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Climate Model - NCAR CAM

National Center for Atmospheric Research (NCAR)
Community Atmosphere Model (CAM)

general prediction equation for a generic variable Ã

@Ã
@t

+ D(Ã; t) = P(Ã)

Ã – represents prognostic variables such as temperature
or horizontal wind component

D – dynamical core component

P – physical parameterization suite
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Climate Physics - credit to Andr ewGettelman,NCAR
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1. Low Clouds over the ocean: 
Reflect Sunlight (cool)  : Dominant Effect
Trap heat (warm)

More Clouds=Cooling Fewer Clouds=Warming
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2. High Clouds: 
Dominant effect is that they Trap heat (warm)

More Clouds=Warming Fewer Clouds=Cooling
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Climate Model - NCAR CAM

general prediction equation for a generic variable Ã

@Ã
@t

+ D(Ã; t) = P(Ã)

P = f M ; R; S; Tg – physical parameterization of
precipitation (Moist), clouds and Radiation, Surface model,
Turbulent mixing; calculated using a multivariate vector
function f (x) : IR220 ! IR33

x – dependent variable representing a vertical column of
25 to 70 levels (26 for NCAR CAM) on a (coarse) spherical
grid
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High Dimensions– Climate Modelling

�nd f : R220 ! R33

approximation problem: derive the value y = f (x) at
any query point x using the values yj at » 105

training data points xj

�nd a procedure which is fast and reliable

on-line algorithm – include the possibility of
improvement of the approximation by adding more
training points in the process
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Curseof Dimensionality

no chance of good approximation, if the distribution
½ of the points of interest has full dimensionality

how to �nd an approximation which is good in the
regions of concentration of ½ using only the
information received from the point cloud

Learning Problem: approximation with respect to a
norm generated by the unknown probability measure ½

how to de�ne/calculate the approximation
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Typical AdaptiveAlgorithm

We want to �nd a partitioning of X by subdividing the
domain into cells (hypercubes, simplices, etc.)

for each cell de�ne control parameters
(error of approximation, number of points, etc.);

split/merge conditions to determine the local depth of
resolution;

assign values based on the data,
or (if the information is not suf�cient) indirectly to
preserve some properties (e.g. monotonicity);

�nd the balance between the resources (memory, time)
and the precision.
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Linear vs Nonlinear Appr oximation

Linear Appr oximation SN :=

8
<

:
s :

s - piece wise constant, N pieces,

breakpoints
©

k
N

ª N

k=0

9
=

;

0 1
N

2
N : : : N ¡ 1

N 1

Nonlinear Appr oximation § N :=

8
<

:
s :

s - piece wise constant, N pieces,

arbitrary breakpoints f xk gN ¡ 1
k=1

9
=

;

0 x1 x2 : : : xN ¡ 1 1
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Adaptive Appr oximations ! Trees

Dyadic Partition : I =
£k

2j ; k+1
2j

¤
Associated Tree

0 1
4

3
8

1
2 1

[1/2,1] [0,1/2] 

[0,1] 

[0,1/4] [1/4,1/2] 

[3/8,1/2] [1/4,3/8] 

[5/16,3/8] [1/4,5/16] 

[11/32,3/8] [5/16,11/32] 
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Example: Interpolation of a Point Cloud

... or should we relate the complexity of the partition
with the degrees of freedom?

Given an adaptive par tition procedure for the domain X �nd a
piece wise linear contin uous interpolant to an (arbitrar y) collection
of m points from X .

on the line – requires · Cm intervals, where
C depends on the distribution of the points

for X ½ IRd – needs a partition with number of cells
exponential in d ... but often md << 2d

To reduce the diameter of a cell twice we have to introduce 2d descendants!
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What is a function?

... for any x 2 X it gives a value y = ~f (x)

Find a procedure ~f (x) (based on point cloud data)
with the following properties:

uses limited amount of precomputed quantities

preprocessing step requires reasonable amount of time
and other resources (memory, processing units, etc.)

allows streaming data acquisition without signi�cant
effect on the performance

fast computations for each query x

good error/reliability estimates
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What weneed?

optimal balance between approximation error, reliability,
and complexity

distribute the parameters wisely – nonlinear
approximation – adaptivity

the algorithm should be able to work without any a priori
knowledge of the underlying probability distribution
– distribution free

theoretical estimates that guarantee the performance

on-line processing – new data does not require
starting computation anew (as for RBF and NN)
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Trees

T – a tree with leaf nodes L (T)

proper tree T : L (T) ! partition ¤

local errors e¢ at nodes nodes ¢ 2 T

total error E¤ := E(T) =
X

¢ 2L (T )

e¢ ! Bias

e¢ (Z ) – statistical estimate for the local error

thresholds v¢ such that je¢ ¡ e¢ (Z )j < v¢
with high probability

V¤ :=
X

¢ 2L (T )

v¢ ! Variance
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Tree for a Partition
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Occupanc y Tree
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Sparse Occupanc y Tree
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SparseOccupancyTrees

Special indexing of the objects that allows fast access and
cross level communications in multiresolutional settings
(applications include very high dimensional problems > 100)

adaptive space partition that keeps the information at
the level of detail (just) necessary for the problem to be
solved;

key-words: one letter for each level to show the position
inside of the parent cell on that level;

complexity is limited by the number of points;

the memory is limited by the number of occupied cells
at the �nest level;

if required, only a small part of the point cloud can be
kept in the fast memory.
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Hypercubes– piecewiseconstantapproximation

re�nement: subdivide each cube into 2d subcubes

use a sparse occupancy tree

store the data points in a special order – the points in
each occupied cube form an interval in the list

for any given x the approximation of f (x) is the
average of the data values from the smallest occupied
cube which contains the point

very fast method – takes minutes on a desktop PC to
process the data

in the TREE ALGORITHM #¤ stands for the number of
occupied cubes in the current partition
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Hypercubes– problems

the accuracy is not very high

the approximation depends heavily on the partition

for more than half of the test points the corresponding
occupied cube is the root of the tree

improve the approximation using information for
neighbors: equivalent to a problem believed to be NP hard
par tial solution: use only neighbors from the parent cube

improve the approximation using random rotations and
translations of the grid and then average the results:
similar to Random Forest T M – too slow
par tial solution: combine the results using weights
depending on the local reliability of each particular
approximation
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Hypercubes– algorithms

for each query point �nd the smallest occupied
hypercube that contains it and calculate the average
value for the training points in that hypercube;

create several runs by shifting the coordinate system
for X and combine adaptively the results;

reorder the x-coordinates by their importance (based
on the correlation coef�cients) and then create a binary
tree (by split the hypercubes into hyperrectangles one
dimension at a time);

variations of the above without reordering of the
x-coordinates but counting the proximity of the occupied
subcubes of the smallest occupied cube of the query to
its (unoccupied) subcube;
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Hypercubes– error distrib ution

The results from several runs in which the x-coordinates are shifted are combined using the

average value at the training points in closest nonempty neighborhood of the query point to

estimate the value at it. the histograms show the distribution of the size of the error at the

points for a single run, for 17 prescribed shifts and for 400 random shifts, respectively:

The counts for the �rst ten bins for a single run, 17 shifts, and 400 shifts, respectively:

7082 4342 8073 12615 12078 10568 9621 8061 6017 4371

11269 7869 8750 10970 10465 9340 8794 7203 5526 4205

17684 13647 10108 10366 9429 8110 7048 5730 4114 2936
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The Problemof Neighbors

Neighborhood Problem. Given a set V ½ ZZ d of d dimensional
integer points and query point w 2 ZZ d, �nd the set
N (w) := (w + [¡ 1; 1]d) \ V.

There are several possible algorithmic approaches to solve this problem.
One can try to solve it exactly which in its full generality eventually would
require either ­( N ) time for a single query or 2­( d) of space at the
preprocessing step (i.e it is NP-hard). It is shown that the problem of
�nding a 3-approximate nearest neighbor (a slightly easier problem than
the one above) would have solved the following problem for which there
are some hardness results:

Subset Query Problem. Given N sets S1; :::;SN such that
Si ½ S := f 1; :::; dg, devise a data structure which for every
query set Q ½ S, does the following: if there exists Si such
that Si ½ Q then return Si , else return NO.
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Other Problems

What model to use for the error? – �nd meaningful
criteria

How to embed this framework in a learning context
using statistical uncertainties?

How to generate higher order approximation?
– requires neighborhood information –
too many neighboring cubes with high tree distance

Improve the proximity relevance of the approximation by
using Sparse Occupancy Trees on Simplices – introduce
second layer of connectivity via simple x $ ver tex links
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Simplices– piecewiselinear approximation

re�nement: oldest (“longest” in 3D) edge bisection

sparse occupancy binary tree with depth
dj log" j where " is the precision of the data

S – set of occupied simplices; Sk simplices from
S at level k or higher

V – vertices of the simplices from S

values from V produce piecewise linear function
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Simplices– approximation scheme

Nk(v) = f xi 2 X \ S : v 2 S 2 Skg –
neighborhood of a vertex v which appears on or
before level k

f k(v) :=

8
<

:
average of yi for xi 2 Nk(v)

f k¡ 1(v) if Nk(v) is empty

f 0 is the average of all data values

f k is linear inside the simplices from Sk

effective computation of f n(x) – uses the values at
just n + d vertices of the simplices containing x
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Simplices– algorithm

each simplex has an identi�er consisting of
dj log" j bits and is found by twice that many operations

the (a total of at most 2m) occupied simplices are
sorted by their identi�er

there are a total of at most d(m + 1) vertices of
occupied simplices

except of the starting d + 1 vertices, each new vertex
is created as a midpoint of an edge – it can be identi�ed
by the two end vertices of the edge

vertex identi�er consists of 2log(dm) bits

all the computations of aggregated values at the vertices could be
performed in a need-to-know basis, if there is not enough storage
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