SOLUTIONS TO THE USC MATHEMATICS CONTEST 1996

(1) (b) One checks each of the five given possible answers. Since 23> — 8 = 0, the answer
is 2.

(2) (e) One checks which of the choices is the same as ax(bxa) = a*(b+2a) = a+2(b+2a) =
a+ 2b+ 4a = 5a + 2b. Since (5a) * b = 5a + 2b, the answer is (e).

(3) (a) One approach is to use that
A+F=(A+B)+(C+D)+(E+F)—(B+C)—(D+E)=1+3+5-2—4=3.

The answer can also be obtained by taking A = 1 and solving for the remaining variables.
Since A+ B =1, we get B = 0. Since B+ C = 2, we get ' = 2. Continuing, we get
D=1 F =3,and F = 2. Thus, A+ F =14 2 = 3 is a possibility. There are other
possibilities for the variables A, B, ..., F (just set A equal to something else), but in any
case the sum A + F will be 3.

(4) (e) Since sinz + cosz = 1/2, we get

2 2

1 . . . .
1= (sinz + cosx) =sin?z 4 2sinz cosz 4 cos’z = 1 + 2sin x cos z.

It follows that sin « cosz = —3/8. Thus,

3

1 3 11
sin® z + cos® x = (sinx 4 cos z)(sin® & — sin x cos = + cos® x) = 5 (1 + —)

8) 16’
There are a variety of other ways to do this problem. Can you think of other approaches?

(5) (d) Let o be the measure of ZADC. Then since AADC' is isosceles, we obtain that
the measures of ZC'AD and ZDCA are o and 180° — 2« respectively. It follows that
ZACB has measure 2a. Since AAC'B is isosceles, we obtain that the measures of Z/CBA
and ZBAC are 2a and 180° — 4a, respectively. Since AAD B is isosceles, we deduce that
the measures of ZCBA and ZBAD are the same. This gives that 2a = (180° — 4a) + «
which implies 5a = 180°. Therefore, o = 36°.

(6) (b) The choices are a little easier to compare written this way:

(a) (10%)100 = 10400 (b) (210)1000 - (1(3)1000 — 1()3000 (c) (103)1000 — 103000
(d) (5%)1000 < (103)1000 — 13000 (e) (32)1000 L 101000

The answer is clear.

(7) (d) Since

(:E2—|—ax—|—1)(:p4—|—bx3—|—cx2—|—d:1:—|—1):,736—|—(a—|—b):1:5—|—-~—|—1,
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we see that a + b is the coefficient of 2%, which is 4.

(8) () We use the change of base formula log, a = log.a/log,b to rewrite f(n) in terms
of logarithms to the base 2. Thus,

logo 4 logy 5 1
%822, 9829 0gam

f(n) =log, 3 X = log, n

logs 3 log, 4 . logs(n—1)
(as the other logarithm expressions cancel in the product). Therefore,

10

10 10
DI =D logy(2) =) k=2+434+4+-- 4+ 10=54.
k=2 k=2 k=2

(9) (a) If there are n people at the party, then each of the n people will shake hands
with n — 1 other people. Since each handshake accounts for a handshake that each of two
people have made (i.e., since there are two people involved with each handshake), the total
number of handshakes the n people will make is n(n — 1)/2. (Alternatively, the number
of handshakes is the number of ways of choosing 2 people from among n people, which is

(3) = n(n —1)/2.) Hence, we have n(n —1)/2 = 66 = 12 x 11/2, so n = 12.

(10) (c) If the Lion is telling the truth, the day of the week must be Thursday. If he
is lying, then the day of the week must be Monday. So the day of the week must be
either Thursday or Monday. If the Unicorn is telling the truth, the day of the week must
be Sunday. If he is lying, then the day of the week must be Thursday. The day of the
week cannot be Sunday (since we have already said that it must be Thursday or Monday).
Therefore, it must be Thursday.

(11) (a) Let f(x) = x® + 82 + 12z — 385. Since
f(6)=6>+8x6%+12x6—385=06%(6+8+2)—385 =36 x 16 — 385 >0

and f(0) = —385 < 0, there must be some ¢ € (0,6) for which f(¢) = 0. Therefore, f(z)
has a positive real root between 0 and 6. Descartes’ Rule of Signs implies that there is
only one positive real root, so the answer must be (a). Or one can observe that f(5) =0
to obtain the answer.

(12) (d) A pattern quickly develops. We have
s(1996) = 25, s2(1996) = 5(25) =7, s°(1996) = s(s*(1996)) = s(7) =17,. ...

In other words, s*(1996) = 7 for all £ > 2. Thus, s19%6(1996) = 7.
(13) (d) Since




(=Dt a4 1) (2P + 1)
B (x—1)(xz4+1)(z2 —x+1)

_ (x4—|—:1:3—|—:p2—|—a:—|—1)(a:3—|—1)
(x+1)(22 —x+1)

Y

it follows that

(Observe that (z + 1)(z2 —z+ 1) = 23 + 1, so h(z) = z* + 2% + 22 + z + 1. Computing
h(z) is not necessary, but it is certainly a reasonable thing to do.)

(14) (b) One checks directly that the following list of scores up to 14 is the complete list
of obtainable scores up to that point: 3, 6, 7, 9, 10, 12, 13, 14. Now, we have 3 consecutive
scores, namely 12, 13, and 14, which are obtainable, and this implies every score > 14 is
obtainable. To see this, observe that if n is an obtainable score, then so is n + 3 (simply
add another field goal to whatever it took to get n points); hence, 15 = 1243, 16 = 1343,
and 17 = 14 4 3 are all obtainable and so are 18 =15+ 3, 19 = 16+ 3, 20 = 17+ 3, and so
on. Therefore, the positive integral scores which are not obtainable are 1, 2, 4, 5, 8, and
11. Thus, the answer is 6.

(15) (e) Let n be the number of problems on the test. Then Dave took 6n minutes
to complete the test and Michael took 2 hours and n minutes (i.e., 120 + n minutes) to
complete the test. Therefore, 6n = 120 4+ n which implies that n = 24. Since the amount
of time to complete the test was the same for Dave and Michael, it took Dave 2 hours and
24 minutes to answer all the problems.

(16) (c) Let A be the common value of f(1), f(2), f(3), f(4), and f(5). Then f(z)— A
has the roots 1, 2, 3, 4, and 5. Since f(z) — A = 2° + az* + b2® + cz? + dz + (e — A),
f(xz) — A is a polynomial of degree 5 and, hence, the five numbers 1, 2, 3, 4, and 5 must be
the five roots of f(z). It follows that the sum of the roots of f(z)is 1+2+3+445=15.
Since in general the sum of the n roots of a polynomial a,z" + a,_; a4 4 a1z + ag
of degree n is —a,_1/a,, we get that the sum of the roots of f(z) — A is —a. Thus,
—a = 15 so that a = —15. (Comment: When we say that in general the sum of the n roots
above is —a,_1/a,, we mean that the polynomial may have “multiple” roots and we are
to count the roots with multiplicity. For example, (z —1)?(z —2)® = 25 — 8z* + - - - where
8 represents the sum of the roots counting 1 twice and 2 three times.)

(17) (e) This is a direct application of the Law of Cosines with two sides of a triangle
having lengths 10 inches and 16 inches and the angle between them being 60°. If  denotes
the distance between the tips of the hands in inches, then

z? = 10% + 16* — 2 x 10 x 16 X cos(60°) = 100 + 256 — 160 = 196.

Hence, z = 14.
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(18) (b) The product of the numbers in all three rows is simply the product of the numbers
1,2,4,8,...,256 or, equivalently, of the numbers 2°,2! 22 23 .. 28 The product is

? =

90+142+4-4+8 _ 936

This is the product of the numbers in all three rows, so the product of the numbers in one
row is (236)1/3 = 212 = 4096 (since each row has the same product). (Comment: This is a
variation of a Magic Square problem. Observe that we only used that the product of the
numbers in each row is the same and not the added information about the columns and
the diagonals.)

(19) (a) Since (ii) holds for every real number z, it will remain valid if we replace x with
—x. Therefore, f(1—z) = 3+ f(—=z). Now, from (i), 11 = f(z)+f(1—2) = f(z)+3+f(—=x)
so that f(z) + f(—xz) = 11 — 3 = 8. (Observe that f(z) = 3z + 4 satisfies the conditions
in the problem.)

(20) (d) The area asked for in the problem
is the area of the lower rectangle minus the
shaded area to the right. The area of this re-
gion can be computed by dividing it into two
triangles numbered 1 and 2. These are both
right triangles. Triangle 1 has legs of length 1
and 12 so its area is (1/2) x 1 x 12 = 6. The
triangles share a common hypotenuse of length
V12 4 122 = 1/145. The legs of Triangle 2 are
therefore of length 8 and /145 — 82 = /81 =
9. This triangle has area (1/2) x 8 x 9 = 36.
The area of the lower rectangle (or either rec-
tangle) is 8 x 12 = 96. Therefore, the answer
is 96 — 6 — 36 = H4.

(21) (d) If there are n socks, r of which are red, in the drawer, then the probability that
two chosen together at random are red is

r—1_5

r
— X ;
n n-—1 14

Therefore, r(r — 1) = 5k and n(n — 1) = 14k for some positive integer k. Since 14 must
divide n(n — 1), the only choices given which need be considered are n = 7 and n = 8. If
n =7, then n(n — 1) = 14k implies k = 3 but then r(r — 1) = 5k = 15 is an impossibility.
If n =8, we get k =4 and r = 5, a valid possiblity. Therefore, the answer is n = 8.

(22) (c) Count the number of pairs (p,¥¢) where p is one of the n points and ¢ is a line
segment joining p to one of the other n — 1 points. Each point is joined to exactly 3 other
points by line segments so that the total number of pairs is 3n (three line segments for
each of the n points). On the other hand, if there are m total line segments, then each line
segment joins exactly two points so that the total number of pairs (p,£) is 2m (two points
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for each of the m line segments). Thus, we must have 3n = 2m. But this means that n
must be even. The only even choice given is 18, so this must be the answer.

Is n = 18 really possible or is there some other argument that shows n must be divisible
by 23?7 One can justify that in fact if n is even, then one can join each of any n points
to 3 of the remaining n — 1 points by line segments. To see this, let n = 2k, and let the
points be py,...,p,. For each j, join p; by line segments to p;_1, pj+1, and p;i, where
subscripts are to be interpreted modulo n. Thus, for example, if n = 18, then the point
p12 is joined to p11, p13, and p3 (since 12 + 9 = 3 (mod 18)) and the point p; is joined
to p1s (since 1 — 1 = 18 (mod 18)), ps, and p1p. You should convince yourself that this
construction for n even joins each point to exactly 3 others.

(23) (a) Since minimal investments must be made for 2, 2, 3, and 4 thousand dollars into
the four mutual funds, this leaves 20 — 2 — 2 — 3 — 4 = 9 thousand dollars to invest as one
pleases. Thus, we want to determine the number of ways of dividing up 9 thousand dollars
among 4 different mutual funds. Consider 12 different boxes aligned as shown and check
three of them:

V2 T 2 N N D O

2 3 4 5 6 7 8 9 10 11 12

Here, we have checked the first, fifth, and tenth boxes. Each such diagram corresponds to
a way of investing the remaining money as follows. We order the mutual funds. Count
the number of unchecked boxes to the left of the first checkmark. Call this number k;.
In the illustration above, k; = 0. Next, count the number of unchecked boxes between
the first two checkmarks. Call this number ks. In the illustration, ko = 3. Next, call
k3 the number of unchecked boxes between the second and third checkmarks, and call k4
the number of unchecked boxes after the third checkmark. Thus, k3 = 4 and ky = 2.
Observe that ki 4+ ko + k3 = 9, the total number of unchecked boxes. Make additional
investments (beyond the required minimal investments) of k; thousand dollars in the first
fund, ko thousand dollars in the second fund, k3 thousand dollars in the third fund, and
k4 thousand dollars in the fourth fund. Thus, the total number of different investments is
the same as the number of ways of choosing three blocks (to check) from among 12 blocks.
This number is

12 12! 12 x 11 x 10
= = 220.

3) 7 3x9  3x2x1

(24) (c) There are n(n — 1)/2 different ways
of choosing 2 objects from a given collection
of n objects. Thus, there are 10 x 9/2 = 45
different ways of choosing 2 of the 10 coins.
For each selection of two coins, one can form 4
tangent lines as shown at the right. Therefore,
the answer is 4 x 45 = 180.

(25) (e) Let f,, denote the number of ways one can get to the nth step. Given the example
in the problem, we see then that f3 = 3. It is easy to see f; = 1 and fo = 2 (the latter
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follows since one can take one step twice or two steps at a time to get to the second step).
To determine the value of f,, for any n > 3, think about the previous step a person would
have to be on before getting to the nth step. Since only one or two steps are allowed at a
time, the person would have to be either on the (n — 1)st step or the (n —2)nd step. Since
there are by definition f,_; ways someone can get to the (n — 1)st step and f,,_o ways a
person can get to the (n — 2)nd step, there must be f,_; + f,_o ways of getting to the
nth step (by first going to the (n — 1)st step in one of f,_; ways and then taking a single
step or by first going to the (n — 2)nd step in one of f,_o ways and then taking two steps
at once). In other words, f, = fn—1 + fn—2. This allows us to easily compute f, for n >3
successively. Specifically,

fs=fo+fi=2+1=3 (as we knew), fa=fs+fa=3+2=05,

fs=fa+fs=5+3=8, and fe=fs+fs=8+5=13.

Therefore, the answer is 13. (Comment: The numbers f,, are called Fibonacci numbers.)

(26) (d) Rotate the given
figure about the line seg-
ment AC toform AAB'C
~ AABC and AP'M'N &
APMN. Now, rotate the
given figure about BC to
obtain AA"BC = AABC
and AP"MN" = APMN
so that we get the figure
to the right. Observe that
the perimeter of APMN
is the same as the sum of
the lengths of the segments
P'N, NM, and MP". Also, observe that the locations of the points P’ and P” are
independent of the selection of the points N on side CA and M on side BC. Thus, the
perimeter of APMN or, in other words, the sum of the lengths of the segments P'N,
NM, and MP”, is minimized when we force the polygonal path from P’ to N to M and
then to P” to be a straight line (the shortest distance between two points on a plane is
a straight line). The conditions in the problem imply that ZABC is a 45° angle so that
/PBP" is a right angle. It follows that AP’ BP" is a right triangle. Its legs have lengths
6 and 2 (by the conditions in the problem). Therefore, the distance from P’ and P" is

V62 + 22 = 4/40. This then is the answer.
(27) (b) Observe that

(z +1)* — 2% = ka*~! 4 (terms of smaller degree).
It follows that if f(z) = a,z™ + an_12" 1 +- - + a1 + ap with n > 1 and a,, # 0, then

flx+1)— f(x) = an((x—l— " — :E”) —I—an_l((a: + 1)”_1 —xn_l) 4+ dag ((x—l— 1) —a:)



= a, (nz" ! + (smaller degree terms))

+ an_1((n —1)z" 2 + (smaller degree terms)) + -+ + a;.

Hence, f(x 4+ 1) — f(z) is a polynomial of degree n — 1 with leading coefficient na,, # 0.
Since fi1(x) is given as a polynomial of degree 2 4+ 6 4+ 10 = 18, it follows that fo(x) =
fi{x + 1) — fi(x) is of degree 17, f3(z) = fa(xz + 1) — fo(x) is of degree 16, ..., fig(x) is
of degree 1, and fig(x) is of degree 0 (i.e., fig(z) is a constant). The condition f,(1) =
fn(2) = -+ = f,.(25) implies that f,(z) — fn(1) has roots 1,2,...,25. Since a non-zero
polynomial cannot have more roots than its degree and each f;(z) has degree < 18, we must
have that f,(z)— f.(1) = 0. In other words, f,(z) = f,(1) for all . This means that f,(z)
is a constant. It is also clear that if f,,(x) is a constant, then f,(1) = f,(2) = --- = f,(25).
Therefore, we are left with determining the first n for which f,,(z) is constant. As indicated
above, this n is 19.

(28) (c) Let d; denote the jth digit of 1/1996 after the decimal. In other words, we write

1

= 0.dydyds . ...
1996 15253

The problem is to determine ds6. Observe that

1
10% x —— = dydads . .. dys.dagdyr . . . .
(*) 0™ x 1996 1dads 45.dagdyr

We compute 10*5 modulo 1996. Since 1996 x 5 = (2000 — 4) x 5 = 10* — 20, we get
that 10* = 20 (mod 1996). Since 1996 x 4 = (2000 — 4) x 4 = 8000 — 16, we obtain
10'2 = (10*)% = 203 = 8000 = 16 (mod 1996). Continuing in this manner, we get 103¢ =
(1012)3 = 163 = 2!? = 4096 = 104 (mod 1996), 10** = 10%¢ x 10* x 10* = 104 x 20 x 20 =
2080 x 20 = 84 x 20 = 1680 (mod 1996), and 10%* = 10** x 10 = 16800 = 8 x (1996 +
4) 4+ 800 = 832 (mod 1996). This means that the remainder when we divide 10*> by 1996
is 832. If q denotes the quotient, we deduce that

10%5 832

g+ 222 4168 .
1996 ~ 91 Toog — 24108+

where the digits after the decimal are computed by long division. We are only interested
in the first of these, the digit 4 since it follows from (%) that this digit must be dag.

(29) (c) The answer is 33. Set

g1 1 1 1
B R T
We will show that there are integers N and M that are not divisible by 3 for which
33(2N)S = M. Thus, S = M/(3%(2N)) and since N and M are not divisible by 3,
this fraction when reduced will be such that 3% is the largest power of 3 dividing the
denominator.



We divide the sum defining S into three subsums 57, 52, and S5 as follows. The sum
Sy is taken over the numbers 1/m where 81 divides m (the largest being 567 = 3* x 7),
the sum S5 is taken over the remaining numbers 1/m with m < 566, and the sum Ss is
taken over the remaining numbers 1/m with m > 567. Observe that

LI S
1781 "axsl 7 % 81

_1_}_1 1_|_ 1 n 1 n 1 N 1 n 1
81 3\81 2x81 2x81  7x38l1 4x8l H5x81

1 1 Uy 1 (751

ST 2x8l  Bxo 2x3  FPxa

where u; and v; denote integers with v; not divisible by 3. For S5, we have the following:

1 1 1
255 = 1 + = + = 4+ +— Note: The display to the
2 3 566 . o .
left is a bit misleading. Only
T N A the terms 1/m with m not di-

266 565 564 visible by 81 appear.

a sum of numbers of the form 567/m
where 37 does not divide m

Ug

32 x V2
not divisible by 3. Finally, S5 is a sum of numbers 1/m where each m in the sum is not

Since 567 = 3% x 7, it follows that Sy =

for some integers us and vy with vg

divisible by 32, so we have S5 = for some integers us and v with v3 not divisible

32 x V3
by 3. Let N = vjvav3. We deduce that there are integers ky, ks, and k3 such that

3%(2N)S; = N +3k;, 3%(2N)Sy = 3ky, and 3°(2N)S3 = 3ks.

Hence, 33(2]\7)5 = N + 3(ky + ko + k3). Since N is not divisible by 3, this gives us what
we set out to show (with M = N + 3(ky + ko + k3)).

(30) (b) Every positive integer has a unique representation in base 2. This is the same as
saying that each positive integer can be written uniquely as a sum of different powers of
2. For example, 1 = 2%, 2 = 2! 3 = 2% 4+ 2! and so on. Recall that we are interested in
the numbers beginning z; = 3°, 25 = 3!, and z3 = 3° 4+ 3!. We can find the nth term in
this sequence by writing n as a sum of different powers of 2 and then replacing each 27 in
the sum by 37. Since n = 100 can be written in base 2 as n = (1100100)s, we get

100 =22 + 25 +2%  sothat x990 =3%2+3°%+3°% =9+ 243 + 729 = 981.



