PFAFFIAN IDENTITIES, WITH APPLICATIONS
TO FREE RESOLUTIONS, DG-ALGEBRAS,
AND ALGEBRAS WITH STRAIGHTENING LAW

ANDREW R. KUSTIN

ABSTRACT. A pfaffian identity plays a central role in the proof that the minimal
resolution of a Huneke-Ulrich deviation two Gorenstein ring is a DGI'—algebra. A
second pfaffian identity is the patch which holds together two strands of the minimal
resolution of a residual intersection of a grade three Gorenstein ideal. In this paper,
we establish a family of pfaffian identities from which the two previously mentioned
identities can be deduced as special cases. Our proof is by induction: the base case
is an identity of binomial coefficients and the inductive step is a calculation from
multilinear algebra.

Two unrelated problems in commutative algebra have recently been solved by
finding the appropriate pfaffian identity. Fix a commutative noetherian ring R. For
the first problem, let X5, «2, and Y7o, be matrices with entries from R. Assume
that X is an alternating matrix. Huneke and Ulrich [10] showed that if the ideal
I =1 (YX)+ Pf(X) has the maximum possible grade (namely, 2n — 1), then T is
a perfect Gorenstein ideal. The minimal R—resolution M of A = R/I was found
in [11]. Srinivasan [15] proved M is a DGI'—algebra. The pfaffian identity [15,
4.3] is the key to showing that the proposed multiplication satisfies the differential
property. The algebra structure on M was used in [12] to show that if (R, m, k) is
a regular local ring of equicharacteristic zero, then the Poincaré series

P (2) = Z dimy, Tor? (M, k)z*
i=0

is a rational function for all finitely generated A—modules M.

For the second problem, let J be a residual intersection of a grade three Goren-
stein ideal I. If the data is sufficiently generic, then the generators of J, the
minimal resolution of R/J, the minimal resolution of “half” of the divisor class
group of R/J, and the minimal resolution of each power I* have all been found
in [14]. Each resolution in [14] is obtained by patching together two complexes all
of whose maps are linear and well understood. The patch involves maps of many
different degrees and is much more difficult to understand. Pfaffian identity [14,
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3.2] shows that patched object is a complex. (Some of the results from [14] may be
obtained using other techniques: the generators of J are also calculated in [13] and
the ideals I* are also resolved in [2].)

The above mentioned pfaffian identities (see Propositions 5.1 and 4.1 in the
present paper) appear to be somewhat similar, but the exact relationship between
them is not immediately obvious. The existing proofs of these identities are ad hoc
and unpleasant. In the present paper, we derive the two identities from a common
result: identity [15, 4.3] is the left side of Theorem 3.1 when the data is arranged
so that the right side consists of only one term; and [14, 3.2] is the right side of
Theorem 3.1 when the left side has become trivial. The proof of Theorem 3.1 is an
induction which depends on an identity of binomial coefficients (Lemma 1.3) and a
fact from multilinear algebra (Lemma 2.4).

In section 6 we apply our techniques to derive a straightening formula for pfaf-
fians. We conclude with a brief section which shows that many familiar pfaffian
identities are special cases of Theorem 3.1.

1. BINOMIAL COEFFICIENTS

We often consider binomial coefficients with negative parameters; consequently,
we now recall the standard definition and properties of these objects.

Definition 1.1. For integers ¢ and m, the binomial coefficient (T) is defined to be

m(m—1)---(m—i+1) 0 <

" il
(i)_ 1 if 0 =14, and

0 if ¢ <0.

Observation 1.2. (a) If 0 < m < i, then () =0.

(b) For all integers i and m,

(ZT1>+<T> - (m'H)

(c) Ifi and m are integers with 0 < m, then (7) = (,",).
(d) Ifi is a nonnegative integer, then (_Zl) =(-1)
(e) For all integers a and b,

(-

The identities in Lemma 1.3 form the base step in the proof of our main result.
Corollary 1.4 is well known. It may be proved directly using an argument similar to
the proof of Lemma 1.3 or it may be deduced from Lemma 1.3 after two applications
of Observation 1.2 (e).

~
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Lemma 1.3. Let A, B, and C be integers. If 0 < A, then

(a) Z(—l)k(gi]ﬁ) (Z‘) _ (—1)A(Afc), and
(b) Z(—l)’“(f,ii) (’2) = (B;A)

keZ
Proof. The proof of (a) proceeds by induction on A. If A = 0, then the only nonzero
term on the left side occurs when k£ = 0, and this term is (g), which is equal to the

right side. We now suppose that the result holds for a fixed A for all values of B

and C. Let
x=Xen(el) ()

keZ
Observation 1.2 (b) gives X = X; + X5, where
B+Ek\/A B+k A
X = (-1)F d  Xo=)» (-1 :
=20 (C+k><kz> o 2 =2 (1) <C+k>(k—1>
kez keZ
The induction hypothesis gives

B B+1
X1 = (_1)A(A+C) and X2 = (—1)A+1 <A+C+1)

We conclude that

o () (] e ().

as desired. Replace k with A — k in order to deduce (b) from (a). O
Corollary 1.4. Let A, B, and C be integers. If 0 < A, then

()= (%" o

The following generalization of Observation 1.2 (¢) is used in the proof of Corol-
lary 3.3.

Lemma 1.5. If A and B are integers, then

(478) = (5) -0 (5500)
Proof. Let

T1=<Af8>, Tzz(‘;> and Ts = (— )A+B<_i:i>.

If 0 < A, then Ty = T5 and T35 = 0. Henceforth, we assume that A < —1. If 0 < B,
then A — B < A < —1 and T; = 0. Furthermore, in this case, 0 < B — A — 1;
consequently,
A\ pB—A-1\ g B—A—1\ . p.—B-1\
T2’(B)*(_1) ( B )f(_l) ( _A—1)*(_1) (_A—1>*_T3'
Finally, we assume that A < —1 and B < —1. In this case, T, = 0 and

)= (A B(TP T =y (CP T e o

T =
A-B —A-1

A
(45
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2. MULTILINEAR ALGEBRA

Data 2.1. Let R be a commutative noetherian ring, F be a free R—module of finite
rank, and ¢ be an element of /\2 F.

We make much use of the A* F*-module structure on A°F, as well as the N\ F-
module structure on A* F*. In particular, if a; € A" F and b; € A\’ F*, then

j—i i—j
ai(b;)e N F* and  bj(a;) € \ F.
The following formulas are well known and not difficult to establish; see, for exam-
ple, [4, Proposition A.3].

Proposition 2.2. Adopt Data 2.1. Leta, b€ \* F and c € \°* F* be homogeneous
elements.

(a) Ifa € \'F, then
(a(0)) (b) = a A (e(b) + (=1)"F*Ecc(a nb).

(b) If c € N™™ F F*, then

where v = (rank F' — dega)(rank F' — degb). O

Note. The value for v which is given above is correct and is different than the value
given in [4].

We also make heavy use of the divided power structure on A*F. If a is a
homogeneous element of A® F of even degree, then, for each integer , a®) e /\Z F,
where £ = k-dega. (Of course, if £ < 0 or rank F' < ¢, then /\Z F =0.) Some of the
properties of divided powers are collected below; more information may be found
in [4].

Proposition 2.3. Adopt Data 2.1.
(a) If k and £ are integers, then

™ Aol = (k ;r 6) P+,

(b) If b€ F* and k is an integer, then b (ga(k)) =b(p) A k=1,

The following multilinear algebra calculation is the key to the induction step in
the proof of our main result.

Lemma 2.4. Adopt Data 2.1. Let k and { be integers. If by and b are homogeneous
elements of \* F* with degb; = 1, then

b [(¢®®) ()] + b1 [(¢*D®) ()] = b1l A [(* D ®)) (09)]

= [¢® (b1 AD)] (9.
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Proof. We expand S; = [(b1(¢™)) (*=D())] (¢*)) two different ways. On the
one hand, Proposition 2.2 gives S; = Sy + S3, where

Sz = bi(eM) A (¢®7D 1)) (99) and S5 = (=19 (GED(B)) (b1 (D) A O] .

Proposition 2.3, together with the module action of A® F* on A*® F, yields
53 — (_1)1+degb (Lp(k_l)(b)) (b1(¢(€+1)) — (_1)1+degb (Lp(k_l)(b) A b1> (SO(K—H))

= _ [b1 A (p(kfl)(b)} (e = —p, [((p(kfl)(b)) (SO(£+1)):| .

On the other hand, Proposition 2.2 gives

(21(#™®)) () = b1 A W (B) = ) (b1 A D);

and therefore,

Sy = ([bl(apm) A ap"“—”} (b)) (0 = [(bl(ap"“))) (b)} (o)
=b [(‘P(k)(b)) (w(l))} - (so(k)(bl A b)) (®).

The proof is completed by equating the two values for S;. O

The identities in section 3 are stated and proved in a coordinate free manner;
however, some of the applications in sections 4 through 7 are derived from these
identites by using bases. The hypothesis in these applications is that X is an alter-
nating matrix with entries from the commutative noetherian ring R. We recover
Data 2.1 as follows. Suppose that the matrix X = (z;;) has N rows and columns.
Let ey, ..., en be abasis for a free R—module F’; let €1, ..., &N be the corresponding
dual basis for F*; and let ¢ be the element

Y = Z a:ijei/\ej

1<i<j<N

of \? F. If I = (ni,...,n;) is an i—tuple of integers, then define ey € A'F and
er € \' F* by

er =ép, Nepy, Ao Aep, and €l =€py NEny N ... NEp,.

Calculation 2.5. If I is an i—tuple of integers, then

er(er) =erer) = (_1)@

Proof. Let f; = (ex Nea A ... Aeg)(er Aeg Aot A 5;)_. It is clear that f; = 1
and fiv1 = (—1)f;. It is also clear that f; = (—1)1(1;1) solves this recurrence

relation. [
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Let I = (ny,...,n;) be a fixed i—tuple of integers. If the integers nq,...,n;’s
are distinct, then o(I) is the sign of the permutation which rearranges ny,...,n;
into ascending order. If there is a repeat among the n’s, then o(I) = 0. We say
that I is an index set of size i if ny < na < ... < n;. Sometimes, we write |I| for
the size of the index set I. Let S be a fixed finite set of distinct integers. We write

>

J1UJo=S
[J11=d1

to mean that the sum is taken over all j;—element subsets J; of S, and the com-
plement of J; in S is denoted J>. In the above sum, J; and .J, are both taken to
be index sets. If b € A" F*, then b(ey) is the element

(2.6) ber)= > o(Lilz)bler,)er,

IjUIy=1
[Ty |=r

of NTF.IfY = (vi;) is a matrix and I; and J are j—tuples of integers, then we

take Y'(I1;J) to be the determinant of the submatrix of ¥ which consists of rows

I and columns J. In particular, If f: F'* — F is a map with f(g;) =Y y;;e; and
i

J is a j—tuple of integers, then

ANEN= > YiJer.

I1UIy={1,...,N}
[Ty ]=3

Thus, Calculation 2.5 shows that if |I| = |J| = j, then

iG=1

(2.7) £r ((/\ f)(EJ)> =er(en)Y(I,J) = (=1)"7 Y(I;J).

We use the notation “X;” to denote pfaffians; in particular,

the pfaffian of the principal submatrix of X consisting

of rows and columns ny, ... ,n; (in the given order) if 0 <4,
AR ifi =0, and
0 if 7 < 0.

It follows that if 7 is an even integer, then

(p(Z/Z) = Z XJleJl;

and therefore, Calculation 2.5 shows that

(2.8) er (@(i/2)) =er(e)) Xy = (_1)i/2XI-
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3. THE MAIN RESULTS

The first main result in this paper is Theorem 3.1. Everything in sections 4
through 7, with one exception, follows from Theorem 3.1 or one of its five Corol-
laries. The one exception is Proposition 5.4, and this result is a consequence of
Theorem 3.7, which is the other main result in the paper.

Theorem 3.1. Adopt Data 2.1. Let A, B, C, and d be integers. If b € /\d =,
then

@) (L re) et = S (I (490) (¢4,

keZ C+k keZ A+C—k
and
k(B Ry (A—k) _ ndk(B=AFER (A—k)
(b) kZE; D (G )™ ne féj; D (L) (#Pm) ().

Note. If k < 0 or A < k, then the corresponding terms in each of the above
summations is zero.

Proof. The proof of (a) proceeds by induction on d. We first suppose that d = 0.
In this case, the left hand side is Xb(¢)), where

exer (1))

keZ

The only non-zero term on the right side occurs when k = 0, and this term is
Yb(p), where
B

v =(-1)* <A+O>'

If A< —1, then ¢4 =0. If 0 < A, then Lemma 1.3 shows that X =Y.
Henceforth, we assume that 1 < d. We take b = by AV, with degb; = 1 and
degb/ =d —1. Let

B+k
X =) (-1)* (")) A AR,
= oty e

The element b; of F* acts like a graded derivation on A* F; therefore,
X =b1(S1) = bi(eM) A S,
where

B+ k _
5= 30 (oL JHE A and
keZ

B+k
S — -1 k b/ (k) A (A*l*k?).
=3 H(oih)p e
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The induction hypothesis gives

s1= ot () (6900) (47 ana
keZ

Sy = (-1)* Z(_1)k+1 (fjld;é:];) ((p(k)(b/)) (A=1-R)y,

kEZ

Use Observation 1.2 (b) in order to write S; = S] + 57, where

Si= A0 (A7) (#000) (4 and

kEZ

. (B+d—1—k , B
= (0 (et 2h) (o) e,

An index shift yields

st = A 0 (G T AT (44700) (04 ana
kEZ

s (214 () o

kEZ

We now have
X =b; (Si + Si’) - bl(ﬁp(l)) A Sy

o b [(#9)0) (p474)]
- (_1)AZ(_1)k(A :c: k) +o1 [(p*D)) (e
- = (b1 (™) A [(pED) (9]

Apply Lemma 2.4 to complete the proof of (a). The proof of (b) is completely
analogous to the proof of (a); we omit the details. [

In our first variation of Theorem 3.1, we arrange the data so that only one term
on the right side of the identity survives.

Corollary 3.2. Adopt Data 2.1. Let p, q, and d be integers. If b € /\d F* | then

(a) Z(_l)kﬂ) (q —d—1+ k) b(SD(k)) A (p(p+q—k) — (w(Q)(b)) (90(11))7 and

kez k—p

(b) Z(_l)k+d+q (Z: ; : Z) b(SD(k)) A Lp(erqfk) - (@(q)(b)) (90(’)))~

kEZ
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Proof. Apply Theorem 3.1 (a) with A replaced by p + ¢, B replaced by ¢ —d — 1,
and C replaced by —p, in order to see that
g—d—1+k _ g—1—k -

RZEZH)’“( IR LT A I;ZH)WM( s ) (P ®) ),
The proof of (a) is complete because right side of the above sum is zero unless
q = k. Assertion (b) follows from Theorem 3.1 (b) with A replaced by p + ¢q, B
replaced by p — 1 and C replaced with d — ¢. An alternate proof of (b) can be
obtained from (a) by way of Lemma 1.5 and Corollary 3.4. O

In our second variation of Theorem 3.1, we remove the “k” from the bottom part
of the binomial coefficients.

Corollary 3.3. Adopt Data 2.1. Let A, B, L, and d be integers. If b € /\d I,
then

@ S EH (7 o) aet = 3 (TR (0 4) (o49) ana

kEZ kezZ L+d-A
B+ k _ d+B -k _
(b) (—1)F bleP) A A=k = 3™ (1At e®) (b)) (AR,
>0 (°1Y) St (L) ()

Proof. We first prove (a). Apply (b) of Theorem 3.1, with C replaced by B — L, in
order to see that Ly = Ry, where

= S0 (0 18 )re ) A ang

= B-L—-k
=0t (0 ) (ehm) ),
kEZ

Apply (a) of Theorem 3.1, with B replaced by L — B—1 and C replaced by —B —1,
in order to see that Lo, = Ry, where

L-B-1+k .
Lz=2(—1)’“( Bo1ik )b(so(’“)Mw(A " and
kEZ

L-B-1+d-k
Ry = —1)Atk ®) (p (A=k)y.
2= 2 (50000 (ow) )
Apply Lemma 1.5 (with A replaced by B —k and B replaced by B— L —k) in order
to see that

B—k
YA _1\k (k) (A—k)
P W (U UEL PR
kez
Lemma 1.5 (with A replaced by B— A+ k and B replaced by B — L —d + k) shows

that
B-A+k
R DR, = _q)k+d ( (k) b) (A=k)y
0 R = S () (500) ()
The proof of (a) is complete. Identity (b) follows from (a), by way of Observation
1.2 (e); replace B with L — B — 1. (An alternate proof of Corollary 3.3 can be
obtained by mimicking the proof of Theorem 3.1.) O
In our third variation of Theorem 3.1, we impose hypotheses which allow us to
set the identities in Corollary 3.3 to zero, one side at a time.
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Corollary 3.4. Adopt Data 2.1. Let A, B, d, and L be integers, and let b be an
element of N\ F*.
(i) If A+ L+1<d, then

S (- 1)k (B - k) B B)(EAP) =0, and

L
keZ
B—k
(—-1)* (™) (b)) (! 47R)) = 0.
é ( I ><p @

(ii) Ifd < A—L—1, then

keZ

S0 (7 ey a0,

keZ

Proof. Identity (a) from Corollary 3.3 gives

S (30 e aei = S (PR o,

kEZ keZ

and the hypothesis ensures that (‘21‘5_::) = 0. The other three assertions are

established in the same way. [

In a similar manner, one can find hypotheses which set each side of the identities
in Theorem 3.1 to zero. Corollary 3.5, which plays a central role in section 6, is an
example of this technique.

Corollary 3.5. Adopt Data 2.1. Let A, B, C, and d be integers. Assume that
be NF*. If 54 < B<A+C—d—1, then

S -1t e A ta —o

o=t CH+Ek

Proof. If S is the left side of the identity, then Theorem 3.1 shows that

5=t (F AT (4M0) )

keZ

If 0 < B+d—k, then the hypothesis guarantees that 0 < B+d—k < A+C—-k—1,
and the binomial coefficient is zero. If B +d — k < —1, then the hypothesis also
guarantees that deg p(®)(b) < —1; thus, ¢®)(b) = 0. Tt follows that S =0. O

Our fifth variation of Theorem 3.1 involves two elements of \* F*.
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Corollary 3.6. Adopt Data 2.1. Let A, B, d, and L be integers, and let b and V'
be homogeneous elements of \* F* with b € /\d F*. If A+ L+1<d, then

Z(_l)k (BZ— k) ((b/(@(k))) (b)) (Q(Afk)) -0

Proof. The proof is by induction on the degree of ¥'. If degd’ = 0, then the result
is contained in Corollary 3.4. Henceforth, we assume that o = b; A b, where

degb; = 1 and degd” = degb’ — 1. Apply Proposition 2.2 in order to see that
(b/(sﬂ(k))) (b) is equal to

(by (™)) 0) = ba A (((6®) (8)) + (=) (b"(6) ) (b1 A D).

When this identity is applied to ¢4=*), we see that ((b'(¢*))) (b)) (A=) is equal
to

by ( <(b//(<p(k))) (b)) (¢(A—k))) + (_1)degb”+l ( (b/l(@(k))) (b A b)) (@(A_k)).

It follows that the left side of the identity is equal to by (S;)+ (—1)d8 ¥"+18, where

5= 0 (T ) (1) ) (¢4 ana

keZ

5= 30 (7 1) (#76) 601 0) (504700,

kEZ

The induction hypothesis yields S; = S; = 0, because

1+ A+ L <degh< deg(b; Ab) and degd” < degbt/. O

The second main result in this paper is concerned with the data of Corollary 3.6
when the hypothesis A + L 4+ 1 < d is not satisfied. Our proof of Theorem 3.7 is
much like an argument from a class in Differential Equations: we show that two
expressions are equal by verifying that they both are solutions of the same “Initial
Value Problem”.

Theorem 3.7. Adopt Data 2.1. Let p: F* — F be the homomorphism which is
given by @(b1) = b1(p) for all by € F*. Let d and A be integers and let b and b’ be
homogeneous elements of \* F*. If degb = d, then

SEDE((2™)) 1)) (M) = DDk A (B0 ((/d\ @)(b)) :
kEZ

kEZ

Proof. For each fixed integer A, we define bilinear maps

@A:/.\F*GB/.\F*H/.\F and \I/A:/.\F*@/.\F*H/.\F.
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If b and b are homogeneous elements of A® F*, then

2a00) = (D ((#¢™)) ) (x4)  and

kEZ

degb
Wa(H,5) = Y (~1)FA e & (o)) (( A @(b)) :

keZ

We prove that @ 4(d',b) = ¥4 (¥, b) by induction on degd’. We must show

deg b

(3.8) D4(1,b) = pAdEN A (/\ @) (b),
deg b

(3.9) Wa(1,b) = pA7des?) A (/\ @) (b),

(3.10) D u(by AV, b) = by (DA(H, b)) + (1)1, (b by AD),  and

(3.11) Wby A, b) = by (WA, b)) + (—1)28Y 1w, (0, by AD).

for all b € F*.
It is clear that ®4(1,1) = o). If by € F*, then Lemma 2.4 shows that

D (1, by Ab) = by (Ba(1,b) —by(DA(L, b)) +b1(0) ADA_1(1,b) = by (@) AB4_1(1,b).

We conclude that (3.8) holds. Assertion (3.9) is obvious. The proof of Corollary
3.6 shows that [((b1 A ) (0®)) (b)] (A=) is equal to

by ( ((b'w(k))) <b>) <¢<A-k>>) + (1) ((0(69)) by A D)) (67
and (3.10) holds.
Now we prove (3.11). Let d = degb, and let X = ((/\d @)(b)) We expand
Y = [ (bale™) )] (x)
two different ways. On the one hand, Proposition 2.2 gives
Y = [b1 A zp(k)(b')] (X) — [z,o(k)(bl A b')] (X) = by <[4p(k)(b')] (X)) - [¢<k>(b1 A b')] (X).

On the other hand,

Y = [(b1(@) A ® D) )] (X) = [a(2)) (6% @))] (X).
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Apply Proposition 2.2, once again, in order to see that
Y = bi(p) A (#5000 (X) + (=124 (0D (i) A X))

Combine the two expansions of Y in order to obtain that [¢*)(by A V)] (X) is equal
to

b ([ @] (X)) = be) A (*D @) (0) = (1= [ED @] (ba(e) A X) -

Thus, S; = So + S35 + (—l)degb/+1S4, where

S1= Y (DA A [P by AY)] (X) = Walbs AV, D),

keZ

S2= Y (1R Ay ([so“f)(b’)} (X)),

kEZ

83 = = 3 (~1)F A Aby () A (95D ) (X) = D2 (~DFb (AT A (o B 1)) (),

keZ keZ

and

=3 (=DREATIR A (D @) (ba () A X)

kEZ

=) (—D)kFplAmd=1=k) A (w““)(b’)) (bi(p) A X).

kez
Observe that Sy + S3 = by (T 4(b,b)). Observe also that

d+1

bi(p) A X =bi(e (/\@ > (/\ )(b1 A D).

It follows that Sy = W¥(b',by A b). Assertion (3.11) has been established and the
proof is complete. [
4. A NEW PROOF OF THE KUSTIN-ULRICH PFAFFIAN IDENTITY
We give a new proof of [14, 3.2]. The notation is explained in section 2.

Proposition 4.1. Let X be an alternating matriz with entries from the commu-
tative noetherian ring R. If A,B,C, and D are index sets of size a,b,c, and d,
respectively, with a + b+ d even and a +b < d — 2, then

S X (NEPe(ER) X acpXpor = 0.

tEZL EUF=D
atc+t even |E|=t

Proof. If M is an integer and 3, 3, and 3" are homogeneous elements of A® F*,
then Corollary 3.6 shows that

S EDE[((86™) (8) (0] (87)

kEZ
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is the zero element of the ring R, provided

(4.2) deg 3" = 2M — deg 3 — deg ' and

(4.3) 14 M < deg 3.

We may apply Corollary 3.6 with M = ¢ + %b*'d, B =eu, B =¢cc ANep, and
8" = ep Nec. Indeed, (4.2) is satisfied because b + ¢ = 2M — (a) — (¢ + d); and
(4.3) is equivalent to the hypothesis a + b+ 2 < d. It follows that

9 YD [((2ae™) o nen)) (0] (em Ae) =0,
kEZ

We complete the proof by translating (4.4) back into the language of the original
statement. For the time being, consider k to be fixed. Let r = 2k — a and let Y
represent the element €4(0®)) of A" F. We evaluate

(4.5) [(Y (cc A sD))(@W*k))} (e Aec).

Recall, from (2.6), that

r

(4.6) Y(ec Aep) =), > > (=D)I2lElg(C1Co)o(EF)Y (e, Nep) Necy, Aer.
j=0 C1UCy=C EUF=D
lc11=5  |1Bl=r—j

Furthermore, in (4.6), 2(M — k) —|Cy|—|F'| = | B|+|C|; consequently, when (4.6)
is inserted into (4.4), we have

[(502 NeER) (QD(M_]“))} (53 A EC) = (EB Nec Neg, Nerp) (@(M_k))-
If Cy is nonempty, then e A ec, = 0. It follows that (4.5) is equal to

(4.7 Z o(EF)Y(ec Neg) - (eg Nec Ner) (@(Mik)).

EUF=D
|B|=r—c

Furthermore, in (4.7), we have degY = deg (¢ A eg); therefore,
Y(ec Aep) = (ec Aep)Y = (ec Aeg) (sA(go(k))) = (=1)% (ea Aec Aeg) (™).
We now see that (4.4) is
2:(—1)’C Z 0(EF) (eaNec ANeg) (0F) - (eg Aee Nep) (™M F) = 0.
kEZ EUF=D
|B|=2k—a—c
Apply (2.8) to see that
(=¥ > o(EF)XaceXpcer =0.
SR

Replace k by # in order to complete the proof. [
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5.  SRINIVASAN’S IDENTITIES

In this section we show that the identities of [15, 16] are special cases of our
results. We begin by deducing [15, 4.3] from Theorem 3.1. Proposition 4.4 in [15]
is an immediate consequence of Corollary 3.3; results 4.5, 4.6, 4.7, and 4.8 in [15]
are immediate consequences of Lemma 1.3. Proposition 5.3 provides a new proof of
[15, 4.2]. In Proposition 5.4, we give a new proof of Srinivasan’s decomposition [15,
page 447] of the pfaffian X1  into products of the form X;;, - X, and X, - X (I2; J).
Proposition 5.5 is a reformulation of identity (b) from [15, page 447].

Proposition 5.1. Adopt Data 2.1. Let F have rank 2n, and let i, j, and t be
integers with t + 7 even. If £ is an element of /\2" F* and a is an element of /\t F,

then N
((¢=% na) ©) U5
18 equal to
XJ: (n —E%H) {(go(n—“T“)(g)) (a)} A p(521D

Proof. Write i =i’ + &, where ¢’ +t is even and ¢ is either 0 or 1. Notice that

I e e I

In identity (b) from Corollary 3.2, replace p with %, q with n— %j, d with 2n —t,
and k with n + “’T*t, in order to see that

i+

(¢ F®) (x5

is equal to

Jj—w

. _ Pt p
Sy (T e e,

wEZ 2
j—w even

Observation 1.2 (e) yields

imw it g Pt
2 2 igw 2 ).
2 2

and therefore,

’

n—tti it n— n4w=t il —w
(¢ 0) () = 3 ( o >b<<p< FEE)) ()




16 ANDREW R. KUSTIN

If j < w, then the binomial coefficient

is equal to zero. If w < 0, then

btz )y e NF =0.
Thus,

./

n_tti i4g n— N w=t i —w
(w( 2])(17)) (=)= > ( i >b(<ﬂ( ) ARTEY,

In light of (5.2), we see that

itt
ntti itj n—|l—= n_tzw i—w
(¢ 0) 5 = 3 i ”)W ) p 152D,
To complete the proof, replace b with the element a(£) of /\Qn_t F*. The module
action of A®* F on A\°® F* gives

#(B) = 9 (a(©)) = (¢ A a) (€)

and Proposition 2.2 (b) gives
b)) = (a() (¢7) = (¢7(©)) (@). O

Proposition 5.3. Adopt Data 2.1. Let ¢: F* — F be the homomorphism which

is given by @(by) = bi(p) for all by € F*, and let i and d be integers. If b e \* F*,
then
2i—d

B = 3 (1)) A p® 4 (/\ @) (¢m).
Proof. In the notation of (3.9), observe that

2i—d

therefore, Theorem 3.7 and Proposition 2.3 yield

(A3) (s0) = S (ss0) -0

kEZ

Z(_l)k (k ;fl— z) (So(k-i-d—i)(b)) (p2id=k)

kEZ

_ (_1)iZ(_1)d+E (d f Z> (so(z)(b)) (P00,

LEL
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Apply Corollary 3.3, with L = 0 and B = A =i, in order to see that

2i—d
( A @) (P00 = 1 DB A0

LET

= Y DMP) A P

keZ

k=

[}

The last equality holds because if k& < 0, then ¢*) = 0; and if Hz — g]] < k, then
b=y =0. O

Recall, from section 2, that X (I2;J) is a minor of X.

Proposition 5.4. Let X be an alternating matriz with entries from the commu-
tative noetherian ring R. Let I and J be index sets of size © and j, respectively. If
i+ J is even, then

t+7 i(i+1)
YN0 D o(hR) Xy X = (=177 > o)Xy, - X (I ).
tez J1UJo=J I Uly=1I
t+i even |J1 =t [I1|=i—j

Proof. Evaluate Theorem 3.7 at b’ = ey, b=¢y, and A = %, in order to see that
L = R, where

L=3 (0" ((cr(6™)) ) (¢ F79)  and

kEZ

R=3"(=1)%F 9 A (o)) ((/\ @(m) .

keZ

Apply (2.6) to see that

L=Y (-0 3 o(hh) (ere™) (e0) e (75 70).

keZ JiUJo=J
| Jq |=2k—i

We know, from (2.8), that
(EI(@(k))) (en) = (=1)*Xpr = (1) Xp,.
It follows that

L=Y"(-D)*F N o(hd) X1y, - X,

keZ JiUJg=J
|J1|=2k—i
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Let ¢ = 2k — ¢ in order to see that L is equal to the left side of the announced
identity.
Notice that

o . j
t=J k) _ t—J (k) > _
5 < E = o7 =0and k < 5 = (gp (51)) ((/\gp)(m)) =0.

11—

Thus, there is only one non-zero term in R. If we write k for Tj, then R is equal
to

(~1)* (W) ((/\ @(eJ))
= (—l)k Z o(113) (Sp(k)(gh)) NEr, ((/\ @)(&])) .

I UIy=1I
[11]=2k

Apply (2.8) to see that the

R = Z U(I1IQ)X11 “€1, <(/\ SE)(&J)> :

I1Uly=T1
|11 |=2k

We know that ¢: F* — F'is the map

P(ej) =¢€j(p) =¢; (Z Tpgp N eq) = Z —TijCi-

p<q

It follows, from (2.7), that, if A and B are index sets with |A| = |B| = r, then

€A ((/\ sB)(aB)> — (—1)" " X (4; B).

Thus, B
R=(-1)"" Y o(Ll)Xy, -X(I;J). O
I1Uly=T1
[y |=i—j

If X has size N x N and {1,..., N} is the disjoint union of A, B, C, and D, then
one obtains Srinivasan’s version [15, page 447] of the following identity by letting
J=BUCand I =CUD.

Proposition 5.5. Let X be an alternating matriz with entries from the commuta-
tive noetherian ring R, t be an integer, and A, B, and C be index sets of size a, b,
and c, respectively. If t + b is even and a + ¢ is even, then

a—c

2
> oA Xas-Xase= Y (L2.) D o(CiC)Xapo, - Xpe,
AjUAg=A SEL 2 CqLUCy=C

[Aq|=t s+a-+b even |C1l=s
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Proof. Apply Corollary 3.2 (a) to the element eg A ec. Replace the element b of
/\d F* with ea Aep. If p and ¢ are integers which satisfy 2¢ 4+ 2p = a 4+ 2b+ ¢, then

((Sﬁ(q)(@x A EB)) (go(p))) (e Aec) and

S (T (eanem (69) A0 en )
keZ

are equal elements of R. The techniques which are employed in the proof of Propo-
sition 4.1 yield that
> o(A1A2)Xa,B - Xa,BC

AjUAs=A
[Aq[+b=2q

is equal to

g—a—b—1+k
Z(—l)ker( K > Z 0(C1C2)XaBC, - XBCy-
kez -bp Ci1UCy=C

|C1 | +atb=2k
Replace k with 20 g with &2, and p with ¢Fbte=t Use Observation 1.2 (e) to
complete the proof. O

6. AN APPLICATION TO ALGEBRAS WITH STRAIGHTENING LAwW

Let X be an N x N alternating matrix with indeterminate entries. Consider the
poset (P, <) of pfaffians of X. The order on P is given as follows. If r and s are
even integers, a; < -+ < a,, and by < --- < by, then

Xay...a, < Xp,..p, provided s <rand a; <b; for 1 <i<s.

It is well known (see, for example, [7]) that the polynomial ring Z[X] is an algebra
with straightening law on P over Z. (We use the language of [3].) In particular,
for each pair of index sets A and B, there exist integers rcp such that

(6.1) XaXp =) repXcXp,
C,D

where the sum is taken over all pairs of index sets C' and D with
(62) XchD and XchA.

Most, but not all, of the above “straightening formula” is proved in [8, Lemma
6.2]. Indeed, [8, Lemma 6.2] establishes (6.1), where C' and D vary over all pairs
of index sets with X < Xp. One must modify the argument of [8] in order to
obtain (6.1), where C' and D fulfill both of the requirements of (6.2). One version
of this modification occurs in [6]. Suppose that |A| and |B| are even integers with
|B| < |A|. Let i(A, B) be the largest index i for which ap < by for all k with
1 <k<i If|Al= N ori(A,B)=|B| then X4 < Xp and X, Xp = XsXp
satisfies both (6.1) and (6.2). Day’s argument proceeds by induction on |A| and
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i(A,B). Let i = i(A, B). It is convenient to write A = A’ UCY{ and B = C, U B/,
where A’ is a1 < -+ < a;, and C] is ¢; < -+ < ¢y, with a; < ¢1; and C} is
Cxp1 < -+ < Cagir1, and B’ is by < -+ < by, with ¢x411 < by. The information
about the indices is summarized as

B: 1 < . < o < Ot < by < ... < b
Vi Vi A\
A: a < . < e < c1 < ... L. < ey

Let C represent the index set cyy1 < -+ < expia1 < €1+ < cx. Day proves that
there exist integers r¢, and rp, ¢, such that

(6.3) Xarcr Xoypr = > reXae Xeop+ Y > revB Xarc, By X8,
Ci1uUCoy=C ByUBy=B/ C1UCy=C
[C1]=X 0<|By <t A+1<[Cyp
cl;éci

It is clear that X4/¢, < X4 and Xa/¢, B, < X4. Furthermore,
Z(A, B) < i(A/Ol, CQB/) and ‘A| < |A/CQBQ|;

so, (6.1) with hypotheses (6.2) follows by induction.

In Proposition 6.6 we generalize (6.3) and produce explicit values for the integers
re, and rp, o, ; indeed, (6.3) is the special case M = A\, @ =t — 1. Corollary 6.5,
which is the base step in our proof of Proposition 6.6, is a translation of Corollary
3.5 from the language of multilinear algebra to the language of pfaffians. The
following conventions are in effect throughout the rest of this section.

Data 6.4. Let X be an alternating matriz with entries from the commutative noe-
therian ring R, and let A, B, and C be index sets of size a, b, and c, respectively.
Assume that a + b+ c is even. For fixed values of £ and r, let

X(,r)= Z Z 0(B1B2)o(C1C2) X ap,cy XByCs-

B1UBg=B CiUC3=C
[B1l=r |Cy]=¢

Corollary 6.5. Adopt Data 6.4. If M and Q are integers with Q+ M even, M +a
even, —1 < Q, and Q+ M <b+c—a—2, then

top rtaze w
E (-1) 2 b M X(,r)=0.
r,LEL 2
£+r+a even

Proof. Apply Corollary 3.5 with A replaced by %HC, B replaced by %, C re-
placed by —M2+ 2 d replaced by a, and b replaced by €4. Since the hypothesis of
Corollary 3.5 is equivalent to the present hypothesis, we conclude that

Z(—l)k< ! > [EA(W(’C)) A @(C%H%)} (ep Nec)

—M—a
kEZ 5 T k
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is the zero element of R. Calculations similar to those in section 4 yield

[?A(@(’“)) A <P(C+g+bfk)} (ephec)= Y (“D)fFH =52 x ().

T, LEL
r+£+a 2k

+0+
Replace k by =5 to see that

a+ ct+a+b €C+ r+a—~ #
(DT Y (=t (L2 )X @) =0 O
2

r, LEL
r+£l+a even

Proposition 6.6. Adopt Data 6.4. If Q and M are integers with QQ + M even,
M+aeven, b—1<Q, and Q+ M <b+c—a— 2, then

Lot THa=t Z77“2+Q
Z (1) Ty | X)) =
3

T, LEL
£4+r+a even

Remark. We note, for the purpose of induction, that Proposition 6.6 says that
X(M,0) is equal to

L—r+Q
M—2 rc M+r ¢ f —5—
Z (-1 (Z M> (¢,0) +Z Z T <€_T2_M)X(€,T).

M+1<¢ LEL 2
£+a even tz+r+a even

Proof. For each integer r, with 0 <7 < b, let

R %
Tv" = Z (—1) ct— <E+T—M)X(€7 'I").
2

LeL
£4+r+a even

b
Recall, from Corollary 6.5, that > T;. = 0. If b = 0, then the result holds. The proof

r=0
proceeds by induction on b; henceforth, we assume that 0 < b. Write T, = T, + T/,
with

T; — (_1)Mc+rc+r+a;M

X(M —r,r)

and

1 fo4 Tta=t Z+T2+Q
Tr = Z (_1) T ([_Hn_]\/j)X(évT)'
2

M+1—r<t
£4+r+a even

For each r with 1 < r < b, we apply the induction hypothesis with A replaced by
ABjs, a replaced by a + r, B replaced by Bs, b replaced by b — r, M replaced by
M —r, and @ replaced by @Q —r. Notice that all of the hypotheses are still satisfied.
When the induction hypothesis is applied to

T! = (—1)Metretragt Z o(B1Bz3) Z 0(C1C2) X aB,c, XB,0y,

BiUBy=B C1UCo=C
[Byl=r |Cy|=M—r
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we see that T = V. + V!, where

Lot14oEr=¢ e_errQ
D I C Il (W BT
2

M—r41<L
f4a+r even

and

fet1t atrtr’ =t Z—r’++Q /
Z > et (S5 ),

LEL 2
e+r +a+r even

for X (¢;7;r") equal to

Y a(GiC) Y > o(BiB)o(B1B2) X ap, 5yc, Xy, -

C1UCy=C B1UB2=B BlUB/=Bj
|Cy 1=t |By|=r ‘B/‘ "

Co-associativity in the co-algebra A°® F'*, together with the fact that the composi-

tion
r4r’ r4r’

/\F*—>/\F*®/\F* N\ F*

is equal to multiplication by (r” ), yields that

/
X(l;r;r') = <T1/T>X(€,r+r/).

Notice that

b—r L—r'—r+Q ’

’_ feplqatrtr’=t [ T+ n.

Vi = Z Z (=1) 2 L—r'4+r—M ! X(lr+r )’
r’'=1 M—r—r/4+1<¢ 2

L+47'+a+r even

because, if f < M — 7' —r+1,then / — 7" +r— M < 1—2r" <0, and the first
binomial coefficient is zero. It follows that

bor it ((ETETRQN sy
= ‘/7"+W = Z Z (_1)Ec+1+ 2 <£—r’fr—M) < r! >X(€”r‘—|—7’/).
r’'=0 M—r—r/4+1<¢ 2

t+r'+a+r even

Replace r with r — 7’ to see that

b it = Lt r
ZT/ Z Z 1)beti+ ety Z <z+r—1\2/1 B /) (r,)X(ﬁ, ).
r=1 r=1 M—r+1<e =0 2 r

£4+r+a even

Recall that T, = T/ + T). We now see that is equal to
+r4+Q
2
b b <M>
Sy Y (e :
T r—1 —r4Q
r=1 r=1 M—-r4+1<¢ —s r
£+r+a even — Z (f-‘r’l‘—M - T/) (T/)
2

r’=0

X(,r).
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Use Corollary 1.4 to see that

b — L=r+Q
=% Y (e ((_f_M)X(K,r).
1 r=1 2

M—r+1<¢
£+r+a even

=

T

The constraint M —r + 1 < ¢ is irrelevant; thus,

b s £—r+Q
> T = S (e (Z_E_M)pr).
r=1 r

1 LEL 2
f47r+a even

M=

b

The proof is complete because > T, =0. O
r=0

7. OTHER APPLICATIONS

In this section we compare our results to a few familiar pfaffian identities. We
begin with the “Laplace expansion” of a pfaffian.

Proposition 7.1. Let X be an alternating matriz with entries from the commuta-
tive noetherian ring R. If N is an even integer, then

Proof. Apply Proposition 5.5 with C' = {1}, A ={2,...,N}, and B empty. O
The next two examples are Lemmas 2.3 and 2.4 of [4].

Proposition 7.2. Adopt Data 2.1.
(a) Let : F* — F be the homomorphism which is given by $(b1) = bi(p) for
allby € F*. Ifbe \" F*, then

d
(AD®) =D (=1 (+M®)) ().

kEZ
Proof. Apply Theorem 3.7 with A = d and & = 1 to prove (a). Assertion (b) is
Corollary 3.3 (a) with L=0and A=B=m+1. 0O

The following identities played a crucial role in preliminary versions of [2]; see,
for example, [1]. Other proofs may be found in [5] and [9, Relations 2.23 and 2.24].

Proposition 7.3. Let X be an alternating matriz with entries from the commuta-
tive noetherian ring R. If p,q,p1,...,pe are integers, then

Xprpe Xpapr,pe U £ is even, and

X(p7p17'"7pZ;Q7p17"'7p£):{ . .
XppryopeXapryepe i £ s odd.

Proof. Apply Proposition 5.4 with I = {p,p1,...,p¢} and J = {q,p1,...,pe}. O
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