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Abstract. For the unit disc D in C, the harmonic Hardy spaces Hp, 1 ≤ p <

∞, are defined as the set of harmonic functions h on D satisfying

‖h‖p
p = sup

0<r<1

1

2π

Z 2π

0
|h(reiθ)|pdθ < ∞.

The classical Littlewood-Paley inequalities for harmonic functions [5] in D are
as follows: Let h be harmonic on D. Then there exist positive constants C1, C2,

independent of h, such that

(a) for 1 < p ≤ 2,

(0.1) ‖h‖p
p ≤ C1

»
|h(0)|p +

ZZ
D
(1− |z|)p−1|∇h(z)|pdx dy

–
.

For analytic functions inequality (0.1) is valid for all p, 0 < p ≤ 2 ([4]).

(b) For p ≥ 2, if h ∈ Hp, then

(0.2)

ZZ
D
(1− |z|)p−1|∇h(z)|pdx dy ≤ C2‖h‖p

p.

In the paper we consider extensions of these inequalities to Hardy-type

spaces of harmonic functions on domains Ω ( Rn, n ≥ 2. For 1 ≤ p <

∞, Hp denotes the set of harmonic functions h on Ω for which |h|p has a
harmonic majorant on Ω. A suitable norm on Hp can be defined by Np(h) =

(H|h|p (to))1/p, where H|h|p is the least harmonic majorant of |h|p and to is

a fixed point in Ω. It is proved that the analogues of (0.1) and (0.2) are

valid on those domains Ω in Rn for which the Green’s function G satisfies
G(to, x) ≈ δ(x) for all x ∈ Ω \ B(to, 1

2
δ(to)), where δ(x) denotes the distance

from x to the boundary of Ω. We also prove a generalization of the Littlewood-

Paley inequalities for bounded Lipschitz domains, as well as a generalization

of inequality (0.1) valid for all p, 0 < p ≤ 1, for the case where Ω is a bounded
domain with C1,1 boundary.
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spaces of harmonic functions on domains in Rn has been published in Advanced Studioes in
Pure Mathematics 44 (2006), 363–376.
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2 M. STOLL

1. Introduction

For the unit disc D in C, the harmonic Hardy spaces Hp, 1 ≤ p < ∞, are
defined as the set of harmonic functions h on D satisfying

‖h‖p
p = sup

0<r<1

1
2π

∫ 2π

0

|h(reiθ)|pdθ <∞.

The classical Littlewood-Paley inequalities for harmonic functions [5] in D are as
follows: Let h be harmonic on D. Then there exist positive constants C1, C2,
independent of h, such that
(a) for 1 < p ≤ 2,

(1.1) ‖h‖p
p ≤ C1

[
|h(0)|p +

∫∫
D
(1− |z|)p−1|∇h(z)|pdx dy

]
.

For analytic functions inequality (1.1) is valid for all p, 0 < p ≤ 2 [4].
(b) For p ≥ 2, if h ∈ Hp, then

(1.2)
∫∫

D
(1− |z|)p−1|∇h(z)|pdx dy ≤ C2‖h‖p

p.

In 1956 T. M. Flett [4] proved that for analytic functions inequality (1.1) is
valid for all p, 0 < p ≤ 2. Hence if u = Reh, h analytic, then since |∇u| = |h′| it
immediately follows that inequality (1.1) also holds for harmonic functions in D for
all p, 0 < p ≤ 2. A short proof of the Littlewood-Paley inequalities for harmonic
functions in D valid for all p, 0 < p < ∞ has also been given recently by Pavlović
in [8]. The Littlewood-Paley inequalities are also known to be valid for harmonic
functions in the unit ball in Rn. In fact Stević [11] has recently proved that for
n ≥ 3, inequality (1.1) is valid for all p ∈ [n−2

n−1 , 1].
In the paper we extend the Littlewood-Paley inequalities to harmonic functions

on domains Ω ( Rn, n ≥ 2, with Green function G satisfying the following con-
ditions: For fixed to ∈ Ω, there exist constants C1 and C2, depending only on to,
such that

C1δ(x) ≤ G(to, x) for all x ∈ Ω, and(1.3)

G(t0, x) ≤ C2δ(x) for all x ∈ Ω \B(to, 1
2δ(to)),(1.4)

where δ(x) denotes the distance from x to the boundary of Ω.2

Let Ω be an arbitrary domain in Rn, n ≥ 2. As in [10], for 1 ≤ p < ∞, we
denote by Hp(Ω) the set of harmonic functions h on Ω for which |h|p has a harmonic
majorant on Ω. For h ∈ Hp we denote the least harmonic majorant of |h|p by H|h|p ,
and for fixed to ∈ Ω we set

(1.5) Np(h) =
(
H|h|p(to)

)1/p

Then Np is a norm on Hp. It is known that this norm is equal to

lim
n→∞

(∫
∂Ωn

|h(t)|pdωto
n (t)

)1/p

,

2If the boundary of Ω is C2 or C1,1, then the inequalities can be established by comparing

the Green function G to the Green function of balls that are internally and externally tangent to
the boundary of Ω. By the results of Widman [15], the inequalities are also valid for domains

with C1,α or Liapunov-Dini boundaries.
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where {Ωn} is a regular exhaustion of Ω and ωto
n is the harmonic measure on ∂Ωn

with respect to the point to. Here we assume that to ∈ Ωn for all n.
In the paper we prove the following theorems.

Theorem 1. Let Ω be a domain in Rn, n ≥ 2, with Ω ( Rn, and let h be a
real-valued harmonic function on Ω and γ ∈ R. Then there exist positive constants
C1, C2, independent of h, such that
(a) for 1 < p ≤ 2∫

Ω

δ(x)γ |h(x)|p−2|∇h(x)|2dx ≤ C1

∫
Ω

δ(x)γ+p−2|∇h(x)|pdx.

(b) For p ≥ 2,∫
Ω

δ(x)γ |h(x)|p−2|∇h(x)|2dx ≥ C2

∫
Ω

δ(x)γ+p−2|∇h(x)|pdx.

As a consequence of Theorem 1 we obtain the following generalization of the
Littlewood-Paley inequalities.

Theorem 2. Let Ω be a domain in Rn, Ω ( Rn, with Green function G
satisfying (1.3) and (1.4), and let to ∈ Ω be fixed. There exist constants C1 and
C2, depending only on Ω and p, such that for all real-valued harmonic functions h
on Ω
(a) for 1 < p ≤ 2,

Np(h) ≤ C1

[
|h(to)|+

(∫
Ω

δ(x)p−1|∇h(x)|pdx
)1/p

]
.

(b) If h ∈ Hp(Ω), 2 ≤ p <∞, then(
|h(to)|p +

∫
Ω

δ(x)p−1|∇h(x)|pdx
)1/p

≤ C2Np(h).

In Section 4 we prove a generalization of the Littlewood-Paley inequalities for
bounded Lipschitz domains in Rn.

If Ω is a bounded domain with C1,1 boundary, then the norm Np(h) can be
replaced by ‖h‖p, where for 1 ≤ p <∞,

‖h‖p = sup
0<r<ro

[∫
∂Ω

|f(t− rnt)|pdS(t)
]1/p

.

In the above, for each t ∈ ∂Ω, nt denotes the unit outward normal at t, and dS
denotes surface measure on ∂Ω (see [13] for details).

In Section 5 of the paper we will prove the following generalization of the
Littlewood-Paley inequality valid for all p, 0 < p ≤ 1.

Theorem 3. Let Ω be a bounded domain in Rn with C1,1 boundary, and let
to ∈ Ω be fixed. Then there exists ρo > 0 and a constant C > 0, depending only on
Ω and p, such that for all p, 0 < p ≤ 1, and all harmonic functions h on Ω,∫

∂Ω

|h(t− rnt)|pdS(t) ≤ C

[
|h(to)|p +

∫
Ω

δ(y)p−1|∇h(y)|pdy
]
,

for all r, 0 < r < ρo.
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2. Preliminaries

Our setting throughout the paper is Rn, n ≥ 2, the points of which are denoted
by x = (x1, ..., xn) with euclidean norm |x| =

√
x2

1 + · · ·+ x2
n. For r > 0 and

x ∈ Rn, set Br(x) = B(x, r) = {y ∈ Rn : |x − y| < r} and Sr(x) = S(x, r) = {y ∈
Rn : |x− y| = r}. For convenience we denote the ball B(0, ρ) by Bρ, and the unit
sphere S1(0) by S. Lebesgue measure in Rn will be denoted by dλ or simply dx,
and the normalized surface measure on S by dσ. The volume of the unit ball B1

in Rn will be denoted by ωn. Finally, for a real (or complex) valued C1 function f ,
the gradient of f is denoted by ∇f , and if f is C2, the Laplacian ∆f of f is given
by

∆f =
N∑

j=1

∂2f

∂x2
j

.

Let Ω be an open subset of Rn, n ≥ 2, with Ω ( Rn. For x ∈ Ω set

(2.1) B(x) = B(x, 1
2δ(x)) =

{
y ∈ Ω : |y − x| < 1

2δ(x)
}
.

Then for all y ∈ B(x) we have

(2.2) 1
2δ(x) ≤ δ(y) ≤ 3

2δ(x).

For the proofs of Theorems 1 and 2 we require several preliminary lemmas.

Lemma 1. For f ∈ L1(Ω) and γ ∈ R,∫
Ω

δ(x)γ |f(x)| dx ≈ 3

∫
Ω

δ(w)γ−n

[∫
B(w)

|f(x)| dx

]
dw.

Proof. For E ⊂ Ω, let χE denote the characteristic function of E. Thus∫
Ω

δ(y)γ−n

[∫
B(y)

|f(x)| dx

]
dy =

∫
Ω

∫
Ω

δ(y)γ−nχB(y)(x)|f(x)| dx dw.

But by (2.2), χB(y)(x) ≤ χ2B(x)(y). Thus∫
Ω

∫
Ω

δ(x)γ−nχB(y)(x)|f(x)|dx dy

≤ C

∫
Ω

∫
Ω

δ(x)γ−nχ2B(x)(y)|f(x)| dy dx

≤ C

∫
Ω

δ(x)γ |f(x)| dx.

The reverse inequality follows likewise. �

Lemma 2. For u ∈ C2(Bρ), ρ > 0,∫
S

u(ρζ) dσ(ζ) = u(0) +
∫

Bρ

∆u(x)Gρ(x) dx,

where

(2.3) Gρ(x) =


1

n(n− 2)ωn

[
1

|x|n−2
− 1
ρn−2

]
, 0 < |x| ≤ ρ, n ≥ 3,

1
2π

log
ρ

|x|
, 0 < |x| ≤ ρ, n = 2,

3The notation A ≈ B means that there exist constants c1 and c2 such that c1A ≤ B ≤ c2A.
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is the Green function of B(0, ρ) with singularity at 0.

Proof. The proof is an immediate consequence of Green’s formula and hence
is omitted. �

Lemma 3. Let u be a real-valued harmonic on B(0, ρ), ρ > 0.
(a) For 1 < p ≤ 2,

(2.4)
∫

Bρ/4

|u(x)|p−2|∇u(x)|2dx ≤ Cn,p ρ
p−2

∫
Bρ

|∇u(x)|pdx.

(b) For p ≥ 2,

(2.5)
∫

Bρ

|u(x)|p−2|∇u(x)|2dx ≥ Cn,p ρ
p−2

∫
Bρ/2

|∇u(x)|pdx.

Proof. We only prove the Lemma for n ≥ 3, the special case n = 2 is similar.
(a) Set ε = ρ/4 and δ = ρ/2. Assume first that u(x) 6= 0 for all x ∈ B(0, ρ).

Hence |u|p is C2 for all p > 1 with

∆|u|p = p(p− 1)|u|p−2|∇u|2.
For |x| ≤ ε,

Gδ(x) =
1

n(n− 2)ωn

[
1

|x|n−2
− 1
δn−2

]
≥ 1
n(n− 2)ωn

[
4n−2

ρn−2
− 2n−2

ρn−2

]
= cnρ

2−n.

Therefore,∫
Bε

|u(x)|p−2|∇u(x)|2dx ≤ Cnρ
n−2

∫
Bδ

|u(x)|p−2|∇u(x)|2Gδ(x) dx

=
Cn

p(p− 1)
ρn−2

∫
Bδ

∆|u(x)|pGδ(x) dx.

Hence by Lemma 2,

(2.6)
∫

Bε

|u(x)|p−2|∇u(x)|2dx ≤ ρn−2Cn,p

[∫
S

|u(δζ)|pdσ(ζ)− |u(0)|p
]
.

Set

I1 =
∫

S

|u(δζ)|pdσ(ζ)− |u(0)|p =
∫

S

(
|u(δζ)|2

)p/2
dσ(ζ)−

(
|u(0)|2

)p/2
.

Since p ≤ 2, ∫
S

(|u(δζ)|2)p/2dσ(ζ) ≤
(∫

S

|u(δζ)|2dσ(ζ)
)p/2

.

Therefore

I1 ≤
(∫

S

|u(δζ)|2dσ(ζ)
)p/2

−
(
|u(0)|2

)p/2
.

For 0 < α ≤ 1 and 0 ≤ b ≤ a we have aα − bα ≤ (a− b)α. Thus

I1 ≤
(∫

S

|u(δζ)|2dσ(ζ)− |u(0)|2
)p/2

,
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which by Lemma 2,

=
(

2
∫

Bδ

|∇u(x)|2Gδ(x)
)p/2

≤ C sup
x∈Bδ

|∇u(x)|p
(∫

Bδ

Gδ(x) dx
)p/2

.

But ∫
Bδ

Gδ(x) dx = cnρ
2.

Hence I1 ≤ Cρp supx∈Bδ
|∇u(x)|p. Since |∇u|p is subharmonic,

|∇u(x)|p ≤ cn
δn

∫
B(x,δ)

|∇u(y)|pdy ≤ C

ρn

∫
Bρ

|∇u(x)|pdx

for all x ∈ Bδ. Therefore,

I1 ≤ Cρp−n

∫
Bρ

|∇u(x)|pdx.

Combining this with inequality (2.6) gives∫
Bρ/4

|u(x)|p−2|∇u(x)|2dx ≤ Cn,p ρ
p−2

∫
Bρ

|∇u(y)|pdy.

This proves inequality (2.4) whenever u is non-zero.
For arbitrary u, consider uε(x) = u(x) + iε, ε > 0. Then uε(x) 6= 0 for all

x ∈ B(0, ρ), and
∆|uε|p = p|uε|p−4|∇u|2

[
(p− 1)u2 + ε2

]
.

But |∇uε| = |∇u|, and for 1 < p ≤ 2,

(p− 1)|uε|2 ≤ (p− 1)u2 + ε2 ≤ |uε|2.

Hence
p(p− 1)|uε|p−2|∇uε|2 ≤ ∆|uε|p ≤ p|uε|p−2|∇uε|2.

The same proof as above now gives∫
Bρ/4

|uε(x)|p−2|∇uε(x)|2dx ≤ Cn,ρρ
n−2

∫
Bρ

|∇u(x)|pdx.

Letting ε→ 0 proves (a).
(b) Suppose now that p ≥ 2. Hence |u|p is C2 for all such p. Since (a− b)α ≤

aα − bα whenever 0 ≤ b ≤ a, α ≥ 1, we have

I2 =
(∫

S

|u(δζ)|2dσ(ζ)
)p/2

−
(
|u(0)|2

)p/2

≥
(∫

S

|u(δζ)|2dσ(ζ)− |u(0)|2
)p/2

,

which by Lemma 2

=
(

2
∫

Bδ

|∇u(x)|2Gδ(x) dx
)p/2

.
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For |x| ≤ ε we have Gδ(x) ≥ cnρ
2−n. Therefore

I2 ≥ Cρ(2−n)p/2

(∫
Bε

|∇u(x)|2dx
)p/2

.

Since |∇u(x)|2 is subharmonic,∫
Bε

|∇u(x)|2dx ≥ cnε
n|∇u(0)|2 = Cρn|∇u(0)|2.

Therefore I2 ≥ Cρ(2−n)p/2|∇u(0)|pρpn/2 = Cρp |∇u(0)|p. By Lemma 2,

cp

∫
Bδ

|u(x)|p−2|∇u(x)|2Gδ(x) =
∫

S

(
|u(δζ)|2

)p/2
dσ(ζ)−

(
|u(0)|2

)p/2
,

which since p ≥ 2,

≥
(∫

S

|u(δζ)|2dσ(ζ)
)p/2

−
(
|u(0)|2

)p/2
.

Combining the above gives

|∇u(0)|p ≤ Cρ−p

∫
Bδ

|u(x)|p−2|∇u(x)|2Gδ(x) dx.

Since Gδ(x) ≤ C|x|2−n we obtain

(2.7) |∇u(0)|p ≤ Cρ−p

∫
Bδ

|u(x)|p−2|∇u(x)|2|x|2−ndx.

For w ∈ Bδ set v(x) = u(w + x). Then by (2.7)

|∇u(w)|p ≤ Cρ−p

∫
Bδ

|u(w + x)|p−2|∇u(w + x)|2|x|2−ndx.

By the change of variables y = w + x, the above integral

= Cρ−p

∫
B(w,δ)

|u(y)|p−2|∇u(y)|2|y − w|2−ndy.

Therefore,∫
Bδ

|∇u(w)|pdw ≤ Cρ−p

∫
Bδ

∫
B(w,δ)

|u(y)|p−2|∇u(y)|2|y − w|2−ndy dw,

which by Fubini’s theorem

≤ Cρ−p

∫
B2δ

|u(y)|p−2|∇u(y)|2
∫

B(y,δ)

|y − w|2−ndw dy.

But ∫
B(y,δ)

|y − w|2−ndw =
∫

Bδ

|x|2−ndx = cnρ
2.

Therefore ∫
Bρ/2

|∇u(w)|pdw ≤ Cρ2−p

∫
Bρ

|u(y)|p−2|∇u(y)|2dy.

This proves inequality (2.5). �
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3. Proofs of the Main Results

Proof of Theorem 1. By Lemma 1∫
Ω

δ(x)γ |h(x)|p−2|∇h(x)|2dx ≤ C

∫
Ω

δ(w)γ−n

[∫
B(w, 1

8 δ(w))

|h(y)|p−2|∇h(y)|2dy

]
dw.

Set ρ = 1
2δ(w) and u(x) = h(w + x). Then∫

B(w, 1
8 δ(w))

|h(y)|p−2|∇h(y)|2dy =
∫

Bρ/4

|u(x)|p−2|∇u(x)|2dx,

which by Lemma 3

≤ Cn,p ρ
p−2

∫
Bρ

|∇u(x)|pdx

= Cn,pδ(w)p−2

∫
B(w)

|∇h(y)|pdy.

But by Lemma 1∫
Ω

δ(w)γ+p−2−n

[∫
B(w)

|∇h(y)|pdy

]
dw ≤ C

∫
Ω

δ(x)γ+p−2|∇h(x)|pdx.

This proves part (a). The proof of part (b) is similar. �

Before proving Theorem 2 we require some preliminary results about subhar-
monic functions. Let S+(Ω) denote the set of non-negative subharmonic functions
on Ω that have a harmonic majorant on Ω. As in the Introduction, for f ∈ S+(Ω)
we let Hf denote the least harmonic majorant of f on Ω. For convenience we will
assume that f ∈ C2(Ω). As in [12],[13] we have the following.

Lemma 4. Let Ω be a domain in Rn, n ≥ 2, with Green function G, and let
f ∈ C2(Ω). Then f ∈ S+(Ω) if and only if there exists to ∈ Ω such that

(3.1)
∫

Ω

G(to, x)∆f(x) dx <∞.

If this is the case, then by the Riesz decomposition theorem

(3.2) Hf (x) = f(x) +
∫

Ω

G(x, y)∆f(y) dy

If the Green function G satisfies (1.3) and (1.4) then it is easily seen that (3.1)
is equivalent to

(3.3)
∫

Ω

δ(x)∆f(x) dx <∞.

If the subharmonic function f is not C2, then the quantity ∆f(x) dx may be re-
placed by dµf , where µf is the Riesz measure of the subharmonic function f .

Lemma 5. Let Ω be a domain in Rn, n ≥ 2, with Green function G satisfying
(1.3) and (1.4), and let to ∈ Ω be arbitrary. Then there exists constants C1 and
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C2, depending only on to and Ω, such that for all f ∈ S+(Ω) ∩ C2(Ω),

C1

f(to) +
∫
Ω

δ(x)∆f(x)dx

 ≤ Hf (to) ≤ C2

 ∫
B(to)

f(x)dx+
∫
Ω

δ(x)∆f(x)dx

 .
Proof. The left side of the previous inequality is an immediate consequence

of (3.2) and inequality (1.3). The right side is obtained by integrating equation
(3.2) over B(to), and then proving that

(3.4)
∫

B(to)

G(x, y) dx ≤ Cδ(y)

for all y ∈ Ω, where C is a constant depending only on δ(to) and n. Inequality
(3.4) follows from the fact that for y 6∈ B(to), x → G(x, y) is harmonic on B(to).
For y ∈ B(to), we use the fact that G(x, y) ≤ cn|x − y|2−n. For further details,
the reader is referred to the proof of Proposition 4.3 of [13], where the result was
proved for bounded domains in Rn. The same proof works in general. �

Proof of Theorem 2. (a) Let h be a real-valued harmonic functions on Ω,
1 < p ≤ 2, and let to ∈ Ω be fixed. Suppose first that h(x) 6= 0 for all x ∈ Ω. Then
|h|p is C2 for all p > 1 with

∆|h|p = p(p− 1)|h|p−2|∇h|2.

By part (a) of Theorem 1 with γ = 1 we have

(3.5)
∫

Ω

δ(x)∆|h(x)|pdx ≤ Cp

∫
Ω

δ(x)p−1|∇h(x)|pdx.

Also, by Theorem 5.1 of [13]∫
B(to)

|h(x)|pdx ≤ C

[
|h(to)|p +

∫
B(to)

δo(x)p|∇h(x)|pdx

]
,

where δo(x) denotes the distance from x ∈ B(to) to the boundary of B(to). But for
x ∈ B(to) we have δo(x)p ≤ 1

2δ(to)δ(x)
p−1. Thus∫

B(to)

|h(x)|pdx ≤ C(to)

[
|h(to)|p +

∫
B(to)

δ(x)p−1|∇h(x)|pdx

]
.

Combining this with inequality (3.5) and Lemma 5 gives

Np
p (h) = H|h|p(to) ≤ C(to)

[
|h(to)|p +

∫
Ω

δ(x)p−1|∇h(x)|pdx
]
,

where C(to) is a constant depending only on to and Ω. The proof of (a) for an
arbitrary real-valued harmonic function h now follows by considering hε(x) = h(x)+
iε, ε > 0, and then letting ε → 0. The proof of part (b) for 2 ≤ p < ∞ is an
immediate consequence of part (b) of Theorem 1 and Lemma 5. �
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4. The Littlewood Paley Inequalties for Lipschitz domains

In this section we extend the Littlewood-Paley inequalities to bounded Lipschitz
domains in Rn, n ≥ 2. As in [1], [6] a bounded domain Ω is a k-Lipschitz domain
(k > 0) if Ω and its boundary ∂Ω are given locally by a Lipschitz function whose
Lipschitz constant is less than or equal to k. For such domains one can find an
exterior and interior cone at each boundary point with fixed aperture ψ. This
aperture psi is related to the Lipschitz constant k by ψ = arctan(1/k) ∈ (0, 1

2π). F-
Y Maeda and N. Susuki proved ([6]) that for such domains Ω there exist constants
α and β, 0 < β < 1 < α such that the Green function G of Ω satisfies the following:
for fixed to ∈ Ω, there exist positive constants C1, C2, such that

C1δ(x)α ≤ G(to, x) for all x ∈ Ω, and(4.1)

G(t0, x) ≤ C2δ(x)β for all x ∈ Ω \B(to, 1
2δ(to)),(4.2)

The constants α and β are given by

α = αn(ψ) and β = αn(π − ψ),

where αn is a strictly decreasing continuous function on (0, π) with αn( 1
2π) = 1,

αn(θ) → ∞ as θ → 0, and αn(θ) → 0 as θ → π (n ≥ 3). If ∂Ω is C1,1, then
α = β = 1.

Using the same techniques as in the proof of Thoerem 2 we obtain the following
version of the Littlewood-paley inequalities on bounded Lipschitz domains.

Theorem 4. Let Ω be a Lipschitz domain in Rn, Ω ( Rn, with Lipschitz
constant k > 0, and let G be the Green function of Ω satisfying (4.1) and (4.2) for
fixed to ∈ Ω. There exist constants C1 and C2, depending only on Ω, p, and k, such
that for all real-valued harmonic functions h on Ω
(a) for 1 < p ≤ 2,

Np(h) ≤ C1

[
|h(to)|+

(∫
Ω

δ(x)β+p−2|∇h(x)|pdx
)1/p

]
.

(b) If h ∈ Hp(Ω), 2 ≤ p <∞, then(
|h(to)|p +

∫
Ω

δ(x)α+p−2|∇h(x)|pdx
)1/p

≤ C2Np(h).

5. The case 0 < p ≤ 1

In this section we prove a generalization of (1.1) for bounded domains in Rn

with C1,1 boundary for the case 0 < p ≤ 1. Suppose u is harmonic on Ω. When
0 < p < 1, the function |u(x)|p is no longer subharmonic; in fact, if u(x) ≥ 0, then
up is superharmonic on Ω. As a consequence, the existence of a least harmonic
majorant does not make sense. The fact that inequality (1.1) is valid for values of
p < 1 on B should perhaps not be too surprising. For if u(x) ≥ 0, then since up is
superharmonic on B, we have∫

S

up(rζ) dσ(ζ) ≤ up(0)

for all r, 0 < r < 1.
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Suppose now that Ω ⊂ Rn is a bounded domain with C1,1 boundary. For each
t ∈ ∂Ω, let nt denote the unit exterior normal at t, and for r > 0, set

Ωr = {x ∈ Ω : δ(x) > r}.

Since ∂Ω is C1,1, there exists a ρo > 0 such that for each r, 0 < r < ρo, ∂Ωr is of
class C1,1 and the mapping t → t − rnt is a 1-1 transformation of ∂Ω onto ∂Ωr.
(See [2], [15] for details.) We denote the element of surface measure on ∂Ω by dS.

For the proof of Theorem 3 we require the following generalization of an in-
equality of Fefferman and Stein.

Lemma 6. Let Ω be a proper open subset of Rn and let f be a non-negative
subharmonic function on Ω. Then there exists a constant C = C(n, p), depending
only on n and p, such that

fp(x) ≤ C

δ(x)n

∫
B(x)

fp(y)dy

for all p > 0.

Remark. Lemma 6 has previously been stated by Riihentaus in [9] and by Suzuki
in [14]. For p ≥ 1, the inequality follows immediately from the mean value property
of subharmonic functions. For 0 < p < 1 the result was proved in [3] for |h|, where
h is harmonic on Ω. The inequality was also proved by Pavlović [7] for functions
subharmonic with respect to the Laplace-Beltrami operator on the unit ball in Cn.
The same proof works in this setting, and thus is omitted.

Proof of Theorem 3. Let 0 < r < ρo, and let h be harmonic on Ω. By the
fundamental theorem of calculus, for fixed ζ ∈ ∂Ω,

f(ζ − rnζ)− f(ζ − ρonζ) =
∫ ρo

r

〈∇f(ζ − tnζ),nζ〉 dt.

Therefore

(5.1) |f(ζ − rnζ)| ≤ |f(ζ − ρonζ)|+
∫ ρo

r

|∇f(ζ − tnζ)| dt.

For k = 0, . . . , N , set tk = ρo2−k, where N is the smallest integer such that tN < r.
Then ∫ ρo

r

|∇f(ζ − tnζ)| dt ≤
N∑

k=1

∫ tk−1

tk

|∇f(ζ − tnζ)| dt

≤
N∑

k=1

sup
t∈(tk,tk−1]

|∇f(ζ − tnζ)|(tk−1 − tk)

=
N∑

k=1

tk sup
t∈(tk,tk−1]

|∇f(ζ − tnζ)|.

Hence, for 0 < p ≤ 1,

(5.2) |f(ζ − rnζ)|p ≤ |f(ζ − ρonζ)|p +
N∑

k=1

tpk sup
t∈(tk,tk−1]

|∇f(ζ − tnζ)|p.
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Since |∇f | is subharmonic, by Lemma 6, for all t ∈ (r, ρo],

(5.3) |∇f(ζ − tnζ)|p ≤
C

tn

∫
B(ζ−tnζ)

|∇f(y)|p dy

For each k = 1, . . . , N and ζ ∈ S, set

Bk(ζ) = B(ζ − tk−1nζ ,
7
4 tk).

We claim that B(ζ − tnζ) ⊂ Bk(ζ) for all t ∈ (tk, tk−1]. Suppose y ∈ B(ζ − tnζ).
Then

|y − (ζ − tk−1nζ)| ≤ |y − (ζ − tnζ)|+ |tk−1 − t| < 1
2 t+ (tk−1 − t).

If t ∈ (tk, 3
2 tk], then

|y − (ζ − tk−1nζ)| < 3
4 tk + (tk−1 − tk) = 7

4 tk.

On the other hand, if t ∈ ( 3
2 tk, tk−1], then

|y − (ζ − tk−1nζ)| < 1
2 tk−1 + (tk−1 − 3

2 tk) = 3
2 tk,

which proves the claim. Also, for each k = 1, . . . , N , we have

Bk(ζ) ⊂ Ωtk+2 \ Ωtk−2 .

To see this, for y ∈ Bk(ζ) and x ∈ ∂Ω,

|y − x| ≥ |(ζ − tk−1nζ)− x| − |y − (ζ − tk−1nζ)|
> δ(ζ − tk−1nζ)− 7

4 tk = tk−1 − 7
4 tk = tk+2.

Hence δ(y) > tk+2, i.e., Bk(ζ) ⊂ Ωtk+2 . Also, for y ∈ Bk(ζ),

δ(y) ≤ |y − ζ| ≤ |y − (ζ − tk−1nζ)|+ tk−1 <
7
4 tk + 2tk < tk−2.

Hence y 6∈ Ωtk−2 . Thus Bk(ζ) ⊂ Ωtk+2 \ Ωtk−2 . For convenience we set

Ak = Ωtk+2 \ Ωtk−2 .

From inequality (5.3) and the above we now obtain

sup
t∈(tk,tk−1]

|∇f(ζ − tnζ)|p ≤
C

tnk

∫
Bk(ζ)

|∇f(y)|pdy.

Thus by (5.2)

|f(ζ − rnζ)|p ≤ |f(ζ − ρonζ)|p + C
N∑

k=1

tp−n
k

∫
Bk(ζ)

|∇f(y)|pdy.

Integrating the above inequality over ∂Ω gives∫
∂Ω

|f(ζ − rnζ)|pdS(ζ) ≤
∫

∂Ω

|f(ζ − ρonζ)|pdS(ζ)

+ C
N∑

k=1

tp−n
k

∫
∂Ω

∫
Bk(ζ)

|∇f(y)|pdy dS(ζ).

For y ∈ Ak, let
B̃k(y) = {ζ ∈ ∂Ω : y ∈ Bk(ζ)}.
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Then χBk(ζ)(y) ≤ χ eBk(y)(ζ). Thus∫
∂Ω

∫
Bk(ζ)

|∇f(y)|pdy dS(ζ) =
∫

∂Ω

∫
Ak

χBk(ζ)(y)|∇f(y)|pdy dS(ζ)

≤
∫

∂Ω

∫
Ak

χ eBk(y)(ζ)|∇f(y)|pdy dS(ζ),

which by Fubini’s theorem

≤
∫

Ak

|B̃k(y)||∇f(y)|pdy,

where for E ⊂ ∂Ω, |E| denotes the surface measure of E.
Fix y ∈ Ak, and suppose ζ ∈ B̃k(y). Write y = x − δ(y)nx, x ∈ ∂Ω. Since

y ∈ Bk(ζ),

|ζ − x| ≤ |(ζ − tk−1nζ)− y|+ |tk−1nζ − δ(y)nx|
< 7

4 tk + |tk−1nζ − δ(y)nx|.

Let θ(ζ, x) denote the angle between the vectors nζ and nx. Then

|tk−1nζ − δ(y)nx|2 = (tk−1 − δ(y))2 + 4tk−1δ(y) sin2 1
2θ(ζ, x) ≤ Ct2k

for all y ∈ Ak. Therefore B̃k(y) ⊂ B(x,Ctk) ∩ ∂Ω, and hence |B̃k(y)| ≤ Ctn−1
k .

Thus

tp−n
k

∫
∂Ω

∫
Bk(ζ)

|∇f(y)|pdy dS ≤ Ctp−1
k

∫
Ak

|∇f(y)|pdy

≤ C

∫
Ak

δ(y)p−1|∇f(y)|pdy.

Finally, since
N∑

k=1

∫
Ak

δ(y)p−1|∇f(y)|p ≤ C

∫
Ω

δ(y)p−1|∇f(y)|pdy,

we obtain∫
∂Ω

|f(ζ − rnζ)|pdS(ζ) ≤
∫

∂Ω

|f(ζ − ρonζ)|pdS(ζ) + C

∫
Ω

δ(y)p−1|∇f(y)|pdy

for all r, 0 < r ≤ ρo.
To conclude the proof it remains to be shown that for to ∈ Ω fixed,

(5.4)
∫

∂Ω

|f(ζ − ρonζ)|pdS(ζ) ≤ C

[
|f(to)|p +

∫
Ω

δ(y)p−1|∇f(y)|pdy
]
.

Without loss of generality we assume that to ∈ Ωρo
. Then as in the proof of

Theorem 5.1 [13], since Ωρo
is connected and ∂Ωρo

is C1,1, there exists a constant
C(ρo) such that for every y ∈ Ωρo

there exists a polygonal path γ(t), 0 ≤ t ≤ 1, in
Ωρo with γ(0) = to, γ(1) = y and

∫ 1

0
|γ′(t)|dt ≤ C(ρo). Thus

|f(y)| ≤ |f(to)|+
∫ 1

0

|∇f(γ(t))||γ′(t)| dt

≤ |f(to)|+ C(ρo) sup{|∇f(w)| : w ∈ Ωρo
}.
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Inequality (5.4) now follows by applying Lemma 6 to |∇f(w)| on B(w, 1
2ρo), w ∈

Ωρo , and using the fact that 1
2ρo ≤ δ(y) ≤ C for all y ∈ Ω 1

2 ρ. �
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