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Introduction

The intend of these notes is to provide a detailed and comprehensive treatment
of harmonic and subharmonic function theory on real hyperbolic space in R™. Al-
though our primary emphasis will be in the setting of the unit ball B with hyperbolic
metric ds given by

2|d
gs — _2lda]

= 0.1
el 0.1)

we will also consider the analogue of some of the results in the hyperbolic half-space
H. Undoubtedly some of the results are known, either in the setting of rank one
non—compact symmetric spaces (e.g. [9]), or more generally, in Riemannian spaces
(e.g. [4]). However, many of the results are new. Furthermore, our approach does
not require any knowledge of Lie groups, and only limited knowledge of differential
geometry. The goal is to make these notes accessible to a broad audience. Our
development of the theory is analogous to the approach of W. Rudin ([17]) in
his development of Mobius invariant harmonic function theory on the hermitian
hyperbolic ball in C”.

In Chapter 1 we provide a brief review of Mébius transformation in R™. This is
followed in Chapter 2 by a characterization of the group M (B) of M&bius self-maps
of the unit ball B in R™. As in [17] we define a family {p, : a € B} of Mdbius
transformations of B satisfying ¢,(0) = a, p.(a) = 0, and @, (@.(z)) = = for all
x € B. Furthermore, for every v € M(B), it is proved that there exists a € B and
an orthogonal transformation A such that v = Ap,. When n = 2, the mappings ¢,
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correspond to the usual analytic Mobius transformations of the unit disc D given
by

w—z

Pu(2) (0.2)

T 1—wz

Some of the properties of the mappings {p,} and of functions in M(B) are devel-
oped in Section 2.1. In this chapter we also introduce the hyperbolic metric in B
and also in the hyperbolic half-space H.

In Chapter 3 we derive the Laplacian, gradient, and measure on B that are
invariant under M(B). Even though the formula for the Laplacian can be derived
from the hyperbolic metric, we will follow the approach of Rudin [17, Chapter 4].

For f € C?(B) we define Af by

Af(a) = A(f © a)(0).

The operator A is shown to satisfy A(f o )(z) = (Af)(1(z)) for all v € M(B).

Furthermore, an explicit computation gives
Af(z) = (1= |2*)?Af (2) +2(n = 2)(1 = [2*)(z, V f(2)),

where V[ is the euclidean gradient of the function f. In this chapter it is also
proved that the Green’s function for A is given by G(z,y) = g(|¢x(y)|), where g is
the radial function on B defined by

In Theorem 3.4 we prove that for ¢ € M(B), the Jacobian Jy, of the mapping
1) satisfies

_ (- lp@)P)
@) = S e

From this it now follows that the M6bius invariant measure 7 on B is given by
dr(z) = (1 — |z[*)"dv(x),

where v is normalized volume measure on B. In Section 3.4 we include a brief
discussion of the invariant Laplacian, gradient, and measure on the hyperbolic
upper half-space H.

A real-valued C? function f on B is defined to be either M-harmonic or M-
subharmonic on B depending on whether Af = 0 or Af > 0. It is well know
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that a continuous function f is harmonic in the unit disc D if and only if for all
r,0<r<1,and w e D,

1 27

fw) flpw(re™))dt (0.3)

where ¢,, is the M&bius transformation of D given by (0.2). The above is called
the invariant mean—value property. One of the first results proved in Chapter 4
is the following analogue of the invariant mean-value property: A real-valued C?
function f is M-subharmonic on B if and only if for all a € B and 0 < r < 1,

fla) < /S f(palrt))do(t), (0.4)

with equality if and only if f is M~harmonic on B. In the above, S is the unit sphere
in R™, o is normalized surface measure on .S, and ¢, is the Mobius transformation of
B defined in Section 2.1. The integral in (0.4) is an average of f over the hyperbolic
or non—euclidean sphere {p,(rt) : t € S} whose hyperbolic center is a. Inequality
(0.4) is then used in Section 4.2 to extend the definition of M-subharmonic to the
class of upper semicontinuous functions on B.

The remainder of Chapter 4 is devoted to extending some of the standard results
about subharmonic functions to M-subharmonic functions on B. In Section 4.4
it is proved that every M-subharmonic function on B is the limit of a decreasing
sequence of C'*° M-subharmonic functions, and Section 4.5 provides a characteri-
zation of M—subharmonic functions in terms of the “weak Laplacian”. This is then
used to prove the existence of the Riesz measure for an M-subharmonic function.

The Poisson kernel P for A is introduced in Chapter 5. In Section 5.1 we prove
using Green’s formula that for (a,t) € B x S,

P(a,t) = — lim nr" 71 (1 — r2)2 7" (VG4 (rt), t),

r—1

where G (rt) = G(a, rt) is the Green’s function for A. This immediately gives

—1
1—[z\"
P(z,t)= | —— .
@)= (0
The standard results for Poisson integrals of continuous functions are included in

Section 5.2.

In Section 5.3 we derive the expansion of the Poisson kernel in terms of the zonal
harmonics on B. One of the key results of this section is that if p, is a spherical
harmonic of degree a on S, then the Poisson integral Plp,] of p, is given by

Plpal(z) = [o]Sn.a(|])pa (%) |



where S, o, is given by a hypergeometric function. Interestingly, when n is even,
Shn.a(r) is simply a polynomial in 7 of degree n — 2. These results are then used to
show how the Poisson integral P[g| can be computed for any polynomial ¢ on S. As
an example, in R*, the M-harmonic function with boundary values t? is given by
P3)(z) = 1 + (2 — |z[*) (2} — |=|?). In contrast, the euclidean harmonic function
h with boundary values t? is given by h(z) = (1 — |z|?) + 3.

Acknowledgments. I would like to thank my good friend Paul Gauthier at the
University of Montreal for providing the motivation for this project. His many
questions about harmonic functions on real hyperbolic space, to which I did not
know the answers, encouraged me to learn more about this interesting subject. 1
would also like to express my appreciation to John Taylor at McGill for providing
me with a copy of his notes on rank one symmetric spaces, and to thank the Director
and Staff at the CRM for their hospitality during my visit.
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1. Mobius Transformations

In this chapter we provide a brief review of Mobius transformations on n—
dimensional euclidean space R™ (n > 2). A good reference for these topics is the
monograph by A. F. Beardon [3]. First however we begin with a review of notation
that will be used throughout these notes.

1.1. Notation

For z, y € R" we let (z,y) = > z,y; denote the usual inner product on R and
j=1
|z| = \/(x,z) the length of the vector z. For a € R™ and r > 0, the ball B(a,r)
and sphere S(a,r) are given respectively by

B(a,r) ={x e R": |z —a| <1},
S(a,r)={z €R": |z —a| =1}

The unit ball and unit sphere with center at the origin will simply be denoted by B
and S respectively. The one—point compactification of R™, denoted R”, is obtained
by appending the point co to R”. A subset U of R" = R" U {co} is open if it is an
open subset of R™, or if U is the complement in R™ of a compact subset C' of R"”.
With this topology R™ is compact.

For a subset D of R”, D denotes the closure of D, Int (D) the interior of D, D
the boundary of D, and D the complement of D in R™. Alsg if £ and F' are sets,
E \ F denotes the complement of F'in E, ie., E\F=FENF.

The study of functions of n—variables is simplified with the use of multi-index
notation. For an ordered n—tuple o = (a1, ..., ), where each ¢ is a non-negative
integer, the following notational conventions will be used throughout:

lal=a1 4+ Fa,, a=a!a,!, %=z -z

Qn
n

and

olel ¢
OX{ - dxpn
If Q is an open subset of R", we denote by C*(Q), k& = 0,1,2,.. the set of

real—-valued functions f on € for which D f exists and is continuous for all multi—
indices o with |a| < k. Thus C°(Q), or simply C(£2), denotes the set of real-valued

Do f =
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continuous functions on 2, and C'*° () the set of infinitely differentiable functions
on Q. Also, the set of functions f € C*(Q2) for which D®f, |a| < k, has a continuous
extension to Q will be denoted by C*¥(Q). If f : Q — R, then the support of f,
denoted supp f, is defined as

supp f = {z € Q: f(z) # 0}.

The set of continuous functions on 2 with compact support will be denoted by
C.(£2). The notations C*(2) and C°(Q2) have the obvious meanings.

A linear transformation A : R™ — R" is said to be orthogonal if |Ax| = |z| for
all x € R™. The set of orthogonal transformations of R will be denoted by O(n).
If A is represented by the n x n matrix (a; ;), then A is orthogonal if and only if

ik jk = 04j = .,
st 0, i#7.

If ¥(x) = (1(x), ..., ¥n(7)) is a C! mapping of an open subset Q of R™ into R,
then the derivative ¢’(z) is the n X n matrix given by

vw-(52)

4,j=1

and the Jacobian Jy of the transformation v is given by Jy(x) = detv’(z).

1.2. Inversion in Spheres and Planes?

Definition 1.1. The inversion (or reflection) in the sphere S(a,r) is the function
¢(x) defined by

¢(x):a—|—( L )2(x—a). (1.5)

| — al

For the unit sphere S, ¢(z) = z/|z|>. The mapping = — z/|z|* is commonly
denoted by x*. Thus (1.5) can now be rewritten as

o(x) =a+r*(x —a)*.

The reflection ¢(x) is not defined at x = a. Since |p(z)] — o0 as z — a we set
¢(a) = oco. Also, since lim |p(x) —a| = 0, we set ¢(c0) = a. Thus ¢ is defined

|| —o00

on all of R", and it is easily shown that ¢ is continuous in the topology of R™. A

2 Although we will mainly be interested in the case n > 2, the formulas for inversions in spheres
and planes are still meaningful when n = 1.
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straightforward computation also shows that ¢(¢(x)) = « for all 2 € R™. Thus
¢ is a one-to-one continuous map of R™ onto R™ satisfying ¢(x) = z if and only
x € S(a,r).

In addition to reflection in a sphere we also have reflection in a plane. For
a€R" a+#0,andt € R, the plane P(a,t) is defined by

P(a,t) ={z € R" : (z,a) = t}.

By convention oo belongs to every plane P(a,t).

Definition 1.2. The inversion (or reflection) in the plane P(a,t) is the function

Y(x) defined by
Y(x) =z + Aa,

where X € R is chosen so that 3(x + ¢ (x)) € P(a,t).

Solving for \ gives
Y(x) =z —2[{x,a) —tla*, xe€R™ (1.6)
For the mapping ¢ we have
() |* = |2 + O(Jz),

and as a consequence | llim |t(x)] = o0o. Thus as above we define 1p(c0) = 0.

With this definition the mapping 1 again satisfies ¥(1(x)) = z for all & € R".
Thus ¢ is a one-to—one continuous map of R™ onto itself with ¥ (z) = x if and
only if z € P(a,t). It is well known that each inversion (in a sphere or a plane) is
orientation-reversing and conformal (see [3, Theorem 3.1.6]).

1.3. Mobius Transformations

Definition 1.3. A Moébius transformation of R™ is a finite composition of inver-
sions in spheres or planes.

Clearly the composition of two Mobius transformations is again a Mobius trans-
formation, as is the inverse of a Mobius transformation. The group of Mobius trans-
formations on R" is called the General Mébius group and is denoted by GM (R”)
Although not immediately obvious, both translation and magnification by a con-
stant are Mobius transformations. The translation z +— x 4+ a, a € R™, is the
composition of inversion in the plane (x,a) = 0 followed by inversion in the plane
(z,a) = 1|al*. Likewise, the magnification or scalar multiplication = — kz, k > 0,
is also a Mobius transformation in that is the inversion in S followed by the inver-
sion in S(0, \/E) Furthermore, every euclidean isometry of R” is a composition of
at most n + 1 reflections in planes ([3, Theorem 3.1.3]).
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We conclude this section by showing that every every Mobius transformation
maps a sphere or plane onto a sphere or plane. We will use the term “sphere” to
denote either a sphere of the form S(a,r) or a plane P(a,t). Since every inversion
Y in a plane P(a,t) can be written as

Y(z) =2+ Aa,

the mapping 1 clearly maps a “sphere” onto a “sphere”. To show that an inversion
¢ in a sphere S(a,r) preserves “spheres”, it suffices to show that the mapping z*
preserves “spheres”.

For any set E C R", we let E* = {z* : 2 € E}. A set E C R" is a sphere or a
plane if and only if

E={zcR":bz|* —2(x,a) +c =0},

where b and c are real and a € R". By convention, oo satisfies this equation if and
only if b = 0, that is, E is a plane. Now it is easily seen that E* has the same form
with the roles of b and ¢ reversed. Finally, it is an easy exercise to show that for
a€R"”and r >0,

a T
if
§(a,r) = S(rar2—r2’ua\2—r2|) 0 ¢ Sa,r),

P(a, 3) if 0 € S(a,r).

(1.7)

We conclude this section with one more useful formula that will be required later.
If ¢ is inversion in the sphere S(a,r), then a straightforward computation gives

lr—ally—al '
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2. Mobius Self-Maps of the Unit Ball

In this chapter we will provide a characterization of the Mébius transformations
of R™ mapping the unit ball B onto B that is similar to the characterization of
the Mobius mappings of the unit disc in C onto itself. The set of all Mobius
transformations mapping B onto B will be denoted by M(B) or simply M.

In the complex plane C, every analytic Mobius transformation ¢ mapping the
unit disc D onto itself can be written as 1(z) = e, (z), where for w € D,

The mappings ¢, (z) satisfy ¢, (0) = w, @, (w) = 0, and @, (pw(2)) = 2z for all
z € D. Furthermore, the mapping ¢, (z) satisfies

(1— 121 = w]?)
|1 —wz|?

1= Jpu(2)]* =

2.1. Mobius Transformations of B

In this section we define an analogous family of Mdbius transformations {p, :
a € B} mapping B onto B having the property that every Mébius transformation
¥ mapping B onto itself can be written as ¢ = Ao y,, where a € B and A € O(n).
For a € B, we first set

VYa(z) = a+ (1 —la*)(a —z)*. (2.1)

Since the mapping 1, is a composition of Mobius transformations, 1, is a Mobius
transformation of R” mapping 0 to a* and a to co. By a straightforward computa-
tion we have

o —2|* + (1 —|a]*)(1 —[z]?)

ja — xf?

[ ()| =

Y

and as a consequence

|wa<m)|2 1= (1 — ’(I|2)(1 — ’x‘Q) ) (22)

|z — al?
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From the above it follows immediately that 1, maps B onto R \ B.
We now define the mapping ¢, by

Ya(z)
Pall) = wa xr) = 2.3
@ = @ 2
If we set?
p(z,a) = |z —af’ + (1~ |a[*)(1 ~ [2[*) = [a]*|a” — 2|, (2.4)
then the mapping ¢, can be expressed as
alz —al* + (1 —|af*)(a — z)
o) = 2.5
Pa(7) () (2.5)
As a consequence of (2.2)
1—|z[)(1 = |a|?
1— I(pa(x)|2 — ( ’ ‘ )( ’ ‘ ) (26)

p(z,a)

Thus ¢, is a M&bius transformation mapping B onto B with ¢, (0) = a and ¢, (a) =
0. That ¢, maps B onto B follows immediately from the fact that v, maps B onto
R” \ B and that z* maps R" \ B onto B. We will shortly prove that ¢, also
satisfies . (pq(x)) = 2 for all z € B. In the unit disk D, p(z,w) = |1 — wz|* and
the mappings ¢, (2) as defined by (2.5) are precisely the functions (w—z) /(1 —wz).

One of the advantages of the mappings ¢, is that the function (a,z) — @, (z) is
not only continuous on B x B but also differentiable in each of the variables. At this
point we will include several computations involving derivatives of the mappings
pq that will be required in the proof of Theorem 2.2 and also later in the sequel.
Let y;(z) denote the jth coordinate of y(z) = ¢4(x). Then by straightforward
computations we have

_62‘,]‘
(1—laf?)’

i s 12 Ayj, | _
a—xi(o)— d;,5(1 —lal®), axi(a)—

0%y;
gz (0) = (1= lal®)[20; — daidi ;).

(3

Hence
¢a(0)=—(1—[a)I and yy(a)=—(1~ o)1
where I is the n x n identity matrix.

Since the following theorem is well know we state it without proof. A proof may
be found in [3, Theorem 3.4.1].

3In [3] the function \/p(x,a) is denoted by [z, a].
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Theorem 2.1. Let ¢ be a Mébius transformation of R™ satisfying ¥(0) = 0 and
Y(B) = B. Then (z) = Ax for some orthogonal transformation A.

We are now ready to state and proof the main result of this section.

Theorem 2.2. For a € B, let ¢, be defined by (2.5). Then
(a) wq is a one—to—one Mdébius mapping of B onto B satisfying

va(0)=a, ¢u(a)=0, and @.(p.(z)) =2

for all x € B.

(b) If ¢ € M(B), then there exists an orthogonal transformation A and a € B
such that ¥(x) = Ap,(x).
Proof. (a) To prove (a) it only remains to be shown that ¢,(p.(z)) = = for all
x € B. Set ¥(z) = (pq 0 wa)(z). Then @ is a Mobius transformation of R”
mapping B onto B satisfying 1(0) = 0. Thus ¥ (x) = Ax for some orthogonal

transformation A. But then A =1/(0). On the other-hand, by the chain rule and
equations (2.7)

¥'(0) = ga(a)ea(0) = 1.
Hence A = I and thus ¢, (@, (z)) = z for all z € B.

(b) Let ¢ € M(B) and let a = 1)=1(0). Then 9 o ¢, is a M&bius transformation
of B that fixes the origin. Thus 1oy, (z) = Az for some orthogonal transformation
A. But then by (a) we have ¥ (z) = Ap,(z). O

Prior to introducing the hyperbolic metric on B we prove an identity for map-
pings ¢ € M(B).
Theorem 2.3. If ) € M(B), then for all x,y € B,
[Y(x) —¥(y)? _ |z —yl”

1= [@P) A= p@?) A=) —=yP?)

Proof. Although this identity could be proved using the mappings ¢, it appears
to be easier to use the mappings o, defined as follows: for a € B, a # 0, let o,
denote the inversion in the sphere S(a*,/|a*|? — 1), i.e.,

oo(x) = a* + (|a*]* — 1)(z — a*)*. (2.8)

Then 0,(0) = a, o0,(a) = 0, and since o, is an inversion, o,(c,(x)) = x for all
x € R™. Also, by identity (1.8),

ja** = 1)%|z — af?

|z — a*]2la — a*|? "’

|00 (2)|* = |oa(2) — 0a(a)* = (
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which upon simplification gives
2

5 _ |z —a
o) = ——.

7= o)

e (1 [22)(1 - o)
1—|x 1—Ja
1—lo,(2)? = . 2.9
loa ()] (. a) (2.9)
Hence o, € M(B).* Again by (1.8) we obtain
(1—lal?*)?|x — y|2'
p(z,a)p(y,a)

|oa(@) = oa(y)]® =
Combining this with (2.9) now gives

|0-a(93) _Ua(y) — |I—y|2
(1 —loa(@)?)(1 = loa(y)l?) 1 —|zP)A = [yl?)
Finally, as in the proof of Theorem 2.2 (b), every 1» € M(B) can be expressed as
Y(x) = Aog(x) for some A € O(n) and a € B. From this the result now follows. [

|2

As a consequence of the identity in Theorem 2.3, for ¢» € M(B),

W) —Y@)] 1= ())?
i S s N P (2.10)

This result will be required in proving the M—invariance of the hyperbolic metric
on B.

2.2. The Hyperbolic Metric on B

The hyperbolic metric p on B is given by
2|dx|
ds = )
TP
Thus if v : [0,1] — B is a C! curve in B, the length L(v) of 7y is given by
1 /
219'(t)| dt
L= [ 20l
o 1= ()]
and for a,b € B, the hyperbolic distance d(a,b) between a and b is defined by
d(a,b) = inf L(7),
v

(2.11)

where the infimum is taken over all C1 curves v : [0,1] — B with v(0) = a and
(1) = b. From this we immediately obtain that for x € B,

d(0,z) = log G i :iD . (2.12)

4Even though the mappings o, are easier to work with, they have the disadvantage that
lirr%J oq(x) does not exist.
a—
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Theorem 2.4. For all ¢y € M(B) and a,b € B, d(v(a),¥ (b)) = d(a,b).

Proof. To prove the theorem it suffices to prove that L(3 o) = L(v) for all C!
curves v and ¢ € M(B). If we set o(t) = ¥(y(t)), then o is a C! curve and

/(8] = Jim | T J(t)’
_ i 120 E 1) —9(1(0))]
=0 A |

which by (2.10)
— oo (160

1—[y(@®)?

O _ WOl
L=fo@®)* 1=
From this it now follows that L(¢) = L(v), thus proving the claim. [

Thus

As a consequence of (2.12) and Theorem 2.4, for a,b € B,

d(a,b) = d(0, ga (b)) = log (%) | (2.13)

Some brief computations also give
la —b|?

sinh? 1d(a,b) = )
? (1 —lal?)(1 —[b?)

or

[y
V(L= lal?)(1—[b]?)
where p(a,b) is defined by (2.4).

[y

d(a,b) = 2 Arcsinh )
p(a,

= 2 Arctanh [ ] . (2.14)

For 0 < r < 1 we will denote B(0,r) and S(0,r) by B, and S, respectively. As
in [17, p. 29], fora € B and 0 < r < 1, we let E(a,r) = ¢q(B;). Since ¢, is an
involution,

1—r
Thus E(a,r) is a hyperbolic ball with hyperbolic center a and hyperbolic radius

E(a,r)={xz € B: |ps(x)| <r}={r € B:d(a,z) <log <1 + T)} (2.15)

1
p = log (1 +r) = 2 Arctanhr.

- T

However, FE(a,r) is also a euclidean ball whose center and radius are given in the
following theorem.
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Theorem 2.5. Fora € B and 0 <r <1, E(a,r) = B(ca, pa) where

(1-17%a
(1 —1al?r?)

r(1—lal?)

d pg= 2
B G P )

Cq =

Proof. To prove the result we first determine the image of S, under the mapping
©Ya- Let 1, be the mapping defined by (2.1). If |a| # r, then by (1.7)

(0= (e
outs) = (e )

Since ¢, = ¥}, using (1.7) again gives

_ (1=r%a (1—|a|*)r
Pa(Sr) =S ((1 —r2la2)’ (1— r2|a|2)> '

(2.16)

On the other-hand, if |a| = r, 14 (S;) = P(a, 5(1 + |a|?)). Taking the inversion of
Yo (Sr) gives
a(Sr) = {z « (1+[al)]z|* — 2{a,z) = 0},

This however is simply the equation of the sphere given in (2.16) with r = |al.
Since ¢, is continuous and a € B(cq, pa), va(Br) C B(cq, pa)- Finally, since ¢, is
an involution, ¢, (B,) = B(cq, pa). O

2.3. Hyperbolic Half-Space

In this final section we briefly consider hyperbolic half-space in R™.

Definition 2.6. For n > 2, the upper half-space H or H,, in R™ is defined by

H={zeR":x, >0}

For each z € R"7!, let # € R™ be defined by
z=(z,0) = (z1, ..., Tp_1,0).

For each inversion ¢ on R, we define an inversion gz~5 acting on R™ as follows. If
¢ is an inversion in S(a,r), then ¢ is the inversion in S(a,r): if ¢ is an inversion in
P(a,t), then ¢ is the inversion in P(a,t). If x € R"~!, then

$(z) = o(x,0) = (¢(x),0) = ¢().



16 MANFRED STOLL

The function ¢ is called the Poincaré extension of .

Suppose ¢ is an inversion in S(a,7), a € R"~1. Then for z € R", o(z) =
a+r?*(x —a)*. If [¢(x)]; denotes the jth coordinate function of ¢(z), then

~ rlx,

[6(2)]n =

|z —al*

By (1.8) and the above

9(2) = $W) _ |z —yl*
[D(@)nld®)ln  ZTn¥n
As a consequence the mapping ¢~> leaves
lz —yl?
. (2.17)

invariant. If ¢ is reflection in the plane P(a,t), then 6 is a euclidean isometry of
R™ with [¢(z)], = zp. Thus (2.17) is also invariant under ¢. Furthermore, in both
cases we have ¢(H) = H.

If ¢ is any Mo6bius transformation acting on R e, ¢ =100, where
each ¢; is an inversion in R"~! then gz; = q~51 0---0 ggm is an extension of ¢ to
a Mobius transformation of R” which preserves H. By Theorem 3.2.4 of [3] this
extension is unique. Also, since each qgj leaves (2.17) invariant, so does the mapping

6. As a consequence the Poincaré extension ¢ of any ¢ € GM (R”_l) is an isometry
of the half-space H,, when endowed with the Riemannian metric d given by

_ ldz]

Tn

ds

This metric is invariant under ¢ for each ¢ € GM(R"1). For this metric, we have
for x,y € H,,,
2
. z —yl
sinh? Ld(x,y) = |—,

or

d(x,y) = 2 Arcsinh Uf/x;_?] :

We conclude this section by considering the Mobius transformation ® that maps
H onto B. Set e,, = (0,...,0,1) and let ® denote the inversion in S(—e,, v2), i.e.,

2(z +ep)

B(z) = —ep + 2 )
(z) en + T e

(2.18)
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Then
4 4{en, x + en)
P(x))* =1 i
()] + 7+ e, |2 |+ ey |2
—1_4$
|z + en|?’
or
4x
1— @)= —2 .
2o = 5

Since ® is an inversion, ® is a one-to-one map of R™ onto R satisfying ®(®(z)) = =
for all x € R™. Also, since |®(z)| = 1 when z,, = 0, ® maps H onto B, B onto H,
and OH (in R™) onto S.

Finally, since ® is the inversion in S(—e,, v/2), by Identity (1.8)

2|y — |
2) -~ o) = "
and thus
i (20 =2@] 2
y—x |y - .’13| |3j + en‘ (219)
1—|®(2)
- 2r,

We conclude this section by computing Jg(z). For ¢(z) = z*, we have
¢'(x) = x| ] - 2Q(x)],

where Q(z) is the n x n symmetric matrix (z;x;)}';_;. Since the characteristic
polynomial of 2Q(x) is s"~1(s — 2|z|?), taking s = |x|? gives

det ¢’ () = —|z| 2"
But ®(z) = —e,, + 2¢(x + €,,). Thus ®'(z) = 2¢'(x + e,) and hence

Jo(z) = det®(z) = —— 2 (2.20)

B |z + e |2
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3. The Invariant Laplacian, Gradient, and Measure

In order to study harmonic function theory on the hyperbolic ball B, we first
need to determine the Laplacian 3, gradient 6, and measure 7 on B that are
invariant under the group M(B) of Mébius transformations of B. Although these
are well known in the setting of rank one non—compact symmetric spaces, we follow
the approach of Rudin [17, Chapter 4] to determine A and V.

3.1. The Invariant Laplacian and Gradient

Definition 3.1. Suppose Q is an open subset of B, f € C%*(Q) and a € Q. We
define

(Af)(a) = A(f 2 9a)(0),
where @, is the involution defined by (2.3) and A =) % is the usual Laplacian on

R"™. The operator A is called the invariant Laplacian or Laplace-Beltrami operator
on B. Also, for f € CY(Q), we define the invariant gradient V by

(V£)(a) = =V (f ©¢a)(0),

where V = (%, ey 8%) is the usual gradient.

1

Suppose f is a C! (or C?) function on B and y = 9(z) is a C* (or C?) mapping
of B into B. Then if g = f o1, by the chain rule

Vy(x) = ¢ (2)V f((z)),

and

Hence if y = pq(z), from equations (2.7) it now follows that

Vi) = (1 -a*)Vf(a) (3.1)

5The choice of the minus sign in the definition of V will assure that 6]" is in the same direction

as Vf.
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and

Af(a) = (1 —al’)*Af(a) +2(n = 2)(1 — |af*){a, V f(a)). ® (3.2)
If f is a radial function, i.e. f(x) = g(|z|), then with r = |z|,

Vi) =(1-1%g(r) (3.3)

=R

and thus |V f(z)| = (1 —r2)g'(r). Also,

Af(z)=(1—r2) [(1—12)g"(r) + g/ffa) ((n—1)1 =72 +2n—2)r2}. (34)

The Mobius invariant Laplacian on the hermitian hyperbolic ball B in C™ (see
[17, Chapter 4]) is given by

~ - 0?f(z
Af() =40~ 127) Y (i — 7 T 1.
ij=1 iY<j

In contrast to the Laplacian on real-hyperbolic space, this operator has no linear
terms. The following theorem justifies the term “invariant” in reference to the
operator A and the gradient V.

Theorem 3.2. For f € C*(Q) and ¢ € M(B),
A(fop) = (Af)yov and |[V(fou)|=|(Vf)o|.

Proof. Asin [17, Theorem 4.12], pick b € 9~1(Q) and put a = +(b). Then p, 0oy
is a Mobius transformation of B fixing 0. Thus ¥ o, = ¢, 0 A for some orthogonal
transformation A. Hence

A(f o) (b) = A(f o9 0 ) (0) = A(f © 94 © a)(0).

61f the hyperbolic metric (2.11) is expressed in standard Riemannian notation as

d82 = Z gi’jd.’Eidfbj7

4,7

where g; j = 46; j(1 — |z|?) 72, then the Laplace-Beltrami operator L on B is defined by

L(f) = — 3 0u(a™ 305 ),
i,j

Nikw

where g = det (g;,;), and (g%7) is the inverse matrix of (g; ;). A brief computation shows that
except for a factor of i, this agrees with the operator A given by (3.2).
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But for any orthogonal transformation A, by the computations following Definition
3.1,

Alg o A)(0) = (Ag)(0).

Therefore, A(f o ¢q 0 A)(0) = A(f 0 0,)(0) = Af(a), that is, A(f o )(b) =
(Af)(1(b)). An analogous argument proves that [V (f o )| = |[(Vf)ot|. O

3.2. The Fundamental Solution of A

Suppose ¢ is a radial solution of Ag = 0. If we let v(r) = ¢/(r), then by (3.4)
the function v must satisfy

(=)' (r) +{(n = D1 = 7%) +2(n = 2)r*} == =0,
o v'(r) 1 2r
o(r) ——(n—l);—(n—Q)l_rz.

Solving this differential equation for v(r) gives

(1 _ T2)n72 .

v(r)=c |

for some constant ¢. Thus
1 1 1 — g2)n—2
g(r) = —/ ﬁds (3.5)

is a radial solution for A. The choice of the constant % will become apparent in
Theorem 4.2. When n = 2 this gives the usual solution

g(r) = % log %

When n > 2, by estimating the integral in (3.5) we obtain the existence of
constants ¢; and c¢o, independent of x, such that

(1= [of2)r! (1= [of2)r!
< < 3.6
a1 |I’n72 (‘ D >c |.’L‘|n72 ( )
for all z € B, z # 0. When n = 2, the fundamental solution g(|z|) = —1 log |z|
satisfies (1 - |z])
— |z
L1~ a]) < g(a) < T2, (3.7)
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Definition 3.3. Forx,y € B, x # y, the Green’s function G(x,y) for A is defined
by
1 1 (1 _ g2)n—2
m%m:m%@mz—/ A=) g,

n—1
TSy (@) s

Since |y ()| = |pz(y)|, we have G(z,y) = G(y,z) for all z,y € B, x # y. Also,
if y € B is fixed, the function x +— G(z,y) satisfies A,G(z,y) = 0 on B\ {y}.
Furthermore, by (3.6), for n > 2,

- 0o @)
R P ES

for all z,y € B, x # y. Thus by (2.2), for n > 2 we have

(L f)™ (1~ [y
= o2 e — P + (L )~ )7

G(z,y) ~ (3.8)

3.3. The Invariant Measure on B

Our next step is to determine the Mobius invariant measure 7 on B. First
however we introduce some notation and formulas concerning integration on B.
We denote by v Lebesgue measure in R™ normalized so that v(B) = 1. Also, we
denote by o surface measure on S again normalized such that o(S) = 1. Then by
integration in polar coordinates we have

/B f(z)dv(z) =n /0 1 rl /S f(r¢) do(¢)dr. (3.9)

The measure o is invariant under O(n), that is,

| #1400(0) = [ 1(do(©) (3.10)
s s
for all A € O(n) and f € L'(S). Furthermore, if K is any compact subgroup of
O(n),
do(C) = k¢) dkdo .
[ 1@ = [ [ s ardac), (3.11)

"If f and g are real-valued functions on a set S, we use the notation f(x) ~ g(x) to mean that
there exist constants c; and cg, independent of x, such that

c1f(z) < g(x) < caf(x)

forall x € S.
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where dk denotes Haar measure on K.

To determine the invariant measure 7 on B we assume that d7(z) = p(z)dv(z),
where p is a radial function on B. Then for f € L'(B,7) and the mapping ¢, €
M(B) we have

[ ¢ oeair= [ foanpaana)

which by the change of variables formula for R"

— /B F(2) (P ()] i ()| (),

where J,, is the Jacobian of the mapping ¢,. Thus in order that [(f o p,)dr =
[ fdr for all f € LY(B,7) and ¢,, we must have p(pq(z))|J,, (z)] = p(x). In
particular with x = 0, by (2.7), p(a) = (1 — |a]?*)""p(0). Hence we define the
measure 7 on B by

dv(x)

T = ey

(3.12)

In the following theorem we prove that 7 is the Mdbius invariant measure on B.

Theorem 3.4. (a) If iy € M(B), then the Jacobian Jy of ¢ satisfies

_ (- R@P)"
@) = S

forall x € B.
(b) The measure T defined by (3.12) satisfies

/deT:/B(fO@b)dT

for every f € LY(B, 1) and ¢ € M(B).

Proof. (a) For v € M(B) and a € B, let b = 1(a). Then ¢, o) o ¢, € M(B)
and fixes 0. Thus 9(z) = ¢p 0 A 0 p,(z) for some A € O(n). But then ¢'(x) =
oy (Apa(z)) Agq(2), or

V(@) = ¢,(0) Ay (a).
Hence by (2.7)

)
Y@= Tap
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Since A is orthogonal, |det A| = 1. Therefore

[Jp(a)] = | det v/ (a)| = (1(— W|i|)|)) .

For (b), if f € LY(B,7) and ¢ € M(B), then

/B fdr = /B F(w)(1 — [wl?)~"dv(w),

which by the change of variables formula

/f DA~ [(@)[2) " | @)]dv ()
= [ #@@)a =Py ivo) = [ (Fowyar. O

For future reference we estimate 7(F(a,r)), 0 < r < 1. Since E(a,r) = pq(B;)

. T pn—l
T(E(a,r)) =7(B;) = /0 a7 dp.
For n > 2, set .
en(r) = A=t (3.13)

Then co(r) = 7(E(a,r)), and for n > 2, by L’Hospital’s rule,

lim m(Br) _ lim n
r—=1 cp(r)  r=1n(l—7r2) 4+ 2(n— 1)r2
n
2n—1) (3.14)
tim 25
r—=0 ¢p(r)

Thus for all n > 2,

~ m, (3.15)
with equality when n = 2.
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3.4. The Invariant Laplacian, Gradient, and Measure in Hyperbolic
Half-Space

For f € C%(H), the invariant Laplacian L and invariant gradient V are given by

Lf(y) = 2 Af(y) — (n — 2>yn§7f

and

VI(y) =y, V.

The Mobius invariant measure 7 on H is given by

dr(y) = cpy, "dy

for an appropriate constant c,,.
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4. Mobius Invariant Harmonic and
Subharmonic Functions

In this chapter we consider the class of functions on B that are harmonic or
subharmonic with respect to the operator A. We begin with the following definition.

Definition 4.1. Let 2 be an open subset of B. A function f € C*(Q) is said to

be M~harmonic (or invariant harmonic) on €2 if Af(x) =0 for allz € Q. Also, f
is said to be M—subharmonic on Q if Af(x) >0 for all z € Q.

Clearly if f is M~harmonic of M-subharmonic on B, then by the M-invariance
of A sois foq for all vy € M(B). In Section 4.2 we extend the definition of
M-—subharmonic function to the class of upper semicontinuous functions.

4.1. The Invariant Mean—Value Property

Recall that a function f on B is radial if f(x) = g(|z|) for some function g on
[0,1). This is equivalent to f(Ax) = f(z) for all A € O(n). For a continuous
function f on B we define the radialization f* of f by

fa) = [ fAryda= /S f(l20)do(¢), =< B, (4.1)

O(n)

where dA is the Haar measure on O(n). Clearly f* is radial on B, and if f € C?(B),

Afia) = [ | (Bnania

Prior to proving the mean-value property for M—harmonic and M-subharmonic
functions we prove the following analogue of Lemma 2.5 of [16].

Theorem 4.2. If f € C%(B), then

@ 5 [ 10000 =2t [ A,
and

(b) f(0) = /S F(rO)do (C) - /B 9lfel,r)Af (@) dr (o),
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where

xr:l des 4.2
g(jz).r) /m| - (4.2)

n sn

Proof. Since (Af)! = A(f?), to prove (a) it suffices to assume that f is a radial
function on B. As in [16], suppose f(x) = u(|z|?), where u is a C? function on
[0,1). Then with r = |z|,

Af(x) = 4r%u" (r?) + 204/ (r?), and (x, Vf(x)) = 2rd/(r?).
Thus by (3.2)
Af(z) = 4r2(1 — 2" () + 2n(1 — 1220 (%) + 4(n — 2)r2(1 — r2)d' (r?).

If we let
v(t) =t (1 — )27/ (1),

then Af(z) = 4r2 (1 — r2)"/(r2). Therefore

~ P ~
/ Ade:n/ r" N1 —r?) T Af(r) dr
B, 0

p
= 4n/ v’ (r?) dr
0
= 2np"(1 - p*)> "' (p?).
On the other-hand,
d
g / F(p) do(C) = 20 (7).
PJs

4 / F(p€) do(C) = 2 p1=n(1 — 2= / Af(x) dr(z)

which proves (a). Integrating the above from 0 to r gives

[ £61o(0) - 500) = /()T%pl—“u—p%"—? | Afw)dr(a)dp

P

Therefore

which upon changing the order of integration

= [ allal.nAra)dria).
where g(|x|,r) is defined by (4.2). O

Remark. Although we assumed in Theorem 4.2 that f € C?(B), the conclusions
are still valid if f € C?(Q), where  is an open subset of B with 0 € Q. In this
case the conclusions hold for all r such that B(0,r) C Q.

As a corollary of Theorem 4.2 we obtain the following mean-value property for
M-harmonic and M-subharmonic functions.
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Corollary 4.3. (Invariant Mean—Value Property) Let ) be an open subset of
B. A C? function f is M—subharmonic on € if and only if for all a € Q,

thLfWWﬂMdO (4.3)

for all v > 0 such that E(a,r) C Q. Furthermore, f is M~harmonic on B if and
only if equality holds in (4.3).

Proof. Suppose [ is M-subharmonic on € and a € Q. Then f o ¢, is M-
subharmonic on ¢, (€2). Since A(f o@,) > 0 on ¢,(2), by part (b) of the previous
theorem we have

ﬂ@=ﬁw@@§LUMMWMdﬂ

for all » > 0 such that B(0,7) C ¢,(2). Clearly, if f is M-harmonic on B, then
equality holds in (4.3).

Conversely, suppose f € C%(Q) satisfies (4.3) for all a € Q and 7 > 0 such that
E(a,r) C Q. Let a € Q be arbitrary, and set h(z) = (f o ¢,)(z). Then there exists
r, > 0 such that

h(0) < /S h(rt)do (t)

for all 7, 0 < r < r,. Since h is C? in a neighborhood of 0, as a consequence of the
Taylor expansion of h about 0,

/{h (rt) — h(0)} do(t) = %Ah(o) +O(r?). (4.4)

Therefore,

Ah( —hm—/{hrt 0)}do(t),

r—0 r2

and thus Af(a) = Ah(0) > 0. Hence f is M-subharmonic on B. [

Remarks. (a) If f € C?(B) is M-subharmonic on B, then Inequality (4.3) holds
for all , 0 < r < 1. Furthermore, the integral mean

:/ﬂmw@
S

is a non-decreasing function of r, 0 < r < 1.
(b) As a consequence of the above proof, for f € C?(Q), we have

Af(a) = lim 22 / (Flu(rt)) — f(a)}do(t). (4.5)

rOT‘2

One other consequence of Theorem 4.2 is the following corollary.
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Corollary 4.4. If f € C?(B), then for all a € B,

fla) = — /B Gla,2)Af(@)dr(x),

where G is the Green’s function for B.

Proof. Since f has compact support in B, letting » — 1 in Theorem 4.2 (b) gives

10 = = [ alle) Ar()ar(a).
Applying this to f o ¢, gives the desired result. [J
When n = 2, dr(z) = £(1 — |2]?)"2dA(z). Thus Corollary 4.4 simply becomes

1

f(z) == | log

zZ— W
2T D w.

1 —wz

\ Af(w) dA(w)

for all f € C?(D) with compact support. We conclude this section with the following
version of the maximum principle.

Theorem 4.5. (Maximum Principle) Suppose € is an open subset of B and

that f € C%(Q) is subharmonic in Q and continuous on Q. If f <0 on 09, then
f<0in Q.

Proof. Set h(z) = f(z) + €|x|?>. Then h < € on 9Q and for all z € Q,
Ah(z) = Af(2) + 2e[n(1 = |2*)* + 2(n — 2)|z*(1 - |2]*)].

Thus Ah(z) > 0 for all z € Q. If h had a local maximum at some point z € €,
then h o ¢, has a local maximum at 0. This however is impossible since

A(h o p,)(0) = Ah(z) > 0.

Thus h(z) < € for all z € Q. Finally, since f(z) < h(x) for all z, letting € — 0 gives
f(z)<0on Q. O

4.2. M—Subharmonic Functions

We now extend our definition of M-subharmonic functions to the class of upper
semicontinuous functions.
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Definition 4.6. Let ) be an open subset of B. An upper semicontinuous function
f:Q [—o0,00), with f #Z —o00, is M—subharmonic on Q if

f(a) < [5 f(a(rt)) do(t) (4.6)

for all a € Q and all v sufficiently small. A function f is M-superharmonic if — f
1s M-subharmonic.

Inequality (4.6) is the Mobius invariant mean—value inequality. Definition 4.6 is
of course equivalent to Definition 4.1 for the class of C? functions. In the following
theorem we prove that with this definition the class of M-subharmonic functions
is again invariant under M.

Theorem 4.7. If f is M-subharmonic on B, then f o is M-subharmonic for
all p € M(B).

Proof. For ¢ € M and a € B, let b = 1¢(a). Then (01 0 ¢,)(0) = 0, and thus
Y(pa(x)) = pp(Ax) for some A € O(n). Consequently, by the O(n) invariance of
0-7

/ (f 0 9)(pa(rt)) do(t) = / Fon(Art)) do(?)
S S
— /S Fo(rt)) dot) > f(b) = (fo¥)(a). O

There is also a volume version of the invariant mean—value inequality.

Theorem 4.8. Let Q) be an open subset of B. If f is M—subharmonic on 2, then
for each a € €,

f < gy [ @) (4.7

for all v sufficiently small such that E(a,r) C Q. If f is M~harmonic on 2, then
equality holds in (4.7).

Proof. The inequality follows from the M-invariance of 7, and is obtained by mul-
tiplying both sides of (4.6) by n p"~1(1 — p?)~™ and integrating from 0 to r. [

Remark. If f is M-harmonic on B, then
£@(0) = [ 1@e) dot)
S

for all ¥ € M(B). By multiplying by np"~! and integrating we also have

F(6(0)) = /B F (1 (w)) dv(uw) (48)
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for all v € M(B). This leads to the following question.

Question: If f € L(B) satisfies (4.8) for every ¥ € M(B), is f M-harmonic?

It is known that the answer is yes when n = 2. On the hermitian hyperbolic ball
B in C™ the answer to the analogous question is very surprising. In [1] P. Ahern,
M. Flores, and W. Rudin answered the question in the affirmative when m < 11,
and in the negative when m > 12.

Since many of the properties of subharmonic functions follow from the euclidean
analogue of (4.6) or (4.7), those same properties are still valid for M-subharmonic
functions on B. In particular, M-subharmonic functions are bounded above on
compact subsets of B and are locally integrable on B, i.e., [ 5 [ dr > —oo for every
compact set K. Also, M—-subharmonic functions satisfy the following version of
the maximum principle.

Theorem 4.9. (Maximum Principle) Let ) be an open connected subset of B.
If f is a non-constant M-subharmonic function on €2, then

f(x) < sup f(y), for all y € Q.
yeN

Proof. The proof of both the maximum principle and local integrability are the same
as in the classical case using inequality (4.7) and a connectivity argument. [

For C? M-subharmonic functions f there is also an invariant volume version of
(4.5). If we set h(z) = (f o ¢4)(x) and integrate (4.4), then for all r sufficiently
small,

/B {h(x) — h(0)} dr(z) = LAR(O)e(r) + O(r™+),
where

o(r) = /OT prTH 1 = p?) T dp.

By L’Hospital’s rule,

. r*7(B,) _ 9 7(B;)
llm(—=n+2}1_r)r(l)(1—7“){ }7

r—0  ¢(r)

which by (3.14)
=n+2.

Also, since 727(B,.) ~ r"*?2 for r sufficiently small, we have

Asto) = iy

/E U@ = f@)dr) (4.9)
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4.3. The Invariant Convolution on B

For 0 < p < o0, we denote by LP(B,T) the space of measurable functions f on
B for which

12 = /B (@) dr() < oo.

Also, L} (B) will denote the space of measurable functions f on B that are locally

p-integrable, i.e.,
| Ir@p dr) < o
K
for every compact subset K of B.

Definition 4.10. For measurable functions f, g on B, the invariant convolution

f*g of f and g is defined by

(f+9)(y) = /B f@)g(py (@) dr(z),  ye€ B,

provided this integral exists.

By the invariance of 7 we have (f*g)(y) = (gxf)(y). Although the convolution as
defined is not the usual definition for convolution of functions on a topological group,
the following analogue of the standard convolution inequalities are still valid. The
proofs of the following two lemmas are identical to the proofs of the corresponding
results for hermitian hyperbolic space and thus are omitted. Details may be found
in [21, Section 4.2].

Lemma 4.11. Letp € [1,400) and let p’ be defined by %—I—Z% =1.Iffe L?(B,T1),
then

1 * gllp < [1fllpllglly
for all radial functions g € L1 (B, ), and

1f * gllee < N £llnllgllp
for all radial functions g € L¥ (B, ).
As a consequence of Lemma 4.11, if g € L}, (B) is radial and f € LY (B) then

loc
f*gis defined a.e. on B. There is one additional property of the above convolution

that will be needed.
Lemma 4.12. If f, x, h € LY(B,7) and x is radial, then (f *x) xh = f* (x*h).

We now express Identity (4.9) in terms of the above convolution. If we define

Q, b
Y 1

Qr($) = T(Br)
0

x| <,

x| > 7,
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then
1
(7 * 20)(@) = £(0) =~ [E U@ @) drte)

Thus by (4.9), if f € C%(B), the

(Af)(a) = tim 22+

r—0 72

[(f Q) (a) = f(a)]. (4.10)
If f has compact support, then the convergence is uniform on B.
4.4. Approximation by C*° M-Subharmonic Functions

Definition 4.13. Let {ri} be a decreasing sequence with r, — 0 as k — oco. For
each k, let xx be a non-negative C'*° radial function on B with support contained
in {x:rpp < |z| < rp} osatisfying

/ r(@) dr(z) = 1.
B
The sequence {xx}3, is a C> approzimate identity for L'(B,T).
The following lemma, whose proof follows from the usual arguments, is stated

without proof.

Lemma 4.14. Let {x1} be defined as above. Then

lim (h * xx) = h,

k—o0

uniformly on B if h € C.(B), and locally in L? if h € LY (B).

loc

We are now in a position to prove the following theorem.

Theorem 4.15. Let {xx} be a C* approrimate identity as above. If f is M-
subharmonic on B, then {f * xx}32, is a non—increasing sequence of C'*° M-
subharmonic functions on B satisfying

Fou)@) 2 f@) ad Jm (Fou)@) = f@) (1D
for all z € B.3

8If f is a continuous function on B that is both M-subharmonic and M-superharmonic on
B, then (f * x)(z) = f(x) for all z € B. Thus f is C*° and satisfies Af(x) =0 for all z € B.
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Proof. Since xj is C*°, the function f % y; is also C°°. By integration in polar
coordinates,

Lﬂmm>nfa¥%ﬂmﬂémmmmmﬂw
ZﬂWLgmhzﬂw

Fix a € B, and let a > f(a). Since f is upper semicontinuous there exists r > 0
such that f(w) < « for all w € E(a,r). Hence if ry, < r,

(f *xx)(a /f )Xk (pa(w)) dr(w )<a/Xde—a

Thus lim sup(f*xx)(a) < f(a), which when combined with the above proves (4.11).

k—oo
To show that f  xj is M-subharmonic we use (4.10). Since xj and €, are both
radial, by Lemma 4.12

But as above, by integration in polar coordinates (f % €2,.) > f. Therefore
(f % xw) * Q= (f % Q) % xe 2 [ * X

Thus by (4.10) j(f % Xk) > 0. Therefore f % xi is M-subharmonic.

Finally it remains to be shown that the sequence {f * xx} is non-increasing. For
the proof we require that an M-subharmonic function satisfy

/f (rt) do(t /f pt)do(t (4.12)

whenever 0 < r < p < 1. By the remark following the proof of Corollary 4.3,
inequality (4.12) is valid whenever f is a C?> M-subharmonic function. Thus since

fo*Xk?
LﬂmwwsLqumw@sLmemww

But since subharmonic functions are locally integrable and bounded above on com-
pact sets, we have

lirnsup/(f*)(;€ (pt)do(t /f pt)do(t
S

k—oo
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which proves (4.12).

Since (f * xx)(a) = ((f © va) * xx)(0), it suffices to prove that the sequence
{(f * xx)(0)} is non-increasing. Suppose m > k. Since the support of xj is
contained in {ry+1 < |z| < i} and rg1 > 7y, we have

<f*kao>=7z/Wkr'”<1—r%—“xmry[;ﬂrwda@ww

> [ 10u0do(0) [ ids
/frm t)do(t /med’T
/r 1A =) (r /frt )do(t) dr

= (f#xm)(0). O

4.5. The Weak Laplacian and Riesz Measure

Out goal in this section is to provide a characterization of M—subharmonic func-
tions in terms of the “weak Laplacian”. For this we require Green’s identity (see[18])
for the invariant Laplacian. If f, g € C?(B) and one of them has compact support,

then
/fANng:/gANde.
B B

Thus if f is a C? M-subharmonic function, we have [ B fﬁw dr > 0 for all ¥ €
C2(B) with ¢ > 0. Thus for for f € L}, we say that Af >0 in the weak sense if

[ fAYdr > 0 for all ¢ € C%(B) with ¢ > 0.
Theorem 4.16. If f is M-subharmonic on B, then

/B F(2)A¢(2)dr(z) >0 (4.13)

for all v € C%(B) with ¢ > 0. Conversely, if f € L}, .(B) is such that (4.13) holds
for all p € C?(B) with v > 0, then there exists an M-subharmonic function F on
B such that F = f a.e. on B.

Proof. Let {xx} be a C> approximate identity as given in Definition 4.13. Suppose
f is M-subharmonic on B. Set fx = f * xx. Then by Theorem 4.15, {fx} is a
non—increasing sequence of C'° M-subharmonic functions on B that converges
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to f everywhere on B. Thus by Green’s identity and the monotone convergence
theorem,

= 1im/wA~fkd7'20
B

k—oo

for all 1 € C2(B) with ¢ > 0. This proves (4.13).
Conversely, suppose f € L} (B) satisfies (4.13). Let fi be defined as above. In

loc
the notation of convolutions, hypothesis (4.13) is just

(f * Ag)(0) > 0

for all 1 € C2(B) with ¢ > 0. It follows from the definition that

Af(a) = A(f * xx)(a) = (f * Alxk © ¢a))(0).

Thus since Yy © ¢, is C* with compact support, A fr(a) > 0. Therefore f is
M-subharmonic on B.

We now show that the sequence {fi} is non—increasing. Suppose k > m and j
is arbitrary. Since f; is M-subharmonic, we have

fm x5 = (f*xm) * X5 = (f *X;) * Xm
> (f*x5) * Xk = fr * X;-
Since f,,, fi are continuous, lim f,, * x; = f,, with a similar result for f;. Thus
j—00

the sequence { fr} is non—increasing. Define

F(a) = lim fi(a)

k—o0

which exists everywhere on B. As a consequence of the mean—value inequality, F
is either M-subharmonic on B, or F' = —oco. But by Lemma 4.14, {fx} converges
to f locally in L', and thus F = f a.e. on B. [0

Theorem 4.17. If f is M—-subharmonic on B, then there exists a unique regular
Borel measure jiy on B such that

/szdﬂf:/Bf&z;dT (4.14)

for all ¢ € C%(B).



36 MANFRED STOLL

Definition 4.18. If f is M—subharmonic on B, the unique reqular Borel measure
py satisfying (4.14) is called the Riesz measure of f.

Proof. Let f be M-subharmonic on B. By (4.13),

L(y) Z/Bf&bdf

defines a non—negative linear functional on C°(B). We extend L to C.(B) as
follows. Let 1p € C.(B). Choose a sequence {¢} C C(B) such that ¢ — 9
uniformly on B. Choose a compact subset K of B such that the support of 1) and
Y, k =1,2... are contained in K. Let V be a relatively compact open subset of B
such that K C V, and let h € C°(B), 0 < h < 1, be such that h = 1 on K and
the support of h is contained in V. Set

€km = SUD |1 () — thm ()],

zeK

Then for all z € B,
—ekmh(T) < Yr(z) — Pm(2) < epmh().
Thus since L is positive,
[L(Yk) = L(m)| < €x.m L(h).

Therefore {L(v)} is Cauchy. Define

L(v) = lim L().
It is easy to show that L(%) is independent of the choice of {t}, and thus defines
a non-negative linear functional on C.(B). The result now follows by the Riesz
representation theorem for non—negative linear functionals on C.(B). O
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5. The Poisson Kernel and Poisson Integrals

5.1. The Poisson Kernel for A

In this section we provide a heuristic argument for the formula for the Poisson
kernel on B. We begin by stating the Green’s formula (see [18, (92.5)]) for the
invariant Laplacian: if € is an open subset of B, @ C B, whose boundary is
sufficiently smooth, then if u,v € C?(Q) N C* (),

/(uﬁv — vAu)dr = / (uDpv —vDju) de, (5.15)
Q o

where ¢ is the surface element on 0€) with respect to the hyperbolic metric, and Dj
denotes the normal derivative in the outward normal direction again with respect
to the hyperbolic metric. With 2 = B,., the above becomes

/ (uAv — vAu)dr = / (uD7v —vDju) dé.
B, Sy

For the surface S, given by f(z) = 0, where f(x) = |z|?> — 72, the normal derivative

Dy, of v is given by

(Vo(r¢), V£ (r¢)
IVf(rQ)l

Div(r¢) = = (1= r*)(Vu(r(), ).

Also, by Theorem 4.2 (a),
[ Auwarty =t s [ g0 do(c)
=1 =12 [ (Vu(rQ). € do(0)
— (1 — p2)ien /S Dau(r¢) do(C).

Thus the surface element dé on S, is given by

nrn—t
(1 —r2)n—1

do(r¢) = do (). (5.16)
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Suppose now that u is M-harmonic on B, and for the sake of simplicity C'* on
B. Let a € B be arbitrary, and let r, > 0 be such that a € B, for all > r,. Choose
€ > 0 such that F(a,€) C B,,. Then by Green’s formula applied to Q. = B,.\ E(a,€)
with v(z) = G(a, z), and the M-invariance of 7,

/ {uDsv —vDzu} de = / {(wo pa)Dag — gDa(uo pg)}do,
Sr Se

where ¢ is given by (3.5). Clearly lir% fSe gDz (uo @,)de = 0. On the other-hand,

since g is radial,
(1 o 62)71—1
nen—1 .

Djg(e¢) = (1 = €*)g'(€) = —
Thus by (5.16)

lim [ (uop,)Drgds =—1lim | u(pg(eC))do(C)
e—0 S, e—0 Jg

= —u(a).

Hence for any r > r,,
u(a) = —/ [uDpv —vDju| dé.
S,
Since G(a,r) ~ (1 —r?)"~! and u € C(B),

lim [ vDsudé ~ lim(1 — r2) /S (Vu(rc), ¢y do(¢) = 0,

r—1 S r—1
T

Thus setting G,(z) = G(a, z),

u(a) = — lim uD;Godo

r—1 S

==l (1 =2 [ ) (V6 (r€).0) der(O)

r—1

_ / P(a, O)u(C) do((),
S

where
P(a,¢) = — lim nr" (1 = r#)*""(VGa(r(), €). (5.17)
Our next step is to compute the above limit. Since G4 (z) = g(J¢a(x)]), where g
is the radial function defined by (3.5),
(1 — lpa()*)" 2
Vipa(x
AlpatmPt el
(1 —la)"72(1 — Ja?)" 2

=— - Vipa(x)|.
e — a g a o ¥ el

VGy(x) = —




POISSON INTEGRALS 39

Using Identity (2.6) we have

2pul@) lpala)] = v [Z220).

From this it now follows that

L T

Therefore

= (1= 1)V (rC). )
— e [0 =)0~ aP) ¢ —a.0) +rln = a1 = ).

Thus

. | 2\2-n (- la|?)" "¢ — al?
_ll_)nir (1_T ) <VGa(TC)7C> - ’C—a|np(C,a)% )

which since p(¢,a) = |¢ — a|? gives

P(a,¢) = <|1<__‘Z‘|z)n_l. (5.18)

Definition 5.19. The function P on B xS defined by (5.18) is called the invariant

Poisson kernel for A on B.

A tedious, but straightforward computation proves that for each ¢t € S, the
function z — P(x,t) is M-harmonic on B.

In contrast to the above, the Poisson kernel P for the ordinary Laplacian A on
B x S is given by
1z
o=t

P(x,t) (xz,t) € B xS,

whereas the Poisson kernel P for the invariant Laplacian A on the hermitian hy-
perbolic ball B in C™ is given by

ey
Pt = gpn

(z2,t) € Bx S.
It is only in the unit disc ID in R? that all three agree.
5.2. The Dirichlet Problem for A

We summarize some of the properties of the Poisson kernel in the following
lemma. These are analogous to the properties of the Poisson kernel for A on B.
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Lemma 5.20. The invariant Poisson kernel P on B x S satisfies the following:
(a) For firedt € S, x — P(z,t) is M~harmonic on B,
(b) P(r¢,t) = P(rt, () for allt,¢ € S,

(c) /SP(:B,t) do(t) =1, and

(d) For fized ¢ € S and 6 > 0, lin% / P(z,t)do(t) = 0.
zeB [t—C|>6
Proof. As indicated above, (a) follows by computation, and (b) is almost obvious.

Writing = r(, (c) follows by (b) and the mean-value property for M-harmonic
functions. The proof of (d) is again standard. O

Definition 5.21. For f € L'(S), the Poisson integral of f denoted P|f] is defined
by
PIAl) = [ Plaf(®)do().

Similarly, if p is a finite Borel measure on S, the Poisson integral of p will be
denoted by P|pu].

Since the function ¢t — P(x,t) is continuous on S, the above integrals exist and
are finite for all x € B. Furthermore, as a consequence of the mean-value property,
the function P[u](z) is M-harmonic on B. The results (c¢) and (d) of Lemma
5.20 imply that the Poisson kernel behaves as an approximate identity. The usual
methods of proof now give that for f € L1(S),

lim P{f](z) = £() (5.19)

at each ¢ € S where f is continuous. This then proves part (a) of the following
theorem.

Theorem 5.22. (a) If f € C(S), then the function F defined by

P , € B,
= { P ¢
f(z), T €S,
is M~harmonic on B and continuous on B with ||F|lc = || f|lco-

(b) Conversely, if f is M~harmonic on B and continuous on B, then f(z) =
Pf](z).
Proof. The proof of (b) is an immediate consequence of the maximum principle
(Theorem 4.5) applied to F(z) = f(x) — P[f](z). O

An immediate consequence of the previous is the following analogue of Theorem

3.3.8 of [17].
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Theorem 5.23. If f € L'(S), then P[f o] = P[f] o4 for all » € M(B).

Proof. Since C(S) is dense in L'(S), it suffices to prove the result for continuous
functions on S. If f € C(95), then by the previous theorem F(z) = P[f](z) is M-
harmonic on B and continuous on B. Suppose 1) € M(B). Since 1 is continuous on
B, F o1 is also M-harmonic on B, continuous on B with limC(Fo V) (x) = f(¥(Q))

for all ¢ € S. Thus (F o ¢)(x) = P[f o ¢](x). On the other-hand, (F o ¢)(x) =
F(¢(x)) = P[f](3(x)), which proves the result. [

If in the above proof we take ¥ = ¢, and x = 0, then
| #eu®ndot) = [ Pla.tyf o (5.20)
S s

for all f € L1(9).

There is a significant difference between invariant Poisson integrals and solutions
of the classical Dirichlet problem for the Laplacian A. Since A is uniformly elliptic,
if f € C*(S) and F is the euclidean Poisson integral of f, then F € C*°(B). The
following example shows that this fails dramatically for invariant Poisson integrals.

Example 5.24. To illustrate the above we compute the invariant Poisson integral
of the function f(t) =t} for n = 3. In this case
t3

F(z) = (1 - [z]*)? S p—

do(t).

With x = rey, where e; = (1,0,0),

2
Fire) = (1= [ gty dot).

which since the integrand is a function of ¢; only (see [2, p. 216])

1 2
=1(1- r2)2/ v dx

1 (L4712 —2rx)?

1 4 2 242 L—r
:E[%’(l—kr)—i—(l—l—r)(l—r)log |
Note, at r = 0, the term in brackets is of the form §r® + O(r®), and thus F(re;)
is indeed continuous at 0. Even though f(t) = t2 is C* on S, the function F(re;)

is not C? at the boundary point e;. A formula valid for all € B will be given in
Example 5.27.
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5.3. Spherical Harmonics

Throughout this section we will assume n > 3. The results for n = 2 are well
known. As in [2, Chapter 5], for m = 0, 1,2, .., we denote by H,,(R™) the space of
all (euclidean) homogeneous harmonic polynomials of degree m on R™. A spherical
harmonic of degree m is the restriction to S of a harmonic polynomial in H,, (R™).
The collection of all spherical harmonic polynomials of degree m will be denoted
by H,n(S). Every element of H,,(S) has a unique extension to H,,(R™). If m # k,
then H,,(S) and Hj(S) are orthogonal in L?(S), i.e.,

(p,q) = /S p(t)q(t) do(t) =0

for all p € Hy,(5), ¢ € Hi(S). Furthermore,

Our first goal is to solve the Dirichlet problem for p, € Hs(S). Since each
Do has a unique extension to Ho(R™) we can assume that p,(x) € Hq(R™). Set
f(z) = g(r?)pa(z), where r? = |z|2. Since (z, Vpa) = ap. (), we have

(@, Vf(@)) = pa(z)(z, Vg) + g(r*){z, Vpa)
= 2rg (r*)pa(x) + ag(r*)pa(z),

and since p, is harmonic,

Af(x) = 2(Vpa, V) + pa(z)Ag(r?)
= dapa(2)g' (r?) + pa(z)[2ng' (r?) 4 4r3g (1%)].
Therefore
Af(z) =2(1 — 1)pa(a)

x| 2(1 =rHr2g”(r?) + {(n + 2a)(1 — r?) + 2r%(n — 2)}¢'(r*) + a(n — 2)g(r?)| .

Thus in order that Af(z) = 0 we must have
2(1 = r")r?g"(r®) +{(n + 20)(1 — r*) + 2r*(n — 2)}g'("*) + a(n — 2)g(r*) = 0,
or

(1 =7r2)r?g"(r®) + {(a + 5n) = (@ +2 = 5n)r*}g'(r*) — a(l — gn)g(r*) = 0.
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In,and c = o+ %n, then the above equation can

Ifwesett:rz,a:a,b:1—2

be rewritten as
t(1—1)g"(t) +{c— (a+ b+ 1)t}g'(t) — abg(t) = 0. (5.21)

Equation (5.21) however is the hypergeometric equation, for which a particular
solution is given by the hypergeometric function F'(a,b;c;t) [15], defined by
oo

)k (
F(a,b;c,z2) Z ) k" |z| <1 (5.22)

In the above, (a)o =1 and for k = 1,2, ...,
(a)g =ala+1)---(a+k—1).
If a is not a negative integer, then
(a)y =T(a+k)/T(a)

where T" is the Gamma function defined on C\ {0, —1,-2,...}. If c—a—b > 0, then
the series in (5.22) converges absolutely for all z, |z] < 1. For the above values of
a, b, and ¢, we have ¢ —a — b =n — 1. Thus the function g(r?) is given by

g(rQ) =coF(a,1— %n; o+ %n; 7‘2), (5.23)

for an arbitrary constant c,. Define S, (r) by

Fa,1— in;a+ 3n;r?)

Sn.a(r) = .
() Fla,1—in;a+ 3n;1)

(5.24)

Then S, (1) = 1 and f(z) = Sa(|z|)pa(x) is a solution of Af(x) = 0 that is
continuous on B with f({) = pa(¢) for all ¢ € S. This proves the following
theorem.

Theorem 5.25. If p, € Ho(S), « =0,1,2,..., then for allt € S,

P[pa](’l“t) = raSn,a (T)pa (t),

where Sy, o s defined by (5.24).

Example 5.26. If n is even, say n = 2m, then b = 1 —m and thus (b); = 0 for all
k > m. Hence g(r?) is a polynomial of degree n — 2. When n =4, b = —1 and

Sia(r) =3(a+2)(1— %Hﬁ), a=0,1,2...
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When n =6, b = —2 and
. C2) 20 .2 (atl) 4
Fla,—2;a+ 3;r )—l—a—f:ﬂ“ +m7’ .

Thus for « =0,1,2, ...,

S6,0(r) = %(a +3)(a+4) [1 _ 202 (aa(a+1) Al

a+3 +3)(a+4)

By [15, Identity 9.3.4], if c —a — b > 0 then

I'(e)I'(c—a—0)

lim F(a,b;c;t) =

t—1- I'(c—a)l(c—b)
Therefore .
'+ 5n)I'(n —1
Flo,1—gn;a+ 3n;1) = (Cf 2L (n ),
I(sn)T(a+n—1)
and hence S, o (r) = cp.oF(a,1 — $n;0 + $n;7?), where

F(in)l(a+n—1)
F(a+ in)I(n—1)

CTL,O{ =

Also, using the transformation [15, Identity 9.5.3]
F(a,b;c;t) = (1 — ) °F(c—a,c—b; e t),
we can express Sy o(r) as

Sna(r) = ena(l=1)""F(3n,a +n =T+ nir?).

(5.25)

(5.26)

(5.27)

Theorem 5.25 can be used to compute the invariant Poisson integral of a poly-
nomial ¢ on S. By [2, Corollary 5.7], if ¢ is a polynomial on R™ of degree m, then
the restriction of ¢ to S is a sum of spherical harmonics of degree at most m. That
is, there exist pr, € Hi(S), k = 0,1, ..., m, such that ¢(t) = >, px(t) forallt € S.

Hence
m

Plg)(z) =) _ Plpi](2).

k=0
But by Theorem 5.25, Ppg](x) = Sk (|x|)pr(x). Thus

m

Plg)(z) =) Snx(lz])pr(@).

k=0
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The above computations are particularly easy when n is even. These computations
are illustrated in the following examples.
Examples 5.27. (a) For our first example we con81der the function ¢(t) = #? in
R*. Then for t € S, q(t) = po(t) + p2(t), where po(z) = 1 and po(z) = 23 — 1|z|2
Thus by Example 5.26, in R*

P[t5](x) = § + Sa2(Jz])p2(z)
=1+ 2~ |z)(@f - FlP).

The above function is easily shown to be M—harmonic on B.

(b) In spaces of odd dimension these computations are much more complicated.
As in Example 5.24 consider q(t) = t2 in R3. Then ¢(t) = po(t) + p2(t) where
po() = & and p(e) = % — [z, Hence

Plg)(z) = 5 + Ss2(jz)) (2] — 3=f*).

Unfortunately however, there is no simple expression for Ss3 (7). The function
S3o(r) is given by

Thus

P[ti)(z) = 3 — 5 (=1 — 3lal*) ] .
3 2 3 — F(k+ %)
Using (5.27) we also have
L (k+3)(k+2)(k+1)
S 2 2k
32(r) = kZ:O 2k +5)(2k +3)

Our next goal is to obtain an expansion of the Poisson kernel P in terms of
the zonal harmonics. Fix a point n € S. By considering the linear functional
v : Hm(S) — R defined by v(p) = p(n), it follows from the Riesz representation

theorem that there exists a unique function Zém) € Hp,(S) such that

p(n) = /S p(t)Z5™ (1) dor(t)
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for all p € H,,(S). The spherical harmonic Z,({”) is called the zonal harmonic of
degree m with pole 1. Set Z,,(n,() = Z,(,m)(g). The zonal harmonic Z,, satisfies
(a) Zm(n,¢) = Z (C ),
(b) Zm(An, AC) = Z,,(n, ) for all A € O(n), and
(©) Zun(1) = 25" 13 = hom = dim Hin (5).

Also, for fixed n € S, the function Zém) has a unique extension to a harmonic
function on R™. This function will again be denoted by Z,,(x,n). An explicit
formula for Z,, is given in [2, Theorem 5.2.4]. Specifically

[m /2]
_ B o en(n+2)---(n+2m — 2k —4) m—2k|.. |2k

Our next step will be to prove the following expansion of the invariant Poisson
kernel on B in terms of the zonal harmonics Z,,.

Theorem 5.28. Forx € B, t € S,

oo

Z 2] S o (|2]) Za (£, 1) Z a2 Za(z, 1), (5.28)

where the series converges absolutely, and uniformly on compact subsets of B.

Proof. We first proof that the series (5.28) converges absolutely, and uniformly on
compact subsets of B. Consider S, o(r) given by

Sn.a(r) =cna i (@)1 — %n)’f 2k

— (a+ in)pk!
Let m = [n/2], and set

Sn,a(r) = Cn,a[Pm(T) + Qm(r)],

where

mzl (@)r(1—3 )k Tgk and  Qu(r) = i (@)r(1— %n)k P2k

= (a+%n = (o + 2n)ik!

If n is even, then (1 — 3n); = 0 for all k > m, and thus Q,,(r) = 0. Now

1
— )k| 2k

kk'

k=0
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Since (@) /(o + 3n)y < 1 for all k,

where (), is a constant depending only on n.

Our next step is to obtain an estimate for @Q,,(r) when n is odd. For k > m we
have

(Ve = Vmy +m)k—
Thus

k=m
_ (@)m(1 Jm 2mz (@+m)j(I+m—3n); ,
(a+;n a+m+ 2n);(m+ )

As (m+j)! > jland 1+m — in >0,

(L= In)wll(a@ +m(a + 1n)
D(a)T(a+ 2n +m)

@ ()] < F(a+m,1+m—%n;a+m+%n;r2)'

But F(a+m,14+m— n;a+m+ in;r?) is an increasing function of r. Thus by
Identity (5. 25)

D(a+m+ in)l(n—1—m)

F 1 1 % <
(a+m,1+m—3nja+m+ sn;r?) < Tt n—1)

Therefore

(1= 3n)n|T(n—1—m)T(a+m)(a+ in)

I'(in) F(@)l(a+n—1) "

|Qm(r)] <

But by (5.26)

Thus
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where again C/, and D,, are constants depending only on n. Using the fact that
. _JJT(a+a)
1 b—a —
oo T(atbd)
we have
F(a + CL) a—b

T(a+b) ~°

Hence by the above
|Sna(r)] < Ca[n/2]7

where C' is a constant depending only on n. Also, for all (,t € S,
1Za (¢, )] < N1 Zall3 = ha
where h, = dim(H,(S5)). By [2, Chapter 5]

hoo— n+a—1Y\ n+aoa—3
@ n—1 n—1 :
But then h, < Ca” 2. Hence
Z 1Sn,allz)][Za(z, Q)] < CZ |z|“a?,
a=0 a=0

where p = n+[n/2] —2. The series on the right however converges for all z, |z| < 1,
and uniformly for 0 < |z| < p, whenever 0 < p < 1 is fixed. This proves our
assertion.

It only remains to be shown that the series converges to P(x,t). By [2, Theorem
5.14], if f € L?(S), then

oo

Fo) =Y (1, Z5)

a=0
in L?(S). In particular, for fixed x € B,

=3 PIZ{)(x)

which by Theorem 5.25

oo

=3 Snalla) Za(a.t)

from which the result now follows. O

An immediate consequence of the previous theorem is the following.
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Corollary 5.29. If f € L?(S),

zsmm/ W@, ) (8) do (),

where the series converges absolutely, and uniformly on compact subsets of B.

Proof. For f € L*(S), f(n) = X2, (f, ™) in L2(S). Thus

x on) = 3 z () do
/S Pl dotn) = 3 [S P(a,n){f, ) do(n)
-3 /S /S P, 1) F(£) Zo () dor(£)dor (1)

which by Fubini’s theorem and Theorem 5.25

o0

Z \a:]/f (@) do(t). O
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