de ne a scalar
Inner product as

hi; gii = E[(Rf; R g)x]:
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Wick product and It0-Skorokhod integral

™ Wick product with respect to Hermite polynomiads ( ):
"H () H()=H.+ () 8, 2Nj

Industrial Mathematics Institute, Department of MathdogtUniversity of South Carolina, 04/02/2008 — p. 16



Wick product and It0-Skorokhod integral

™ Wick product with respect to Hermite polynomiads ( ):
mH () H()=H.+ () 8 2N}
WEH HIJ]=EH.: ]=14+ —; EHH]=
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Wick product and It0-Skorokhod integral

Wick product with respect to Hermite polynomiads ( ):
"H () H()=H.+ () 8, 2Nj
WEH HIJ]=EH.: ]=14+ —; EHH]=

Wick product and It6-Skorokhod integrabn example
Z Z

f dW; = f AL
[0;T] [0;T]

whereW; is a one-dimensional Wiener process.
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Wick product and It0-Skorokhod integral

Wick product with respect to Hermite polynomiads ( ):
"H () H()=H.+ () 8, 2Nj
WEH HIJ]=EH.: ]=14+ —; EHH]=

Wick product and It6-Skorokhod integrabn example
Z Z

f dW; = f AL
[0;T] [0;T]

whereW; is a one-dimensional Wiener process.

1t6-Skorokhod integral oM u:
X

(Mu) = Mu W := MU g;
k 1
whereM xu(x) := wi(X)Di( jj (X)Dju(x)).
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Stochastic elliptic PDE - Model Il (white noise

8
S Au+ (Mu) = f(x) onD;
: ux) = 0 on@D;
P, P
W(X)= 21 Wk(X) k; (Mu)= Mu W:= |, ;Myu

Au(x):= Di(aj (xX)Dju(x)); Mgu(x):= w(x)Di( jj (x)Dju(x))
Assumption:

aj (x) and jj (x) are measurable and boundedin

A1jYi?  ajVviy; Azjyj%8x 2 D;y 2 RY, whereA; andA; are
positive numbers.

W IS bounded and Lipschitz continuous.
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Model Il is unbiased

X X X
u= uH ) E[] (Mu)]= Mu E[H k] =0

2NN k 1 2Nj
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Model Il is unbiased

X X X
u= UH ) E[(Mu)]= Mwu E[H ]=0

2N} k 1 2Nj

E[Au+ (Mu)] = EJ[f]

AE[u] = E[f]

Mean of the Stochastic PDE is the unperturbed determintdDe.

Industrial Mathematics Institute, Department of MathdogtUniversity of South Carolina, 04/02/2008 — p. 18



A variational approach

Function spaces:

V := RLo(F;H3(D)) ¥V = R Ly(F;H3D)):

Bilinear form:

B (u;v)= hlAu;vii + hiMu W, vii .

Linear form:

L (v) = hi;vii:

Find a solutioru 2 V satisfying the weak form:
B(u;v)=L (v); 8v2V:
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Uncertainty propagator

Let
Py

u(x; )= uh();
j j=0
whereh ( ) arenormalizedHermite polynomials.

The Galerkin projection in probability space yieldsicertainty
propagatoras
X p__
Au + kM U
k 1

=

®m The ellipticity of A guarantees the wellposedness.
™ u only depends on coef cients<
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Equivalence between the model problem and its propagator

Theorem. There exist a unique solutian2 R L(F; H3(D)), if the
operatorR is de ned by the weights as

Vi

_ g . - _ -
r = — ,  with = ,
217 7 R
where the numbegy are chosen so that
X
k?2CZ < 1.
k 1
KA M vk 1 (p) Ckkvky1p)y;  8v 2 Hg(D):
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Continuity of A M

jwe(x)j  CYandjwg(x) wi(y)i Crix yj;8x;y 2 D:

Alkvkﬁll(m (AY;0) = (M V; )
0 P P
= 5 ] (WkDi( i DJV),O) — i ( ] DJV1 DI(WKO))
= i [( §Djv;0Diwg) + ( j Djv; W D;¥)]
maxij i [Cic kvky 10y kOki,0) + C'kvky 1oy kK (0)]
maxij ij (C Cp + C)kvky1(p)kOKy 1(p);
Thus,
kOkpip) = KA *Mivkyipy maxij j (CcCp+ Cf)=Arkvkya(p)3

whereC, is the Poincaré constant .
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A stochastic FEM method

Vi,  Hg(D): nite element space for the physical discretization.

Truncated Wiener chaos space:

X
Ve = ff = f hijf 2R;kfkg ) < 19
2Ny i Jop
The dual space df..:
X
V. 1= ff = f hijf 2R kfks 1,m < 10
2Ny ;i 0P

Find a solutioma";p 2 Vi, V. such that

. P .
heA u™P;vii + hh L Myu™  ovii = hhsvii; 8v2 v, V. &
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Convergence of the stochastic FEM

Theorem. Assume thatjj ; j ; wx have proper regularity and
U2RLy(F;H)\R Ly(F;H™*1(D)). The approximation solution\
given by the stochastic nite element method can be bounded a

M’ p+1 ]
ku Uh kaLz(F;H) C( hmkUkRLz(F;Hm+1 (D)) + :?W_q + ?_ q >’

where the constar@® is independent di.
P 222 P 222
w = om KCigeandg= | k°Cige < L.
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Convergence of the stochastic FEM

Theorem. Assume thatjj ; j ; wx have proper regularity and
U2RLy(F;H)\R Ly(F;H™*1(D)). The approximation solution\
given by the stochastic nite element method can be bounded a

ku

where the constar€® is independent

P
qW:

M:p
Up " KrL,(FH)

p+1
C( hmkukRngF;Hmﬂ (D)) + :?W—q + (1 3 >’

P
om KCéofand@t= | (k°Cigg < 1.

Error from the nite element discretization int the phydispace.
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Convergence of the stochastic FEM

Theorem. Assume thatjj ; j ; wx have proper regularity and
U2RLy(F;H)\R Ly(F;H™*1(D)). The approximation solution\
given by the stochastic nite element method can be bounded a

ku

where the constalg(t IS Independent dt.
0w = .y K°CZgf andq=

M:p
Up " KrL,(FH)

p+1
C( hmkUkRLz(F;Hm+1 (D)) + :?Wq + ?_ q )1

Error from the truFr)mation In approximation of white noise:

Q\N:

oy K2Cege asM 11
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Convergence of the stochastic FEM

Theorem. Assume thatjj ; j ; wx have proper regularity and
U2RLy(F;H)\R Ly(F;H™*1(D)). The approximation solution\
given by the stochastic nite element method can be bounded a

M’ p+1 ]
ku Uh kaLz(F;H) C( hmkUkRLz(F;Hm+1 (D)) + :?W_q + ?_ q >’

where the constalg(t IS Independent dt. 5
Ow = om K°Ciggandg=

k2 2 ~2

Error from the truncation of Wiener-chaos expansion:
spectral convergence with respect to the weighted norm.
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An numerical example

8
S [(E[AI(x)+ W) r u(x;!)]= f(x);x 2 D;
u(x;!')=0;x 2 @D;

D=(0:;1)%E[al(x)=1, =1,andf(x)=1.
Orthonormal basis oh»(D):

I, m=n=0

Wi (X) = 2sinlmx ); n=0

VW AR 00

IOisin(ny ); m=0
2sin(mx )sin(ny ); m;n =1;2;:::;1:

Mu=r  (we(x)r u)and continuity ofA M :

8
5 1. m=n=Q
Ck = maxwy (x) ék:g pi; mn =0:m+ n> O;

2: otherwise
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Convergence of approximation of white noise

Weightsr
_ q
- 2T
V
q = 0 ¢
k=1
1
qk —
(k + 1) kCy

0.45

0.4r

0.351

Weighted Norm

0.3}

0.25
0

WeightedL > norm of approximate white noise.
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p-convergence of the approximate solution

Error

0 1 2 3 4
p
Spectral convergence bﬂa";p KRL,(FHE(D) - M =21.
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Generalization of Model Il

It0-Skorokhod integral: (Mu)= Mu W

Convolution with respecttg2 R L,(F; X)) :

X
Mu g= Mu gH

2N
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Comparison between Wick and ordinary products

LK) & =1

u(0)=0; u(l)=0:

" "indicates Wick product " or ordinary product .
2

K(x)=e° 2N (0; 1), cis constant.

E[K]=1,VafK]=e® 1.

Industrial Mathematics Institute, Department of MathdogtUniversity of South Carolina, 04/02/2008 — p. 29



Wellposedness of the 1D models

xP
u(x) = ui (x)hi( )
1=0
- |
< )
Do EIK Ij]dxz = ;8 =0;:::;p
' PO EIK D) j1%u = ;8 =0;:::;p

E[K i j]Is symmetric and nonnegative-de nite.

E[(K ) j]islower-triangular wittE[(K i) i] =1, which
means thatl; only depends om; with | <1 .

Both systems are wellposed.
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Comparison between coef cients of Wiener chaos expansions

o U, with EK] 5 U, with EK]
0.3r u, 1 0.3r u,
_ _ _u _ _ _u
0.25¢ 3 . 0.25¢ 3
''''' u6 T u6
0.2t 0.2t
0.15¢ >~ 0.15
0.1 0.1
0.05r 0.05r
Ot Ot
-0.05 : : : : -0.05
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
X X
Ordinary product Wick product
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Comparison between variances

10 T T T T
Ordinary product
. — — — Wick product
10" +
10* |

Variance
H
o
N

Variance versus perturbationyxat= 0 :5.
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Summary

A brief overview of polynomial chaos methods for elliptic
PDEs perturbed by colored noise.

Karhunen-Loeve expansion of colored noise.

Adaptive polynomial chaos methods.
A stochastic FE method for elliptic PDEs perturbed by spatia
white noise.

1t6-Skorokhod integral - convolution with respect to white
noise through the wick product.

Weighted Wiener chaos space
p-convergence under the weighted norm
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