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ABSTRACT. For the unit disc D in C, the harmonic Hardy spaces HP, 1 < p <
oo, are defined as the set of harmonic functions h on D satisfying
1 27 .
Rlb = sup — |h(re®®)|Pdo < oo.
0<r<12m Jo
The classical Littlewood-Paley inequalities for harmonic functions [5] in D are
as follows: Let h be harmonic on D. Then there exist positive constants Cq, Ca,
independent of h, such that
(a) for1<p<2,

(0.1) Iz < ¢y [lh(0>|P+ / /D (1= )P~ Vh(z) [P dy| -

For analytic functions inequality (0.1) is valid for all p, 0 < p < 2 ([4]).
(b) For p > 2, if h € HP, then

(0.2) [ =1 wh)pdedy < colal,

In the paper we consider extensions of these inequalities to Hardy-type
spaces of harmonic functions on domains Q@ C R", n > 2. For 1 < p <
oo, HP denotes the set of harmonic functions h on  for which |h|P has a
harmonic majorant on Q. A suitable norm on H? can be defined by Np(h) =
(pr(to))l/p, where H|p|p is the least harmonic majorant of |h|? and t, is
a fixed point in . It is proved that the analogues of (0.1) and (0.2) are
valid on those domains €2 in R™ for which the Green’s function G satisfies
G(to,z) = §(z) for all z € Q\ B(to, %6(1‘0)), where §(z) denotes the distance
from x to the boundary of €2. We also prove a generalization of the Littlewood-
Paley inequalities for bounded Lipschitz domains, as well as a generalization
of inequality (0.1) valid for all p, 0 < p < 1, for the case where Q2 is a bounded
domain with C*'! boundary.
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1. Introduction

For the unit disc D in C, the harmonic Hardy spaces HP, 1 < p < oo, are
defined as the set of harmonic functions h on D satisfying

1 27 "
hl||P = sup — h(re*”)|[Pdo < oo.
Il = sup oo [ Inre)
The classical Littlewood-Paley inequalities for harmonic functions [5] in D are as
follows: Let h be harmonic on ID. Then there exist positive constants Cy, Cs,
independent of h, such that
(a) for 1 <p <2,

(11) 0l < ¢ [P + [[[ 0= ) iwnrasa).

For analytic functions inequality (1.1) is valid for all p, 0 < p < 2 [4].
(b) For p > 2, if h € HP, then

(12 J[a= et wnerardy < calnly.

In 1956 T. M. Flett [4] proved that for analytic functions inequality (1.1) is
valid for all p, 0 < p < 2. Hence if u = Reh, h analytic, then since |Vu| = || it
immediately follows that inequality (1.1) also holds for harmonic functions in D for
all p, 0 < p < 2. A short proof of the Littlewood-Paley inequalities for harmonic
functions in D valid for all p, 0 < p < oo has also been given recently by Pavlovié
in [8]. The Littlewood-Paley inequalities are also known to be valid for harmonic
functions in the unit ball in R™. In fact Stevié¢ [11] has recently proved that for
n > 3, inequality (1.1) is valid for all p € [Z—j, 1].

In the paper we extend the Littlewood-Paley inequalities to harmonic functions
on domains Q C R™ n > 2, with Green function G satisfying the following con-
ditions: For fixed t, € §2, there exist constants C; and C5, depending only on t,,
such that

(1.3) Cié(x) < G(to, x) for all z € Q, and

(1.4) G(to,z) < C26(x) for all z € Q\ B(to, 30(t,)),

where §(z) denotes the distance from z to the boundary of 2.2

Let Q be an arbitrary domain in R™, n > 2. As in [10], for 1 < p < oo, we
denote by HP(2) the set of harmonic functions h on € for which |h|? has a harmonic
majorant on 2. For h € HP we denote the least harmonic majorant of |h|? by H\p»,
and for fixed t, € Q we set

(1.5) Ny(h) = (Hiups (t))

Then N, is a norm on HP. It is known that this norm is equal to

1/p
lim ( / |h<t>|pdw::<t>) ,
n— oo o9,

21f the boundary of Q is C? or C1:1, then the inequalities can be established by comparing
the Green function G to the Green function of balls that are internally and externally tangent to
the boundary of Q. By the results of Widman [15], the inequalities are also valid for domains
with C1: or Liapunov-Dini boundaries.
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where {Q,,} is a regular exhaustion of Q and w!e is the harmonic measure on 9,
with respect to the point ¢,. Here we assume that ¢, € €2, for all n.
In the paper we prove the following theorems.

THEOREM 1. Let Q be a domain in R™ n > 2, with Q@ C R™, and let h be a
real-valued harmonic function on  and v € R. Then there exist positive constants
C1, Cso, independent of h, such that
(a) fori<p<2

/5(x)7|h(x)\p’2|Vh(x)|2dxgC’l/ §(z)" P72 Vh(z)|Pdz.
Q Q

(b) Forp > 2,

/ 5(x)Y|h(x)|P~2|Vh(z)|2dx > C’g/ 8(z) P72 Vh(z)|Pdz.
Q Q

As a consequence of Theorem 1 we obtain the following generalization of the
Littlewood-Paley inequalities.

THEOREM 2. Let Q be a domain in R™, Q C R", with Green function G
satisfying (1.8) and (1.4), and let t, € Q be fixzed. There exist constants Ci and
Cs, depending only on Q and p, such that for all real-valued harmonic functions h
on Q
(a) for1 <p <2,

Np(h) < C4

Ih(t,)] + ( /Q 5(x)p_1|Vh(x)|pdx)1/p] .

(b) If h € HP(Q), 2 < p < o0, then

1/p
(1w + [ stayvapas) < cany o

In Section 4 we prove a generalization of the Littlewood-Paley inequalities for
bounded Lipschitz domains in R".

If Q is a bounded domain with C'"! boundary, then the norm N,(h) can be
replaced by ||A]|,, where for 1 < p < oo,

1/p
Il = s | [ 1= mopasto)
0<r<r, o0
In the above, for each t € 02, n; denotes the unit outward normal at ¢, and dS
denotes surface measure on 99 (see [13] for details).
In Section 5 of the paper we will prove the following generalization of the
Littlewood-Paley inequality valid for all p, 0 < p < 1.

THEOREM 3. Let Q be a bounded domain in R™ with CY' boundary, and let
t, € Q be fixred. Then there exists p, > 0 and a constant C > 0, depending only on
Q and p, such that for all p, 0 < p < 1, and all harmonic functions h on 2,

[ hte—rmopasi < ¢ [|h<to>|p+ JROSOEE
onN Q

forallr, 0 <r < p,.
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2. Preliminaries

Our setting throughout the paper is R, n > 2, the points of which are denoted
by * = (z1,...,z,) with euclidean norm |z| = /2% +---+22. For r > 0 and
x € R", set By(x) = B(z,r) ={y € R" : |z —y| <r} and S,(x) = S(z,r) = {y €
R™ : |z — y| = r}. For convenience we denote the ball B(0, p) by B,, and the unit
sphere S1(0) by S. Lebesgue measure in R™ will be denoted by dA or simply dz,
and the normalized surface measure on S by do. The volume of the unit ball B;
in R™ will be denoted by w,,. Finally, for a real (or complex) valued C* function f,
the gradient of f is denoted by Vf, and if f is C?, the Laplacian Af of f is given
by

j=1 "7
Let Q be an open subset of R, n > 2, with Q C R™. For x € Q set

(2.1) B(z) = B(z,30(z)) = {y € Q: |y —z| < 16(2)}.

Then for all y € B(x) we have

(2.2) 30(2) <d(y) < 36().
For the proofs of Theorems 1 and 2 we require several preliminary lemmas.
LEMMA 1. For f € LY(Q) and v € R,

[ sarir@ids~® [ sy [ /| NG dx] duw.

Proor. For E C €, let xg denote the characteristic function of . Thus

/Q Sy /B . f(x)ldx] dy = /Q /Q 5" x50 (@) ()] der .
But by (22)a XB(y) (‘T) < X2B(x) (y) Thus

/Q/Q5(:E)W—nx3(y)(x)|f(x)\dxdy
=¢ /Q /Q ()" " X2 () WIS (z)| dy dux

< [ s@plfa)] s
Q
The reverse inequality follows likewise. O

LEMMA 2. Foru € C*(B,), p > 0,

/ w(pC) do(C) = u(0) + / Au(w)G, () d,
s B,

where
: 1 : 0< 2| < >3
_ . .
(23)  Gyla) = "= Dwn Lfalm=2 2] <p n>3,
P
2 8 Jal 0<lz|<p, n=2,

3The notation A ~ B means that there exist constants c1 and cg such that c;A < B < coA.
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is the Green function of B(0, p) with singularity at 0.

ProOOF. The proof is an immediate consequence of Green’s formula and hence
is omitted. (]

LEMMA 3. Let u be a real-valued harmonic on B(0,p), p > 0.
(a) For1<p<2,

(2.4) / () P2 | V() Pz < Cip pP~ / Vu()|Pdz.
By/a B,
(b) Forp>2,
(2.5) / () P2 V() Pde > Cp pP2 / Vu(z)Pde.
P B2

PrOOF. We only prove the Lemma for n > 3, the special case n = 2 is similar.
(a) Set € = p/4 and 6 = p/2. Assume first that u(z) # 0 for all z € B(0, p).
Hence |ul?P is C? for all p > 1 with

Alul? = p(p = D[ul"~2|Vul*.

For |z| <e,
1 1 1
Galz) = n(n — 2)w, [:c|"_2 N 5"—2]
1 4n72 2n72 -
> - =c,p "
’I’L(?’L _ Q)Wn pn—2 pn—2
Therefore,
/ ()P~ V() P < 2 / () P2 V() PG ()
B. Bs
=Y 2 [ A )Py () da
p(p—1) Bs

Hence by Lemma 2,

20 [ l@rvuw)ks < 2, [/S |u<5<>|pda<<>—|u<o>|P].
Set
= U Pdo(C) — |u = U p/2 o — (Ju(0)|? p/2.
f= [ u0Pas(©) - wOP = [ (u0R)" do() - (1(0)P)

Since p < 2,
u (; / d(7 U 5 d()

2

I < ( /S |u<6<)2do(c>)p/ — (lu(0)]?)™".

For 0 < a <1 and 0<b<a we have a® — b* < (a — b)®. Thus

< ([ moRarto) - or)

Therefore
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which by Lemma 2,

-(2f |Vu<x>|2c:5<x>>p/2

p/2
< C sup [Vu(z)|? ( Gs(z) da?) .
Bs

x€DBgs
But

Gs(z)dx = cpp*.
Bs

Hence I) < CpPsup,¢p, |Vu(x)|P. Since |Vu|P is subharmonic,
n C
Vu@P < [ wurdy< o [ Va@pds
0" JB(a,5) " s,
for all x € Bs. Therefore,

L < C’pp_"/ |Vu(z)|Pdx.

P

Combining this with inequality (2.6) gives

[ W2 Vu@Pds < Gy [ (Futy)lPd.
Bp/4 By
This proves inequality (2.4) whenever u is non-zero.
For arbitrary u, consider uc(z) = u(z) + ie, ¢ > 0. Then u.(x) # 0 for all
x € B(0,p), and

Alucl? = pluc P~ [Vul* [(p — 1)u? + €] .
But |Vu.| = |Vul|, and for 1 < p < 2,
(p = Dluc® < (p— Du® + € < Jucl”.
Hence
p(p— 1)|ue‘p72|Vue‘2 < Afuel? < p|u€|p72|Vu€|2.
The same proof as above now gives
[ P Ve < Cope? [ Vul@)Pda.
Bp/a By
Letting € — 0 proves (a).

(b) Suppose now that p > 2. Hence |ul? is C? for all such p. Since (a — b)® <
a® — b® whenever 0 < b < a, a > 1, we have

n=(/f |u<6<>|2da<<>)p/2 _ ()"

> ( JASRECE |u<o>|2)p/2,

- (2 /B \Vu(z)2Gs(x) d;c)p/2.

which by Lemma 2
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For |z| < € we have Gs(z) > ¢, p*~™. Therefore

p/2
Iy > Cp2~mp/2 ( / |Vu(x)|2dx) .

€

Since |Vu(z)|? is subharmonic,

/ Vu(@)2dz > ene" [ Vu(0)2 = Cp™|Vu(0)[2.

€

Therefore I, > CpR=™P/2|Vu(0)[PpP"/? = CpP |Vu(0)[P. By Lemma 2,
Cp/B [u() P | Vu(2)[*Gs(2) = /S ([u(6Q)12)""? do () = (lu()*)""?,

which since p > 2,

p/2
> ([ e0Pa@) - (uop)”?.
Combining the above gives
Va0 < Co7 [ Ju(@)P I Vu(o)PGi(o) do.
5
Since Gs(z) < C|z|>~™ we obtain
(2.7 V) < Co [ a2 Tule) e

Bs

For w € Bs set v(x) = u(w + x). Then by (2.7)

Vu(w)? < Cp? / lu(w + 2) P2 Vu(w + ) 2|22 "da.
B;s
By the change of variables y = w + x, the above integral
=0 [ V) Py
B(w

)

Therefore,
[ vuwrdaw<co [ ] 2 vamPly - w dydo,
Bs Bs B(wvé)
which by Fubini’s theorem

<Cov [ PV [ Jy-wPdwdy.
BQJ B(y,5)

But

/ ly — w|* "dw = / |z|>~"dx = cpp?.
B(y,9) Bs

/ Vu(w)[Pdw < Cp>~P / ()2 Vu(y) 2dy.
BP/Q B

P

Therefore

This proves inequality (2.5).
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3. Proofs of the Main Results

Proof of Theorem 1. By Lemma 1

/ 5(a) |h() P2 |Vh(x)2dz < C / 5wy [ / ()P~ h(y)Pdy| dw.
Q Q B(w,36(w))
Set p = 16(w) and u(z) = h(w + z). Then

/ ()P~ Vh(y)Pdy = / () P2 | V() 2dz,
B(w,36(w)) B, /4
which by Lemma 3

<oy [ IVu(o)Pdo

By

= Cppb(w)?? / IV h(y)Pdy.
B(w)

But by Lemma 1

Y+p—2—n P
/Q 5wyt [ /B Iy

This proves part (a). The proof of part (b) is similar. O

dw < C / §(z) P72 Vh(z)|Pd.
Q

Before proving Theorem 2 we require some preliminary results about subhar-
monic functions. Let ST(£2) denote the set of non-negative subharmonic functions
on € that have a harmonic majorant on . As in the Introduction, for f € ST(Q)
we let Hy denote the least harmonic majorant of f on €. For convenience we will
assume that f € C%(Q). As in [12],[13] we have the following.

LEMMA 4. Let Q be a domain in R™, n > 2, with Green function G, and let
f€C?Q). Then f € ST(Q) if and only if there exists t, € Q such that

(3.1) /QG(to,m)Af(x) dzr < oo.

If this is the case, then by the Riesz decomposition theorem
(32) Hy(a) = @)+ [ Glan)Af()dy

If the Green function G satisfies (1.3) and (1.4) then it is easily seen that (3.1)
is equivalent to

(3.3) /Q(S(x)Af(a:) dx < 0.

If the subharmonic function f is not C?, then the quantity Af(z)dr may be re-
placed by dyiy, where iy is the Riesz measure of the subharmonic function f.

LEMMA 5. Let Q be a domain in R™, n > 2, with Green function G satisfying
(1.8) and (1.4), and let t, € Q be arbitrary. Then there exists constants Cy1 and
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Cs, depending only on t, and Q, such that for all f € ST(2) N C%(Q),

Cy f(t0)+/5(x)Af(ac)dx < Hy(to) < Cy / f(x)dx—i—/é(m)Af(x)dx
Q Q

B(to)

PROOF. The left side of the previous inequality is an immediate consequence
of (3.2) and inequality (1.3). The right side is obtained by integrating equation
(3.2) over B(t,), and then proving that

(3.4) /B(t )G(az,y) dx < Cé(y)

for all y € Q, where C is a constant depending only on §(t,) and n. Inequality
(3.4) follows from the fact that for y & B(t,), * — G(z,y) is harmonic on B(t,).
For y € B(t,), we use the fact that G(x,y) < c,|z — y[>~™. For further details,
the reader is referred to the proof of Proposition 4.3 of [13], where the result was
proved for bounded domains in R™. The same proof works in general. O

Proof of Theorem 2. (a) Let h be a real-valued harmonic functions on {2,
1< p<2 and let ¢, € Q be fixed. Suppose first that h(z) # 0 for all z € Q. Then
|h|P is C? for all p > 1 with
AlR|? = p(p = 1)|h[P~2|V A,
By part (a) of Theorem 1 with v = 1 we have
(3.5) / 0(z)Ah(x)Pdx < Cp/ §(z)P Y Vh(z)[Pda.
Q Q

Also, by Theorem 5.1 of [13]

)

h(to)|P + /B(t )5o(z)p|Vh(x)|pdx

/ |h(z)|Pde < C
B(to)

where J,(z) denotes the distance from x € B(t,) to the boundary of B(¢,). But for
z € B(t,) we have §,(x)? < $0(t,)6(z)?~!. Thus

/ h(@)Pde < C(t,)
B(t,)

el + [ 6<a:>p1|w<x>|pdx] .
B(to)
Combining this with inequality (3.5) and Lemma 5 gives
Ny (h) = Hipje (to) < C(to) [h(to)|p +/ 5(1‘)”1|Vh(x)|pd$] ;
Q
where C(t,) is a constant depending only on ¢, and . The proof of (a) for an
arbitrary real-valued harmonic function h now follows by considering h.(x) = h(x)+

ie, € > 0, and then letting ¢ — 0. The proof of part (b) for 2 < p < oo is an
immediate consequence of part (b) of Theorem 1 and Lemma 5. g
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4. The Littlewood Paley Inequalties for Lipschitz domains

In this section we extend the Littlewood-Paley inequalities to bounded Lipschitz
domains in R™, n > 2. As in [1], [6] a bounded domain € is a k-Lipschitz domain
(k > 0) if Q and its boundary 0N are given locally by a Lipschitz function whose
Lipschitz constant is less than or equal to k. For such domains one can find an
exterior and interior cone at each boundary point with fixed aperture . This
aperture psi is related to the Lipschitz constant k by ¢ = arctan(1/k) € (0, 7). F-
Y Maeda and N. Susuki proved ([6]) that for such domains € there exist constants
aand 8,0 < B < 1 < a such that the Green function G of 2 satisfies the following;:
for fixed t, € 2, there exist positive constants C;, Cs, such that

(4.1) Cié(x)* < G(to, x) for all z € Q, and

(4.2) G(to, z) < Cad(z)? for all z € Q\ B(to, 30(t,)),

The constants « and § are given by

a=a,®) and B =a,(r—1),

where «, is a strictly decreasing continuous function on (0,7) with o, (37) = 1,
an(f) — 00 as @ — 0, and a,(0) — 0as @ — 7 (n > 3). If 9Q is CYL, then
a=0=1.

Using the same techniques as in the proof of Thoerem 2 we obtain the following
version of the Littlewood-paley inequalities on bounded Lipschitz domains.

THEOREM 4. Let Q be a Lipschitz domain in R™, Q@ C R™, with Lipschitz
constant k > 0, and let G be the Green function of Q satisfying (4.1) and (4.2) for
fized t, € Q. There exist constants C1 and Cs, depending only on Q, p, and k, such
that for all real-valued harmonic functions h on
(a) for1<p<2,

Ny(h) < C

Ih(to)| + < /Q 5(x)5+p2|Vh(x)|pdx)l/p] .

(b) If h € HP(Q), 2 < p < o0, then
1/p
(|h(to)|p +/ 6(:Jc)o‘+”_2|Vh(a:)|pd:v> < CyN,(h).
Q

5. The case 0 < p <1

In this section we prove a generalization of (1.1) for bounded domains in R™
with C'! boundary for the case 0 < p < 1. Suppose v is harmonic on . When
0 < p < 1, the function |u(x)|P is no longer subharmonic; in fact, if u(z) > 0, then
uP is superharmonic on 2. As a consequence, the existence of a least harmonic
majorant does not make sense. The fact that inequality (1.1) is valid for values of
p < 1 on B should perhaps not be too surprising. For if u(z) > 0, then since u? is
superharmonic on B, we have

/ u () do(C) < u?(0)
S

forall 7, 0 <7 < 1.
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Suppose now that Q0 C R™ is a bounded domain with C'! boundary. For each
t € 092, let n; denote the unit exterior normal at ¢, and for r > 0, set

Q. ={ze:0(zx)>r}

Since 0Q is C'%!, there exists a p, > 0 such that for each 7, 0 < r < p,, 09, is of
class C1! and the mapping t — t — rn; is a 1-1 transformation of 9Q onto 99,
(See [2], [15] for details.) We denote the element of surface measure on 992 by dS.

For the proof of Theorem 3 we require the following generalization of an in-
equality of Fefferman and Stein.

LEMMA 6. Let Q) be a proper open subset of R™ and let f be a non-negative
subharmonic function on Q. Then there exists a constant C = C(n,p), depending
only on n and p, such that

pe) < & »
P@) < i [ 7w

for all p > 0.

Remark. Lemma 6 has previously been stated by Riithentaus in [9] and by Suzuki
in [14]. For p > 1, the inequality follows immediately from the mean value property
of subharmonic functions. For 0 < p < 1 the result was proved in [3] for ||, where
h is harmonic on Q. The inequality was also proved by Pavlovié¢ [7] for functions
subharmonic with respect to the Laplace-Beltrami operator on the unit ball in C".
The same proof works in this setting, and thus is omitted.

Proof of Theorem 3. Let 0 < r < p,, and let A be harmonic on Q. By the
fundamental theorem of calculus, for fixed ¢ € 92,

Po
f(C—rng) = f(C—pone) = / (Vf(C—tn¢),ng) dt.
Therefore

(5.1) (6= mol < 156 = ponc)| + [ 19H(¢ ).

r

For k=0,...,N,set t;, = p,2~ %, where N is the smallest integer such that ty < r.
Then

Po N o ptrea
[ 1vs—tmolar <3 [ 19— molar
r k=17tk
N

<D sup V(¢ —tng)|(te- — th)
=1 t€(tk te—1]

N
:Zt’“ sup |V f(¢—tne)|
k=1 te(tk,tk,l]

Hence, for 0 < p <1,

N

(5.2) [F(C=mo)P <|f(C—pone) P+ )t sup V(¢ — tng)|”.

k=1 tE€(trtr-1]
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Since |V f]| is subharmonic, by Lemma 6, for all t € (r, p,],

(53) ViG-mp s [ ViwPdy

B(¢(—tng)
For each k=1,...,N and ¢ € 5, set

Bi(¢) = B(¢ — ts—1nc, Tty).

We claim that B(¢ — tn¢) C Bg(() for all ¢t € (tg,tx—1]. Suppose y € B({ — tn¢).
Then

ly = (¢ = tr—ame)| < |y — (¢ — tng)[ + [ty—1 —t] < 5t + (b1 — 1)
If t € (tx, 3ti], then
ly— (¢ = temime)| < 3ty + (thr — t) = .
On the other hand, if ¢t € (%tk,tk,l], then
ly = (¢ — tro1mg)| < Str1 + (b1 — 3tx) = Sta,
which proves the claim. Also, for each k =1,..., N, we have
Br(€) € Qo \ Q-

To see this, for y € Bi(¢) and = € 99,

ly — [ = [(¢ = tk—1m¢) — [ — |y — (¢ — tp—1mn¢)]

> 0(¢ — tp—1ne) — %tk =tg-1— %tk = trt2.
Hence §(y) > tpyo, ie., Br(¢) C ., Also, for y € By (),
§(y) <ly—C¢l <y — (€= tpmme)| +tpmr < Tty + 2t < t—s.
Hence y & Qy,_,. Thus By(¢) C Qy,,, \ Q,_,. For convenience we set
Ap = Qo \ Qs

From inequality (5.3) and the above we now obtain

swp [VoC-mr< s [ vi)Pdy
k

te(tr,te—1] B (¢)

Thus by (5.2)

N
5= mol <15 - pome)P +C Y RO

=1 B (€)

Integrating the above inequality over 0f) gives

/ (¢~ mo)PdS() < / 1F(C — ponc)PAS(O)
o0 o0

p—n
—I—CZt //Bk@)'vf y)|Pdy dS(C).

For y € Ay, let
Bi(y) ={¢ € 9Q:y € Be(()}-
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Then Xp,(¢)(¥) < X5, (¢)- Thus

/ / IV f(y)Pdy dS(C) = / / X0 W)V £ () Pdy dS(C)
o9 J B(€) o J Ay

<[ X5, IV WPy dS(0)

which by Fubini’s theorem

< /A BV @)y

where for E C 010, |E| denotes the surface measure of E.
Fix y € Ag, and suppose ¢ € Bi(y). Write y =  — §(y)ng, € 9. Since
y € Bi(0),

¢ = < |(¢ = te—1mng) =yl + [tr-1m¢ — 6(y)ns|
< Tty + [t—1ne — 8(y)n,|.
Let 6(¢, z) denote the angle between the vectors n¢s and n,. Then
th—ine — §(y)ng|> = (tk—1 — 6(y))* + 4tx—16(y) sin® $0(¢, z) < Ct}

for all y € Ag. Therefore By(y) C B(z,Cty) N dQ, and hence |By(y)| < oty
Thus

tgfn/ / |vf(y)|dedS§Ct£*1/ IV f(y)lPdy
0 J By (¢) Ak

<c /A 5PV ()P dy.

Finally, since

N
S V)P < C | 8PV F(y)|Pd
> [ Sr vy < [ s eswra
we obtain

[ 1€ =mpas) < [ 17 - pmoPas© +¢ [ swr sy
o2 o0 Q

for all v, 0 < r < p,.
To conclude the proof it remains to be shown that for ¢, € Q fixed,

(5-4) /{m [F(C = pome)[PdS(¢) < C {If(toﬂ” +/Q5(y)p_1lvf(y)|”d4 :

Without loss of generality we assume that t, € €, . Then as in the proof of
Theorem 5.1 [13], since €2, is connected and 99, is C1!, there exists a constant
C(po) such that for every y € Q,  there exists a polygonal path y(t), 0 <t <1, in
Q,, with 4(0) = t,, 7(1) =y and [} |/(¢)|dt < C(p,). Thus

F@) < 1£()] + / IV F(v(8) 17 (8)] dt
< £ (t)] + Clpo) sup{|V f(w)]| - w € Ty ).
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Inequality (5.4) now follows by applying Lemma 6 to |V f(w)| on B(w, 2p,), w €

Q

Po?

(1]
2]

and using the fact that $p, < 6(y) < C for all y € Q1. O

References

H. Aikawa and M. Essén. Potential Theory - Selected Topics. In Lecture Notes in Mathemat-
ics, volume 1633. Springer, 1996.

N. Aronszajn and K. T. Smith. Functional spaces and functional completion. Ann. Inst.
Fourier, Grenoble, 6:125-185, 1955.

C. Fefferman and E. Stein. h? spaces of several variables. Acta Math, 129:137-193, 1972.

T. M. Flett. On some theorems of Littlewood and Paley. J. London Math. Soc., 31:336-344,
1956.

J. E. Littlewood and R. E. A. C. Paley. Theorems on Fourier series and power series. Proc.
London Math. Soc., 42:52-89, 1936.

F-Y Maeda and N. Suzuki. The integrability of superharmonic functions on Lipschitz domains.
Bull. London Math. Soc., 21:270-278, 1989.

M. Pavlovié¢. Inequalities for the gradient of eigenfunctions of the invariant laplacian in the
unit ball. Indag. Mathem., N. S., 2:89-98, 1991.

M. Pavlovié. A short proof of an inequality of Littlewood and Paley. Preprint, 2004.

J. Riihentaus. On a theorem of Avanissian-Arsove. Fxposition. Math., 7:69-72, 1989.

W. Rudin. Analytic functions of class Hp. Trans. Amer. Math. Soc., 78:46-66, 1955.

S. Stevié. A Littlewood-Paley type inequality. Bull. Braz. Math. Soc., 34:1-7, 2003.

M. Stoll. A characterization of Hardy-Orlicz spaces on planar domains. Proc. Amer. Math.
Soc., 117(4):1031-1038, 1993.

M. Stoll. Harmonic majorants for eigenfunctions of the Laplacian with finite Dirichlet integral.
J. Math. Analysis and Appl., 274:788-811, 2002.

N. Suzuki. Nonintegrability of harmonic functions in a domain. Japan J. Math., 16:269-278,
1990.

K-O. Widman. Inequalities for the Green function and boundary continuity of the gradient
of solutions of elliptic differential equations. Math. Scand., 21:17-37, 1967.

DEPARTMENT OF MATHEMATICS UNIVERSITY OF SOUTH CAROLINA COLUMBIA, SC 29208
E-mail address: stoll@math.sc.edu



