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ABSTRACT. Letk be a field of characteristic zero, n < N be positive integers, P be the polynomial ring K[x, y, z, w],
F be the homogeneous polynomial x" +y" 47" +w", K be the ideal (x¥,y" z¥,w"), and P be the hypersurface ring
P = P/(F). We describe the minimal multi-homogeneous resolution of P/KP by free P-modules, the socle degrees
of P/KP, and the minimal multi-homogeneous resolution of the Gorenstein ring P/(K : F) by free P-modules. Our
arguments use Stanley’s theorem that every Artinian monomial complete intersection over a polynomial ring with
coefficients from a field of characteristic zero has the strong Lefschetz property as well as a multi-grading on P
for which both ideals K and (F) are homogeneous. The resolution of P/KP by free P-modules is obtained from
a Differential Graded Algebra resolution of P/(K : F) by free P-modules, together with one homotopy map. The
multi-grading is used to prove that the resulting resolution is minimal.
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1. INTRODUCTION.

Let k be a field of characteristic zero, n < N be positive integers, and P be the hypersurface ring
P=K[x,y,z,w]/(x" +y" + 7" +w").
We describe the minimal multi-homogeneous resolution of P/(x",yV z¥ w")P by free P-modules.

For an arbitrary graded algebra R, over an arbitrary field k, with maximal homogeneous ideal m = (x1,...,
Xm), it is very natural to ask how the bracket powers, mlV = (x’lv ,---,xV), of m are related. In particular, how
is the resolution of R/ m!M by free R-modules related to the resolution of R / mleV! for various exponents N and
gN? One wonders how many truly different infinite resolutions appear as g varies and one wonders what the
least positive value of ¢ is for which the infinite tail of the resolution of R/ ml9 is isomorphic to a shift of the
infinite tail of the resolution of R /m!M.

An important special case of the question takes place when Kk has positive characteristic and bracket power
is replaced by Frobenius power. Of course, Frobenius powers play a fundamental role in providing invariants
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(such as Hilbert-Kunz multiplicity, F'-signature, and F'-pure threshold) of the ring R. Much is still unknown
about these invariants, even for hypersurfaces. On the other hand, there are times that an investigation of
Frobenius power really amounts to an investigation of bracket power; see, for example, [11].

We focus on hypersurfaces of the form P = P/(f), where P is a polynomial ring over a field, and f is a
homogeneous polynomial in P. The most interesting feature of the P-resolution of P/ m!MP is the infinite tail
of the resolution, which is a matrix factorization of f, see [4].

The situation has been fairly seriously studied when P = k[x,y,z], m is the maximal ideal (x,y,z), and k is
a field of characteristic p. If f = x* +y" + 7", then the Betti numbers of P/ ml4P are calculated in [14] and
the resolution of P/ ml9/P is given in [11]. If f is a general homogeneous form of P, then the Betti numbers of
P/ml4/P are calculated in [19].

The infinite tail of the resolution of P/ mM s intimately related to the socle degrees of P/ w1t is shown
in [15] how the behavior of socle degrees under the application of the Frobenius homomorphism can be used
to detect that a quotient ring has finite projective dimension. Furthermore, the following result is established in
[14, Thm. 1.1] and [11, Thm. 8.18] and is the starting point for [19].

Theorem. Let k be a field, n, Ny, and q be positive integers, Ny = gNy, P =K[x,y,7]/(x" +y" +7") and A; = P-
module P/(xNi,yNi zM). Assume that A\ and A, both have infinite projective dimension over P. Let IF; o be the
minimal homogeneous resolution of A; by free P-modules. Then there is an integer w with socAy, isomorphic
to soc Ay, (—w) as graded vector spaces if and only if the complexes Fy > and Fy >2(—w) are isomorphic.

Let k be a field of characteristic zero, n < N be positive integers, P = Kk[x,y,z,w],

— P P P
P= , A= =, and R= .
(X" 4yt + 2"+ wh) (xN yN 2N wN)P (xN YN 2N WN) (4 Y 2wt
The main result in the paper is Theorem 6.2 which gives the multi-graded Betti numbers in the minimal homo-
geneous resolution of R by free P-modules. Theorem 6.2 is applied in Section 7 to give the multi-graded Betti
numbers in the minimal homogeneous resolution of A by free P-modules and to calculate the socle degrees of
A.

In the case of interest, n < N and n does not divide N. Indeed, if n divides N, then everything can be done
over the polynomial ring K[x,y,z,w]/(x+y+z+w) and then be passed to P by way of a flat ring extension; see,
Section 8. Furthermore, if N < n, then (x" +y" + 2" +w") C (x¥,yV,z¥,w") are nested complete intersection
ideals, (xV,yV 7V wN)P is a quasi-complete intersection ideal of P, in the sense of [1], and the two-step Tate
complex [12, 5] is the minimal homogeneous resolution of A by free P-modules.

One of the main ingredients in the argument is the introduction of a multi-grading M on P for which both
ideals (x,yV,z¥,w") and (x" 4 y" + 7" + w") are homogeneous. This multi-grading is the key to proving that
the resolutions we produce are minimal resolutions.

Another significant piece of the argument is the conversion of the problem of describing generators for the
ideal

(NN ) (W),
into the problem of finding generators for the ideals (x?1,y%,7%) : (x +y+2)% , where d; = d +¢;, for all
choices of €,€5,€3,64 € {0,1} and d = [%J . Codimension three Gorenstein rings are understood much better
than codimension four Gorenstein rings.

The resolution of A by free P-modules is built from a Differential Graded Algebra resolution of R by free
P-modules, together with one homotopy map. The details of this construction are given in [10].

The starting point for the present paper is Stanley’s theorem that every Artinian monomial complete inter-
section over a polynomial ring Kk[xj,...,x,], where k is a field of characteristic zero, has the strong Lefschetz

property.

In addition to the main theme of the paper we highlight two other results which are probably of independent
interest. Lemma 5.6 provides a technique for bounding the number of linear relations on a set of homogeneous
forms of the same degree in a polynomial ring in three variables over a field.
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The ideals (x?,y?,z%) : (x+y+z)? and (x4,y9*!,24) : (x+y+2)¢"! in k[x,y,7], when k is a field of char-
acteristic zero, define compressed Gorenstein rings with odd socle degree. The general theory gives bounds on
the graded Betti numbers of such ideals. However, in order to produce the graded Betti numbers on the nose,
we found minimal generating sets for the ideals. Proposition 9.1 gives some explicit generators for these ideals.
Once these explicit generators were found, we applied Lemma 5.6 in order to bound the number of linear rela-
tions on these generators. The complete minimal generating sets for these ideals are given in Proposition 5.7.
It turns out that these ideals have the same graded Betti numbers as the ideals (G}, G2, G3) : G4 have where the
G’s are general forms of degrees d,d,d,d or d,d+1,d,d+ 1 in the sense of [17, Prop. 4.1].

2. THE SETUP AND THE OUTLINE OF THE ARGUMENT.

Data 2.1. Let k be a field, n, d, and r be positive integers, with r < n, N = dn+r, P be the standard graded
polynomial ring P = K[x,y,z,w], I be the ideal I = (x" y¥ N wV) : (¥ +y" + 7" +w") of P, and R be the
quotient ring R=P/I. Let f =x+y+z+w€EP.

Remark. In all of our important results, the field k of Data 2.1 has characteristic zero; however in many of our
preliminary calculations, the characteristic is not relevant. Each time we use the symbol k, we identify whether
it is an arbitrary field or a field of characteristic zero.

Definition 2.2. Retain Data 2.1. Let M be the Abelian group M =Z x Z, X Z, X Z, X Z,. We impose a
multi-grading by M on the polynomial ring P. If D € Z and 7; € Z,, then the (D, 7,7, 73,74) component of
P, denoted Pp 7 7, 7 7,)» is the k-span of the monomials xP1yP2zP3wP4, with p; +pa +p3 +ps = D and the
image of p; in Z, is 7; for each i. Notice that Pp 7, 7, 7, 7,) 18 equal to zero unless the image of D in Z, is
Pl 4+ 72 + 73 + Fa. If M is a k-module which is multi-graded by M, then let Hy(—) denote the Hilbert function
of M with respect to the M-grading on M. In other words, for each element m in M, let Hy(m) denote the
vector space dimension of the component of M of degree m.

In the language of 2.1 and 2.2, one can easily check that P is graded by M in the sense that
Pm1 ’sz g Pm1+m27

for m; € M. The ideals (x,yV,z¥ w") and (" 4" +z" +w") are both homogeneous under the multi-grading
of 2.2. Tt follows that the ideal 7 = (x",yV,z¥, w¥) : (¥" +y" + 2" +w") is homogeneous under the multi-grading,
and the multi-grading is inherited by R = P/I. The Hilbert function of R with respect to this multi-grading is
given in Proposition 4.2.

In Section 5, we describe the generators of /. In Proposition 5.1 we take advantage of the multi-grading to
show that the generators of / can be obtained from the generators of the ideals

d d d d .
(1) (xTE e e e L

where each g; is either 0 or 1. In Observation 5.2 we obtain the generators of the ideals of (1) from ideals of
the form

(2) (Xd+81,yd+£2,zd+£3) . (X+y+z)d+£4.

The ideals of (2) are precisely the ideals that exhibit the fact that monomial complete intersections in a poly-
nomial ring over a field of characteristic zero have the strong Lefschetz property. Much numerical information
about these ideals is known. The ideals define compressed quotient rings, and therefore the number and degree
of the generators are completely known in the case when the socle degree is even, (i.e., Zle g=13). In
the case when the socle degree is odd (i.e., Z?: 1€ = 0,2,4), then the general theory provides some bounds
on the generator degrees. In order to learn the precise generator degrees, we exhibit explicit generators in
Proposition 5.7.
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3. NOTATION, CONVENTIONS, AND PRELIMINARY RESULTS.

Let Z represent the ring of integers and Z,, represent the quotient ring Z/(nZ) for each integer n in Z. If r is
an integer, then 7 is the image of r in Z,.

Notation 3.1. For a polynomial g in a polynomial ring, let g["] denote the result of replacing each variable in g
by the nth power of the variable. Note that g — g["] is an injective ring homomorphism.

Example 3.2. In the language of 2.1 and 2.2, every polynomial of Pp 7, 7, 7, 7,) has the form
gl xP1yP27P3yPs

where the p; are integers with 0 <p; <n—1, the image of p; inZ, is 7;, D = kn+ Z?zl p; for some non-negative
integer k, and g is a homogeneous polynomial in P of degree k.

Observation 3.3. Let Kk be an arbitrary field. Adopt the language of 2.1 and 2.2. Let k, p1, P2, P3, and p4 be
non-negative integers with 0 < p; < n— 1, then there is an isomorphism of k-vector spaces

P — Plukepy+p2-+p3+p4,1.52.03.54)
given by
g g[n] XP1yP27P3 P
where k is an element of Z and (nk+p1 + p2 +p3 + P4, P1,D2,03,P4) is an element of M.

Proof. This assertion is an immediate consequence of Example 3.2. (|

The following notation makes sense in light of Observation 3.3 and it allows us to convey all of the infor-
mation about an element of M with a minimal amount of writing.

Notation 3.4. Adopt the data of 2.1 and 2.2. Consider the homomorphism of Abelian groups
7> - M,
which is given by

(k,P1:P2:P3:P4) > Mk o1 03 03.04)0
where

Mk o) prpaps) = (kK0+P1+pP2+p3+pPa,P1,P2,P3,P4) in M.
The 5-tuple of integers (k,p) = (k,p1,P2,P3,P4) is in standard form if 0 < kand 0 < p; <n—1 for all i.

3.5. Let k be a field. The graded algebra R = P, R; is a standard graded k-algebra if Ry is equal to k, Ry is
a finitely generated Rp-module, and R is generated by R; as an algebra over Ry.

3.6. If F is a module graded by the Abelian group (G,+) and a € G, then F(—a) is the graded module with
F(—a),=Fp_qforallbeG.

3.7. Let I be an ideal in a ring R, N be an R-module, and L and M be submodules of N. Then
LyM={xel|xMCL} and L:yl={meM|ImCL}.
Any undecorated “:” means :g where R is the ambient ring.

3.8. Let k be an arbitrary field, R be a standard graded k-algebra, m be the maximal homogeneous ideal of R,
and M = ®;M; be a finitely generated graded R-module.

(a) Let Hy(—) denote the Hilbert function of M with respect to the standard grading on M. In other words,
HM(i) = dimkMi.

The integer Hg(1) is called the embedding dimension of R.
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(b) The relationship between the Hilbert function Hp(—) of Definition 2.2 and the Hilbert function Hp(—) of
(a) is explained in Observation 3.3. If (k, E) is a 5-tuple of integers in standard form (in the sense of 3.4),

then
HP(m(k,E)) = Hp(k)

Of course, the value of Hp(k) is well known:

Hp(k) = (k4k_3>7

for P =K[x,y,z,w|. In particular, Hp(k) = 0, if k < 0.

3.9. Let (G,+) be an Abelian group and R be a ring which is graded by G, with Ry equal to a field k,
EBgeG\ {0y Rg equal to the maximal homogeneous ideal of R, and R finitely generated as an Ro-algebra. Let
M be a finitely generated R-module which is also graded by G.

(a) The socle of M is the vector space
socleM =0y m.
(b) If R is Artinian, then R is Gorenstein if socleR is a one-dimensional vector space over k.
(c) There is an isomorphism of graded R-modules
socle M = @k(fs,-),
i

for some finite set of elements {s;} from G. The elements {s;} are called the socle degrees of M.

(d) If a is a homogeneous ideal of R with R/a Artinian, local, and Gorenstein with socle degree 8, and f is a
homogeneous element of R in R, for some d € G. Then a: f is a homogeneous ideal of R with R/(a : f)
Artinian, local, and Gorenstein with socle degree 6 — d.

Indeed, the R-module homomorphism R(—d) — R, which is given by multiplication by f induces a
homogeneous injection

R R
socle ———(—d) — socle 5

(a:f)
(e) If R=K][xy,...,x,] is a polynomial ring, with each x; a homogeneous element of R, then the socle degrees
of M may be read from the back twists in a minimal homogeneous resolution

0=-C,=B_,P(-B)—-—C

of M by free R-modules.
Indeed, the computation of Tor®(M, k) in each coordinate yields a graded isomorphism

s
socleM = EBk(K -B),
i=1
where [];x; € Pk.
3.10. We use two symmetries that are associated to a graded Artinian Gorenstein algebra R over a field k.

3.10.1. The Hilbert function Hg(—) is symmetric in the sense that Hg(i) = Hg(s — i), for all i, where s is the
socle degree of R. This property follows from the fact that the multiplication map R; ® R;_; — Rj is a perfect
pairing.

3.10.2. If R = P/I, where P is a polynomial ring over k, then the minimal homogeneous resolution,
0—=P(B)=F,—F,1—--—F—=>FK=P
of R by free P-modules, is self-dual, in the sense that
Homp(F;,P)(—B) = F,—;.
This property follows from the fact that Extg (R,P) =2 R(B).
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3.11. The notion of a compressed Artinian algebra over a field was introduced by Iarrobino [8]. Rossi and
Sega [22, Prop. 4.2] extended the definition to be meaningful for local Artinian Gorenstein rings which do not
necessarily contain a field. The Rossi-Sega definition can be extended further to be meaningful for rings that
are not Gorenstein [13, Def. 2.5].

Definition 3.11.1. Let k be an arbitrary field, R be a standard graded, Gorenstein, local Artinian k-algebra of
socle degree s and embedding dimension e with 1 < e. If

N e—1+1i e—1+s—1i
@ i) =min{ (7). (T

for 0 <i <s, then R is a compressed ring.

We apply Definition 3.11.1 when R is an Artinian ring of the form R = P/I, where P = K[xj,...,x.] is a
standard graded polynomial ring over a field, I a homogeneous ideal of P, and I C (x1,...,x,)?. In this case,
equation (3) becomes

HR(Z) = min {Hp(i),HP(S — l)} .

3.12. (a) A linear transformation ¢ : Vi — V, of finite dimensional vector spaces over the field k has maximal

rank if
rank ¢ = min{dimy V;,dimyx V»}.
In particular, if ¢ has maximal rank, then ¢ is injective or surjective.

(b) Let A =PA; be astandard graded Artinian algebra over the field k. Then A has the weak Lefschetz property
if there exists a linear form L of A; such that multiplication by L from A; — A;;+| has maximal rank for each
index i. In this case, L is called a Lefschetz element of A. The set of Lefschetz elements forms a (possibly
empty) Zariski open subset of A;. The algebra A has the strong Lefschetz property if there exists a linear
form L of A; such that multiplication by L' from A; — A;1, has maximal rank for each index i and each
exponent .

(c) If kis an infinite field, P = K[xj,...,x,] is a standard graded polynomial ring, and A = P/I is defined by a
complete intersection ideal generated by monomials, then A has the weak Lefschetz property if and only if
X1 +---+x, is a Lefschetz element. See [18, Prop. 2.2].

(d) The starting point for the present paper is the theorem of Stanley [23, Thm. 2.4] that every Artinian mono-
mial complete intersection over a polynomial ring K[xy,...,x,], where k is a field of characteristic zero,
has the strong Lefschetz property. Stanley’s proof used algebraic topology. Other proofs have been given
by Watanabe [25, Cor. 3.5], using representations of sl,, and Reid, Roberts, and Roitman [21, Thm. 10],
using commutative algebra. In Observation 3.13, we appeal to one of the preliminary results from [21]; the
proof, given in [21, Thm. 5], is remarkably elementary.

Observation 3.13. Let k be a field of characteristic zero, P =XK|xy,...,x,| be a standard graded polynomial
ring, di,...,dnt1 be positive integers, K be the ideal (xill1 seosXIm) of P, F be the element x| + -+ + X, in P,
and J be the ideal K : F+1 of P. Then the following statements hold.

(a) The graded k-algebra P/J has socle degree s = Yrdi—m—dmi.
(b) If 0 is a non-zero homogeneous element of

P ( ERE m)dm+1 P
ker (K Sl N E(dmﬂ) )

then [$£1] < deg.
(c) The socle degree of P/K is 6 =Y/, d; —m and
HP/K(i>7 lf0§l< %, and
Hpk(i+1), if§<i.

(d) If m =3 and there are integers d and €; with d; = d +¢€; and €; € {0, 1}, for 1 <i <4, then the initial degree
of J is at least [izl] and P/J is a compressed ring.

min{Hp (i), Hp/k (i +1)} = {
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Proof. (a) Recall that x‘li' 71x§lrl ---xIm=1 represents a socle generator for P/K. Apply 3.9.(d) to compute the

socle degree of P/J.
(b) The field k has characteristic zero, hence, [21, Thm. 5] applies and

’7((1] +"'+dm_m)_dm+] +1
2

—‘ < deg®.

Apply (a) in order to complete the proof of (b).

(c) The socle of P/K is represented by H’}’Zl x?j 71. Apply (b), with d,,+-1 = 1, in order to see that
Hpk (i) < Hpjg(i+1)

for i < [ = [§]. Use the symmetry Hp k(i) = Hp/x (G — i) of the Hilbert function to finish the

argument.

d1+"'+dm*”1
2

(d) We first verify that the extra hypotheses of (d) ensure that the elements x‘ll‘ , x‘zb, and x‘313 of J have degree at
least {%W . In other words, we must show that

2d—2+¢€+e+€3—¢4
4 [

> —‘ <min{d+¢,d+¢&,d+¢&3}.

On the other hand, it is clear that
{81 +& +€—¢&4

2

Add d — 1 to both sides to obtain (4).
Combine (b) with (4) to see that the initial degree of J is at least [%] . It follows thatif 0 <i < (%], then
i<s—iand

g +e+e
—‘ g{ 1+22+ ﬂ <min{l+¢;,1+¢€,1+¢e3}.

(5) Hg(i) = Hp(i) = min{Hp (i), Hp(s — i) };
and, if (%1 <i<s,thens—i< [%] <iand
(6) Hg(i) = Hr(s—i) = Hp(s —i) = min{Hp(i),Hp(s — i) }.

(The left-most equality in (6) holds because the Hilbert function of a graded Artinian Gorenstein ring is sym-
metric and the middle equality in (6) is a consequence of (5).) At any rate

Hg(i) = min{Hp(i), Hp(s — i)},
for 0 <i < sand R is a compressed ring, see Definition 3.11.1. O
3.14. Let R=K]xj,...,x,] be a polynomial ring, I be a homogeneous ideal of R which contains a homogeneous
complete intersection ideal K = (fi,..., fi,). The ideal K : I is linked to I. If K is the Koszul complex which
resolves R/K, T is a resolution of R/I of length g, and o : K — F is a map of complexes which extends the

identity map in degree zero, then the dual of the mapping cone of o is a resolution of R/(K : I). These results
are due to Peskine and Szpiro (see [20, Props. 1.3 and 2.6] or [3, Props. 5.1 and 5.1a]).

4. THE MULTI-HOMOGENEOUS HILBERT FUNCTION OF R.

In Proposition 4.2 we calculate the Hilbert function of the ring R of Data 2.1 with respect to the multi-grading
M of Definition 2.2. Proposition 4.2 requires the base field k to have characteristic zero.

Lemma 4.1. Let k be an arbitrary field. Adopt the data of 2.1 and 2.2. Let (k,E) be a 5-tuple of integers in
standard form in the sense of 3.4 and

7 8,-:{1’ ifp;i <r and

0, otherwise.
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Then the component of I of multi-degree m ) is equal to
{xplypzzp3 w4 gl ¢ is a homogeneous polynomial of degree k in (xdter ydter qdtes dies) ., f} .

Proof. Let 0 be an arbitrary element of Py p)- Recall from Example 3.2 that 6 = xP1yP2zP3yP4 gl"] for some
homogeneous polynomial g in P of degree k. Observe that
Bel <= xP1yPzP3yPagll fln] ¢ (XN N N Ny
= gl e (N YN N N xP1yP2 P3P
—  ghlfll e (NP1 yN=P2 NP3 yN—pa),
Thus, 0 € I if and only if there are multi-homogeneous polynomials cy,...,c4 in P with

xa,’n+r—plc1 _|_yaln—¢—r—pgc2 _|_Zdn+r—p3 s _|_de-~-r—p4€4 _ g[n]f[n] c P’”(k+1#0,0.()‘0)'

The multi-degree of ¢y is

Mkt 1-d,p-r000), 1f r<pi,and
M(k—dntp—r000), HEP1<Tr

in M. If »r < py, then 0 < p; —r < n, and c; is of the form ¢; = x"l’rdgn], for some homogeneous polynomial

diyin Pofdegreek+1—d. If p; <r,then0 <n+p; —r <n,and c; is of the form ¢| = x”*pl”a’gn], for some
homogeneous polynomial d; in P of degree k — d. Use (7) to combine the two cases as

M (k+1,0,0,0,0) — M (d,r—p1,0,0,0) = {

xdn-&-r—plcl :dgn]x(d+£l>n,
for some homogeneous polynomial d; in P of degree k —d + 1 — €;. The same calculation holds for the other
terms. Thus, 0 is in [ if and only if there exist homogeneous polynomials dy,...,ds in P with
g[n]f[n] _ x(d+81 )ndg'l] +y(d+£2)nd£"] + Z(d+£3>nd£”] + W(d+84)’1d£”].
[n]

Recall that the map ¢ : P — P, given by ¢(g1) = g/’
that 0 is in / if and only if

, for g1 € P, is an injective ring homomorphism. It follows

gf c (.xd+€l,yd+€2,Zd+€37Wd+€4). 0

Proposition 4.2. Let k be a field of characteristic zero. Adopt the data of 2.1 and 2.2. Let (k, B) be a 5-tuple
of integers in standard form in the sense of 3.4. Then

4

Hp(k+¢)— Y Hp(k+e—d—¢&)+ Y Hp(k+e—2d—¢g —¢;)
®)  He(mgp) = - e ]
— Z Hp(k+8—3d—€i—€j—€g)+HP(k+€—4d—ZS,’)7
1<i<j<t<4 i=1
where
Y.
1, ifp;i<r and 0, ifk<2d—2+555 and
g = ) and £= 4 o
0, otherwise, 1, if2d—2+ # <k

Proof. Apply Lemma 4.1 to see that
Hg(mp)) = Hs(k),

where
k[x,y, z,w]
(xd+81 7ya.’+sz7zd+s3,Wa,’+84) f

S:

Let
C _ klx,y,z,w]
€1,62,63,&64 — .
1,€2,€3,€4 (xd+£l,yd+€2,zd+£3,wd+€4)

The Hilbert function of C¢, ¢, ¢;.¢, can be found from the Koszul complex resolution. It is
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Hp(k)— ):Hp(k d—e)+ Y Hp(k—2d—g —¢;)

i=1 1<i<j<4
©) He, ey ey, (k) = o
— ) HP<k73d78,’78j*85)+Hp(k74d7ZS,‘).

1<i<j<t<4 i=1
Note that the graded component of

(xd+e,1 7dersa,z ,zd+£’3,wd+€r4) If

(xd+sr1 , yd+sr2 , Zd+er3 7Wd+8r4)

of degree k is the kernel of the map given by multiplication by f : [Ce, ¢, 5.4k — [Ce, €2,65.4Jk+1. The field k
has characteristic zero; hence, C¢, ¢, ¢, ¢, has the weak Lefschetz property; and therefore the multiplication by
f map has maximal rank. It follows that

1181

Hey, ey ey, (K) ifk<2d—2+

Hg(k) = min{Hc, , .. ., (k),Hc,, (1) if2d—2+
1

(k+1)} =

RS RSWS
263,84 ,181

HC811€2’€3,24 <k.

See Observation 3.13.(c). O

5. THE GENERATORS OF [.

Proposition 5.1. Let Kk be an arbitrary field. Adopt the data of 2.1. Then the ideal
I= (N VN W) s (Y 2w

is generated by all the elements of the form (x'~€1y! ~271 "8yl —ea)rolnl yish o € (xd+81 yd+82 dtes yd+eay. g
for all choices of €1,€2,€3,€4 € {0,1}.

Proof. The ideal I is homogeneous. It is generated by elements of the form xP1yP2zP3 P+ g1 with

(xd+81 d+82,Zd+83,Wd+£4) f,

g€ )Y

as described in Lemma 4.1. Each such xP1yP2zP3P4 gl is a multiple of x*1y*2z%3w%gl" | where

r, ifr<p; and
S =
' 0, otherwise. 0

Remark. When k has characteristic zero, we reduce this list to a minimal set of generators in Proposition 5.12.

Observation 5.2. Let k be an arbitrary field, P = K|xy,...,x;| be a standard graded polynomial ring, L be

the linear form Y!'_, x; in P, and d,...,d, be positive integers. Then there is a homogeneous isomorphism of
P-modules
d 4 a
1 t—1
(xl IR [ 1) (Z-xl) @ (.x‘li17...,.x;it):(L)
(10) n s (—d,+1)*>d—d,
() (4t

which is induced by multiplication by the polynomial
x;jf — <7tilxi>dt
i1
7 .

Remark. The module on the left side of (10) is naturally a K[xi,...,x_;]-module. This module acquires the
structure of a P-module by way of the k-algebra homomorphism ¢ : P — K[xy,...,x,_1], with ¢(x;) = x;, for
1<i<r—1,and O(x;) = —(x1+---+x_1).
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Proof. This result is essentially [16, Thm. 2.1]. We reproduce part of the proof. It is not difficult to see that
@ is a well-defined P-module homomorphism. We describe the inverse of ®, which we call ¥. If G is a
homogeneous element in (x”li1 s X)L, then

t
(11 LG =Y B
i=1

for some homogeneous B; € K[xi,...,x]. The ¥ is defined to send the class of G in the right side of (10)
(denoted [G]) to the class of ¢(B;) in the left side of (10) (denoted [¢(B;)]). Once again, it is not difficult to see
that W is a well-defined homomorphism of P-modules. We compute @ o V.

Notice that if B € P, then B— ¢(B) € ker(¢) = (L). In particular, for each B; in (11), there is an element B}
in P with

(12) O(B;) = B; + LB..
Apply the k-algebra homomorphism ¢ to both sides of (11) to obtain
t—1 d —1 dy
(13) (hag¢w»w+¢w»(—ga).
= =
It follows that

1

as) - (-2 x) om

(@0 W) ([G]) = D([0(B,)]) = L :

L
-gxi’(j)(B,-)

_ HT ’ by (13),
- t : t )
)3 x?’Bi +L Y x?'BQ

_ i=1 7 i=1 , by (12)’
r t

eitn] by (11),
| =

~[q].

O

Remark 5.3. Observations 5.1 and 5.2 show that in order to find generators for the ideal / of Data 2.1, it
suffices to find generators for the ideals (x¥,y%2,7%) : (x +y+2)% , where d; = d +¢;, for all choices of
€1,€2,€3,84 € {0, l}.

According to Observation 3.13.(d), the ideals of Remark 5.3 all define compressed quotient rings, when
the characteristic of k is zero. Boij has obtained significant information about the graded Betti numbers of
compressed quotient rings. In Corollary 5.5, we apply Boij’s results to the ideals of Remark 5.3, when the
characteristic of k is zero. When the quotient ring has even socle degree, then the graded Betti numbers are
completely described in Corollary 5.5. However, when the quotient ring has odd socle degree, then more work
is required in order to give a complete description of the graded Betti numbers. This work is carried out in
Proposition 5.7.

Lemma 5.4. Let k be an arbitrary field, Q be the standard graded polynomial ring Q = K[x,y,z], and J be
a homogeneous ideal in Q which defines a compressed Artinian quotient ring with socle degree s. Then the
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minimal homogeneous resolution of Q/J by free Q-modules has the form

0 0(=s=3) =2 Q(=5-2)7 2 0(-5 -1 = 0,

if s is even; and
0—Q0(-s—3)—

for some non-negative integer Vv, if s is odd.

Proof. Lett be the initial degree of J and F be the minimal homogeneous resolution of Q/J by free Q-modules.
Apply [2, Prop. 3.2] to see that the beginning of F has the form

o(-n" @ (-1 — 1) = 0,
for some non-negative integers b} and b. The socle degree of Q/J is s and the codimension of Q/J is 3. It
follows that the final module in F is Q(—s — 3); see 3.9.(e). The complex F is self-dual (see 3.10.2); hence F
has the form

O(-s—2+0)"1 (-

(14) 0—0(-s-3) — @ — @ — 0,
O(—s—3+00h  Q(~1— 1)k

for some integers b} and b/, with 0 < b} and 0 < b.

The fact that Q /J is a compressed ring guarantees that [ W <t; see Definition 3.11.1. The complex F is
a minimal resolution. The component

O(—s=3+0)" = 0(-1)" & Q(—1 — )
of F can not be the zero map and can not be a map of constants. Thus,
t<s+3—t and [H]<r<B
It follows that r = [*51].
If b/ is positive, then the component
O(—s—2+0)" = (-0 & Q(—t — 1)
of F' can not be the zero map and can not be a map of constants. Thus,
t<s+2—t and [H] <1<

Of course, this is impossible if s is even. Thus, b’l’ is zero when s is even. In this case, the resolution of F
is pure and resolves a Gorenstein quotient ring with a matrix of linear forms in the middle. One may apply
the Herzog-Kiihl formula [7, Thm. 1] or the Buchsbaum-Eisenbud Theorem [3, Thm. 2.1] to calculate that
by =s5+3.

If s is odd, then

Hy(t) —Hpy(t)
= HQ(t) —Hp/y(s—1), because Q/J is graded and Gorenstein,
=Hp(t)—Hp(t—1), because Q/J is compressed and s —t =1 —1 <1,
=t+1.
Rename b to be v. The proof is complete. O

Corollary 5.5. Let Kk be a field of characteristic zero, d be a positive integer, and
Ji= () s (ary )Y, J= () ey +2) T
Jy = (x@ T 2 (x4 y+2)?, and Jy = (@ ) s (e y 4 2) 0!
be ideals of Q = K|x,y,7]. Then
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(a) Jp is minimally generated by 2d — 1 elements of degree d — 1, and all of the relations on these generators
are linear,

(b) Jy is minimally generated by 2d + 1 elements of degree d, and all of the relations on these generators are
linear,

(c) J1 and J3 are each minimally generated by d generators of degree d — 1 and v generators of degree d,
where V is the dimension of the vector space of linear relations on the generators of degree d — 1.

Proof. According to Observation 3.13.(d) and (a), each ring Q/J; is compressed and has socle degree s;, where
s1=2d—3,50 =2d—4, 53 =2d—3, and s4 = 2d — 2. Apply Lemma 5.4 to obtain the result. O

Lemma 5.6 is a key step in the direction of obtaining more precise information about the ideals J; and J3
of Corollary 5.5. Item (a) of Lemma 5.6 is a result which probably is of independent interest. It provides a
technique for bounding the number of linear relations on a set of homogeneous forms of the same degree in a
polynomial ring in three variables over a field.

Lemma 5.6. Let k be an arbitrary field, d and m be positive integers, and f1,. .., f; be homogeneous forms of
degree m in K[x,y,7|. Assume that for each s, with 1 < s <d, f; has degree exactly m+1—s in 'y when viewed
as an element of (K[x,z])[y]. For each s, let Fy_1 5 in K[x,z] be the coefficient of y" ™' =5 in f,. Assume further
that F;_, s does not divide F; 511 in K[x,z] for any s with 2 < s < d — 1. Then the following statements hold.

(a) The vector space of linear relations on f1,. .., f; has dimension at most one.

(b) Assume that there is a non-zero linear relation on fi,..., fq. Let h be a homogeneous form of degree m+ 1
ink[x,y,z). Assume that h has degree exactly m+1—d iny when viewed as an element of (K|x,z])[y]. Let Hy
in K[x,z] be the coefficient of y"1=4 in h. Assume that Hy is not divisible by Fy_1 4, then h & (f,.. ., f1)-

Proof. The hypothesis that f; has degree m+ 1 — s in y for each s, with 1 <5 < d, ensures thatd < m+ 1.
We first prove (a). Write the polynomial f; in the form

m+1l—s

fs= Z meé,syza
(=0

with F; ; a homogeneous form in k[x, z] of degree i and Fy_ , is not zero. Assume that there is a linear relation
(15) (arx+bry+ciz)fi+...+ (agx+bagy+caz) f1 =0,

with a;, b;, and ¢; elements of the field k. We will prove that the relation (15) is completely determined by the
choice of b,. View the expression on the left hand side of (15) as a polynomial in y with coefficients in K[x, z].
For 0 < s < d, the coefficient of y’”‘”‘s in (15) is equal to zero; thus,

biFs1 =0, ifs=0,
(16) Q (aix+c12)F_1q+...+(agx +c2)F_15+b1Fy 1+ ...+ bFy s+ by 1 Fy o1 =0, ifl<s<d-1,
(alx—l—clz)Fs_lvl +...+ (asx—l—csz)Fs_Ls +b1FSJ +... +bsﬂ7s =0, ifs=d.

Recall that Fp; is a unit in k. It follows from equation (16), with s = 0, that b; = 0. For s = 1, equation (16) is
(a1x+c12)Foy +b1Fi1 +baFio = 0;
hence
(a1 x+ C1Z)Fo71 +byF15=0.

For any fixed choice of b,, there is at most once choice of (aj,c1) € k2 for which this equation holds.

Fix by. We claim that for every s, with 1 <s < d — 1, the values of aj,cy,...,ay,¢s5,b1,...,bs,bs1 such
that (16) holds are unique. For s > 1, we prove this by induction on s. Assume that ai,cy,...,a5_1,c5—1,b1,
...,bs_1,bs are uniquely determined. We solve for ag, ¢, bs+1 so that (16) holds. Let

Gy=(aix+ciz)Fs—ig+... 4+ (ag1x+cg12)Fs—15-1 +b1Fs 1 +...+ byFy .
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The inductive hypothesis ensures that all the coefficients of G, have been solved for uniquely in terms of the
value of b,. Apply (16) to see that

a7 G+ bs+lFx‘,s+l = - (as‘x + CSZ)Fxfl,s-

Therefore the value of by is such that Gs + by F 1 is divisible by Fy_; . The fact that Fy . is not
divisible by Fy_i, implies that there is a nonzero remainder when F;, | is divided by Fy_1,. (These are
homogeneous polynomials in two variable; they can be translated into polynomials in one variable T = z/x by
de-homogenization, so the notion of remainder makes sense.) Let R, be this remainder. There is at most one
value of by that makes by 1R, equal to the remainder obtained when G; is divided by F;_1 ;. Once by has
been found, a; and ¢, are obtained by dividing both sides of (17) by F;_j ;.

When s = d, Equation (16) becomes

(a1 x+ C1Z)Fd_1’1 +...+(ag—1x+ Cd_1Z)Fd_1’d_1 + (adx—FCdZ)Fd_],d +biFy1+---+baFyq =0.

Since there is at most one solution (once b; has been fixed) for ay,cy,...,aq4_1,¢4-1,b1,...,by that solve the
previous equations, it follows that there are also unique values of a4, c; that make this term equal to zero. This
concludes the proof of part (a).

For part (b), fix b, as above and assume that there is a (unique) solution for ay,cy,...,a4-1,cq4-1,b1,- .-,
bg_1,b, that satisfy (16) for all 1 < s < d — 1. The assumption that there is a non-zero linear relation on fi,...,
fa means that for these values of ay,c1,...,a5-1,¢5—1,b1,...,bs—1, b5, there are values for a4, cy such that

8)  (aix+ci2)Fy—1g+ ...+ (ag—1x+ca—12)Fy—1,a-1 + (agx +caz) Fy—1a+ b1 Fy 1+ +baFyq =0,

Assume, by way of contradiction, that i € (f1,..., fy). It follows that there exist constants ag, b;, and cg with

(19) (dix+byy+ci2) fit...+ (dpx+by+chz) fa=h.

m+1 m+2—d ;

The degree of 4 in the variable y is m+ 1 — d; hence the coefficients of y"™" ¥y ... y in (19) must be zero.
Therefore, b} =0, and d|,c},...,d,_,,c,_,,b,....b),_, b, satisfy the equations (16) forall 1 <s<d—1.
Choose by = b). It follows that g; = a} and ¢; = ¢} for 1 <i<d—1,and b; = b for 1 <i<d.

The coefficient of y"*1~4 in (19) is

(aix+c1z2)Fy_1a+ ...+ (ag—1x+ ca—12)Fy_1 a—1 + (dyx+ cyz)Fy_1a+ b1 Fyy + -+ baFyq = Hy
Compare the most recent equation with (18) in order to see that
Hy = ((ag — ag)x + (cg — ca)z)Fa-1.4,

which contradicts the hypothesis that Hy is not divisible by Fy_1 4. U

Proposition 9.1 gives explicit elements of degree d — 1 for the ideals J; and J3 of Corollary 5.5. (The proof of
Proposition 9.1 is fairly long, but it is self-contained and is given in Section 9.) Once these explicit generators
are found one may apply Lemma 5.6 in order to bound the number of linear relations on these generators. As a
consequence, one learns a complete minimal generating set for these ideals and all of the graded Betti numbers
in a minimal resolution of these ideals.

It is convenient to record the polynomials { f; ¢ } of Proposition 9.1 at this point. Let j, d, €, and ¢ be integers
with

1<j<d, 0<e<l1, and j—1<0<d-1.

Let
=l d—1-k\ [(d—1—-06+k\ [ o+¢
L = L () (T (T e
and
d—1
Q1) fie= Y, Fje' '™

s=j—1
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Proposition 5.7. Let k be a field of characteristic zero and d be a positive integer. For integers j and €, with
1<j<dand0<¢e <1, let fje be the polynomial of (21) viewed as an element of K|[x,y,z]. Then

fles - Jae if d is odd, and

(d d+e _d
f1,€a~--7fd,e,Zd, if d is even,

x4y ) (x4 y+2)?TE is minimally generated by {

as an ideal in K|x,y, 7).

Proof. Fix €. Recall that the ideal (x¢,y?*¢,z%) : (x+y+z)9 "€ is called J; 4 2¢ in Corollary 5.5. The inclusion
(fig,---fae) € Jiqoe is established in Proposition 9.1. We verify that fi¢,..., fs¢ satisfy the hypothesis in
Lemma 5.6.(a). That is, we verify that F; ;11 ¢ is not divisible by F;_j ¢ for 2 <s <d — 1, where the F’s are
given in (20):

s i fd—=1—=k\ [d—1—s+k\ , ,
ﬂsﬂas:Z(‘l)Ak(d—s—l)( k )xkzk

k=0

- [(_1)5' (disil>zs+...—(d—s) (i_f)x"lw (ds 1)4 and
Fy lge= [(_w1 (Z:;)z‘“ o —(d—s+ 1)<i:§>x“2z+ (f:ll)x“'l} .

Assume, by way of contradiction, that Fy_1 ;¢ divides Fj ;1 ¢, and write

(22) (ax + bZ)st 1,5, = Fs,s+l,£

with a,b € k. Compare the coefficients of z°, x°, and *lzin equation (22) and conclude that
d—1 d—1

23 b(—1)*"! =(-1)*

23) ot (G0 = (),
d—1 d—1

(24) a( ) _ ( ) and
s—1 S

d—2 d—1 d—2
2 - - 1 = —(d—. .
(25) a(d—s+ )<s—2>+b(s—l) (d €)<s_1>

To complete the calculation, we use two identities about binomial coefficients which hold for all integers a and
b:

a a
26) b(b> - <b_1>(a—b+1) and
a a a-+1
@7) (b) + <b+1> N <b+1>'
Apply (26) to (23) and (24) to see that
d—s

s
(The relevant numbers are non-zero because 2 < s < d — 1.) Multiply both sides of (25) by —s/(d —s) and use

(27) to see that
a0 (i73)+((52)<(670) (70
(d—s+2)<i_§) = (s—l)(i_f).

(d—s5+2) (f:;) - (‘;:22) (d—s).

a=—b=

It follows that

Apply (26) again to obtain



THE RESOLUTION OF (&, yV V. wV) 15

Thus, 2(?:;) = 0; which of course is a contradiction because 2 < s < d — 1. The claim that Fy ¢ is not
divisible by Fy_1 s¢, for 2 <s < d — 1, is verified.

Apply Lemma 5.6.(a) to see that the vector space of linear relations on fie, ..., f4¢ has dimension at most
one. Therefore, according to Corollary 5.5, the ideal J;7¢, has at most one minimal generator of degree d and
either
(28) {fie|1<i<d} or {fie|l<i<d}u{h},
for some homogeneous form /4 of degree d, is a minimal generating set for Ji42:. However, Ji42¢ is a grade
three Gorenstein ideal, therefore, Ji 12 has an odd number of minimal generators (see [24] or [3, Cor. 2.2]).
If d is odd, then Ji1j¢ is equal to the left hand candidate from (28). If d is even, then Jy ¢ is equal to the
right hand candidate from (28), and, according to Corollary 5.5, there is a non-zero relation on fig,..., fae.
When d is even, we apply Lemma 5.6.(b) to see that z¢ ¢ ( fig, .-, fag). (Itis clear that 7% is not divisible by
Fo1ae= 2471 4. 4+ x4=1). On the other hand, it is obvious that z¢ € Ji+2¢. When d is even, the vector space
[Ji+2¢/(fig,- -, fae)]a has dimension one, and / in (28) may be taken to be z%. The proof is complete. O

Corollary 5.8. Let k be a field of characteristic zero, P be the standard graded polynomial ring P =K|x,y,z,w],
d be a positive integer, and €, €, €3, and €4 be elements of {0,1}. Then the ideal

(29) (xd+£1 ,yd+€27zd+£3,wd+8“) . (x+y 474 W)

of P is minimally generated by

(a) x4F81 ydte d+es A& and d additional generators of degree 2d — 2, when Y3 &; = 0, for 2 < d,

(b) xd+e1 yd+er pdies ydies g 2d — | additional generators of degree 2d — 1, when Y2_ €, = 1, for 2 < d;
(c) x¥+e&1 yd+er Jdves \dbes and d additional generators of degree 2d — 1, when Y3, € =2, for 2 < d; and
(d) x4te ydte&r gdves ydies gnd 24 additional generators of degree 2d, when Z?ZI g =3

Remark. Note that the result is symmetric in x,y,z, w.

Proof. The assertion follows from Observation 5.2, Corollary 5.5, and Proposition 5.7. When one applies the
technique of Observation 5.2 to the modules of Corollary 5.5 it is important to notice that a minimal generating
set of J, represents a minimal generating set of J, / (x?,y?, z¢); however, z¢ never represents a minimal generator
of Jy/(x4F1,yH1 24), 71 /(x? ¥, 2%), or J3/(x4,y4*1,z%), even though z? is always a minimal generator of J,
and sometimes is part of a minimal generating set of J; or J3, as described in Proposition 5.7. ]

Remark 5.9. If d = 1, then the elements of (a), (b), and (c) continue to generate the ideal (29); however, they
do not form a minimal generating set. We return to this theme in the proof of Proposition 5.12.

Recall the data of 2.1. Proposition 5.1 and Corollary 5.8 combine to describe a list of generators for the
ideal
I= (N YN N W) (P 4w,
of the standard graded polynomial ring P = K[x,y,z,w], where Kk is a field of characteristic zero. Propositions
5.10 and 5.11 remove redundant elements from the list. A minimal generating set for [ is given in Proposi-
tion 5.12.

Proposition 5.10. Let k be a field of characteristic zero. Recall the data of 2.1. The generators of I on the list
given in Proposition 5.1 that are obtained when Y+, €; = 1 are redundant.

Proof. We show that these generators are linear combinations of the generators listed in Proposition 5.1 that

are obtained when Y}, & = 2.
Consider €] = €, = €3 = 0,4 = 1. The other cases are similar. We claim that

(30) oyt withy f C ((xd+17yd,zd,wd“) rf) + ((xdyyd“,zdwd“) if)-

Once we establish Claim (30), then a generator of I of the form (xyz)’ g, with g € (x?,y¢,z%,w?*t1) : £, can
be written as
(xyz)rg[n] _ xr(yrzrh[n]) +yr(xrzrk[n])
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with 7 € (x®*1 34 724 w1y : fand k € (x4, y?+1 24, w?t1) : f such that g = h+ k. In order to prove the claim,
recall from Observation 5.2 that every g € (x?,y?,z¢,w?*1) : f can be written as g = pgo, plus an element of
(x?,y4, 74 wit1), where go is in (x?,y?,z%) : (x+y+z)?*! and p is the polynomial

G1) p= (W (b y+ ) ) [+ y+ 2 w),
It is therefore sufficient to prove
(D (@) ey = () ey ™) 4+ () ey ).

The inclusion 2 is obvious. We know from Corollary 5.5 that J, = (x?,y¢,z%) : (x +y+2)¢*! is minimally
generated by 2d — 1 elements of degree d — 1; consequently, it is enough to show that the inclusion C claimed in
(32) holds for the graded components of degree d — 1. We know from Corollary 5.5 that the graded component
of degree d — 1 of each ideal on the right hand side of (32) has dimension d. By the inclusion-exclusion formula
for vector space dimensions, it is enough to show that the d — 1 graded component of

(33) (1,20 s ey 2 ) 0 (2 s vy + 2
has dimension at most one. Observe that the ideal of (33) is equal to
(34) (derl’derl Xdyd Zd) (x—i—y—}-z)dﬂ.

Let u,v be two elements in (34) of degree d — 1. Observe that
u(x—i—y—&—z)dH = chdyd and v(x—|—y—|—z)d+1 = Bxdyd mod (xd+17yd+1,zd)’

for some o, B € k. Therefore, Bu—ow € (x+1,y4+1 z4) : (x+y+2z)9"!. We know from Corollary 5.5 that the
ideal Jy = (x@+1 yd+1 74) . (x +y4z)?*! is generated in degree d, and therefore Bu — o = 0 as desired. [

Proposition 5.11. Let k be a field of characteristic zero. Recall the data of 2.1. The generators of I on the list
given in Proposition 5.1 that are obtained when Z?:l €; = 3 are redundant.

Proof. We show that these generators are linear combinations of the generators listed in Proposition 5.1 that
are obtained when Y}, &; =2 and Y}, &; = 4.
Consider €] =&, = €4 = 1,€3 = 0. The other cases are similar. We claim that

(35) (xd-ﬁ-l,yd-&-l’zd’wd-ﬁ—l) fgx[( d,yd-H,Z Wd—H) :f]+(xd+1,yd+1,zd+1,wd+l) f

Once we establish Claim (35), then a generator of I of the form gl with g € (x?+!,y?+1 24 wa+1): f can be
written as
ng[n] :xn—r(xrzrh[n]) +Zrk[n]’

with

he (@ yH A wity foand ke (x@H ydHt ATty p
In order to prove the claim, recall from Observation 5.2 that every g € (x4+1,y?*1 z4 w9F1) : f can be written
as g = pgo, plus an element of (x4+1,y?*1 74 wd+1) where go € (x?*1,y¥*+1 79) : (x +y+2)?*! and p is given
in (31). It is therefore sufficient to prove

Xy ) s (e y +2)
(xd+1 d+1 d—H) . (x+y+z)d+l

The inclusion D is obvious. We know from Corollary 5.5 that J, = (x¢*1,y?+! 74} : (x +y+2)?*! is minimally
generated by 2d + 1 elements of degree d; consequently, it suffices to show that the inclusion C claimed in (36)
holds for the graded components of degree d.

The first ideal on the right hand side of (36) is xJ3, whose degree d component has dimension d, and the
second ideal on the right hand side of (36) is the version of J; obtained when d + 1 is used in the role of d, and
therefore its degree d component has dimension d + 1. We count vector space dimension. It suffices to show
that

(37) X[y ) (e y )T N[y A (e y 4 2) P

(36) (L) (e y ) = {
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XN € P drOOO

y:/, € Pm(d.(),r,O.O) ’

T € Pmd()()rO)’

W €P dOOOr)

(xyzw)” ”eP M2 rrr) for1 <i<d, a; € (x4,y%, 29, w?) : f, anddeg(a;):2d—2
(zw)rb{z] Piya_r00,m»  forl<i<d, by € (xdF1 y?+ 24wy f and deg(by;) =2d — 1,
(yw)’bzl € Pngg_ropo,y forl<i<d, byi € (x4 yd 24+ wdy: f and deg(by;) =2d — 1,
(ow)bl € P, a0 for 1 <i<d, bs; € (¢ d+1 2wy f and deg(b3;) =2d — 1,
(yz)’b["] Py romys  forl<i<d,  bye G A and deglba = 24— 1,
(xz)rbsl € Poyg_r o fOr1<i<d, bai € (x4, y 1 24 Wity f and deg(bs;) =2d — 1,
)bl € Pusy 1o fr1<i<d, b€ ¢y 2wt f and deg(be) =2d — 1,
C,[n € Pinai0000) for 1 <i<d+1, ¢ e (@@ y?+ 241 Wity £ and deg(c;) = 2d.

TABLE 1. The multi-homogeneous generating set for / as described in Proposition 5.12.

has no elements of degree d.

On the other hand, this assertion is obvious. Any homogeneous element of (37) of degree d has the form xu
with u a homogeneous element of (x?,y¢*!, z7+1) : (x4 y+z)9F! of degree d — 1, because, x, y/*1, 24 is a
regular sequence in Kk[x, y,z]. It follows from Corollary 5.5 (or [21, Thm. 5]) that u = 0. ]

Proposition 5.12. Adopt the data of 2.1, 2.2, and 3.4, with K a field of characteristic zero. The generators on the
list given in Proposition 5.1 that are obtained when 2 | & is equal to 0,2 and 4, together with xN ,yV 2NV wV,
form a minimal set of generators for the ideal I.

Proof. Apply Propositions 5.8, 5.10, and 5.11 to see that the multi-homogeneous elements listed in Table 1
generate /. The polynomials a;, by, and ¢; in P, from Table 1, all are homogeneous. The polynomials ay,...,a4
are linearly independent; as are the polynomials by, ...,by,, for each h, and the polynomials cy,...,cq+1. We
prove that the list of generators given in Table 1 is a minimal generating set for /.

Notice that if m; and m, are distinct elements of M selected from

(38) { Mm©od—2rrrr)s  M2d-1,00r)  M(2d—1,0,,0,r)s  ™M(2d—1,,0,0,r) »}
M(d—1,0,n,,0)s  M(2d—1,5,0,,0)s  M(2d—1,1,1,0,0)> M(24,0,0,0,0) ’
then P, _n, = 0. For example,

Pm(ZdAO.O,O.O)7m(2d—17r,r,()‘0) = Pm(—l,n—nnfr.O.O) =0,
Pm(2d10.0,0,0)_m(2d—21r.r,r.,r) = Pm(*Z,nfr‘nfnnfr.nfr) =0,
Pm(2d—1.r,r,0.0)7m(2d—1‘r,0‘r.0) = Pm(—l,O.r,n—r,O) =0, and
P M(2d—1,5,r0,0)~M2d~2,rrrr) Pm(fl.OA,O.nfr.nfr) =0.

As a consequence, any relation, on the generators of Table 1, which has a non-zero constant coefficient, can
only involve the generators, Pl yN , 2V, wh and generators from one of the multi-degrees from the list (38).
Proposition 5.8 establishes that

5.12.1. x4,y 28 w?,ay,...,aq is a minimal generating set for the ideal (x,y?,z%,w? ay,...,aq), provided

2 <d,
5.12.2. x4 y% .24 w? byi,...,bpg is a minimal generating set for the ideal (xd,yd,zd, wi b, ... ,bna), for each
h, provided 2 < d; and

5.12.3. x4,y? 24w c1,...,cqr1 is a minimal generating set for the ideal (x¢,y?,z¢,w?, c1,...,cqs1), for 1 <d.
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It quickly follows that none of the generators from Table 1 is redundant, except possibly when d = 1. Indeed,
for example, if

(39) M + Aoy + 32 + A + (oyzw) @ = 0
in Py, M2d—2 rrr) is a multi-homogeneous equation with

}\'1 € P mM(qg—2.0,rrr)? 7\'2 € Pm(d*Z.r,O.r.r)’ }\'3 € Pm(d*Zr.);O.r)’ }\'4 € P (42 r.r,r0)
and some Kk-linear combination of a of ay,...,a, in P,;_5, then

[] rrr[] rrr[] rrr[]

M=yzZwu, h=xZwu, M=xywuy, and A=xyzy, ,
for some y; € P;_». The polynomial ring P is a domain; hence (39) implies
ﬂ[1n] (xd)[n] +H[2n] (yd)[n] +,u[3”] (Zd)[n] +yé[‘n}(wd)[n] L =

The homomorphism g — gl is an injection. Apply (5.12.1) to conclude that the coefficients of a as a k-linear
combination of ay,...,a, are all zero.

If d = 1, then the polynomial a; of Table 1 is a; = 1. It is not true that x,y,z,w, 1 is a minimal generat-
ing set for the ideal (x,y,z,w,1); but it is true, and obvious, that x" ™" y"*" Z"*" W (xyzw)" is a minimal
generating set for the ideal (X" y"*" 2" w7 (xyzw)"). Also, if d = 1, then the polynomial by of Ta-
ble 1is bj; =x—y. Itis not true that x,y,z,w,x — y is a minimal generating set for the ideal (x,y,z,w,x —y);
but it is true, and obvious, that x**7 y"+" ZH7 W 2w (¥ — y) is a minimal generating set for the ideal
(VT YT AT W 2w (1 — y")). When d = 1, one can treat by, for all & in the same manner. O

6. THE MAIN THEOREM.

Adopt the language of 2.1 and 2.2 with k a field of characteristic zero. Theorem 6.2 gives the multi-graded
Betti numbers in the minimal homogeneous resolution of P/I by free P-modules.

Notation 6.1. In the statement of Theorem 6.2, each of the symbols ej, er, e3, and ey, is either the integer
0 or the integer 1. The sums @y ¢;—0, Pye;=1, Pye;=2, Pye;=3, and Py ,,—4, have 1, 4, 6, 4, and 1 summand
respectively. In particular, for example, the sum @®y,,—> has six summands; these summands correspond to
(e1,e2,e3,e4) equal to (1,1,0,0), (1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0,1), and (0,0,1,1).

The notation m; p, o, ps.p,) 18 €xplained in 3.4.

Theorem 6.2. Let k be a field of characteristic zero, n, d, and r be positive integers, with r < n, N be the
integer N = dn+r, P be the standard graded polynomial ring P =K|[x,y,z,w)|, I be the ideal

I= (NN, Y W) (Y 2w

of P, and R be the quotient ring R = P/I. Give P the multi-grading of Definition 2.2. Then the minimal
multi-homogeneous resolution of R by free P-modules has the form

F: 0—-F,—>F—F—F —F,

with Fy = P,
®Ze171 P( maq, rel,reg,re3,r64)) @):e, 3P( m(3d—1,rel,rez,r33,re4))
F = @@Ze, 4P(— m(2d—2,re17re2-,rea,re4))d = EB@ZEI 0oP(= m(2d+1»’el7"32*’63’”4))d
1= d 3= d
@@Ze, ZP( m(Zd*'Jel-,r€27r€3,r€4)) @69):5’ 2P( m(Zd’rel’rez’re3’re4>)
@@):e, P( m(2d7rel.,reQ-,re37re4))d+l7 69@):51'_4[)( m(2d71,rgl,rez,re3,re4))d+lv
@ ( 2d | )2d+1
P = Yei= Jrey;rep;res, re42)d+l and F, = @ P(— M(4d—1,re| ,rey,re3, re4))
@@23171 ( 2d Jreq,rey res, re4)) ) Yei=
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Remark. If one ignores the M-grading on P and merely views P as a standard graded polynomial ring, then
the minimal homogeneous resolution F' of Theorem 6.2 is Fy = P,
Fi = P(—(nd +r))*®P(—(2nd — 2n+4r))* & P(—(2nd — n+2r))% @ P(—2nd)**!,
= P(—(2nd —n+3r))¥ @ P(—(2nd +r))3
P(—(3nd —n+3r))* @ P(—(2nd +n))* @ P(—(2nd +2r))% @ P(—(2nd —n+4r))**! and
= P(—(4nd —n+4r)).

Proof. The module F; may be read from Proposition 5.12. The socle of P/(x",yV,z¥, w") is represented by
ANTIYN=IN=1N=T- hence, the multi-degree of the socle of P/(x™,yV,Z¥ W) : (X" +y" + 2" +w") is
80 = M4g—1,r—1,r—1,r—1,—1)5
see 3.9.(d). Apply 3.9.(e) to see that Fy = P(—9), where
0 = the multi-degree of xyzw + &

=Mm0,1,1,1,1) T MAd—1,r—1,r—1,r—1,,—1) = M(dd—1 r,rrr)-

(40) The resolution F is self-dual, see 3.10.2. If F; = ®P(—f;) and Fy = P(—3), then F3 = ®P(—8+ ).

The situation is straightforward. We know the multi-graded Hilbert function of all of the modules in the
exact sequence

O—-F—>FK—>F—F—P—R—Q0,

except for the module F>. However the multi-graded Hilbert function is additive on exact sequences; so we
can solve for the multi-graded Hilbert function of F> and then describe F> as a multi-graded free P-module. In
particular, rank is additive on exact sequences and R has rank zero; hence

41 F> is a free P-module of rank 16d + 8.

(Recall that the rank of the P-module M is the dimension of the vector space K ®p M where K is the quotient
field of P.)

The only difficulty comes from the fact that it is difficult to manipulate the formula of Proposition 4.2. On
the other hand, it is easy to use Proposition 4.2 to compute Hg(m) for any m € M; consequently, we will
determine the structure of F;, by evaluating the equation

(42) Hp, (m) = Hgr(m) — Hp(m) + Hp, (m) + Hp; (m) — Hp, (m),
which holds for all m € M, at a few carefully chosen m € M.
Let
G= (B,y)is a 5-tuple of integers in standard form in the sense of 3.4
=1B.v) and P(—my ) is a summand of />

and, for each (ﬁ,y) €S, let
#p.y) equal the number of summands of P(—mg.y)) in F>.

Thus,
43) h= @ P(-
(Byes

It is necessary to determine the elements of § and the value of #¢,) for each element (B,y) of S. To that
end, we evaluate Hp, (m) at various m € M. Let (k,p) be a five-tuple of integers in standard form. Recall the
description of F, which is given in (43). Observe that

(44) Hpy(mp) = Y, #@ kp) ~M(By))
Byes -
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Use 3.8.(b) to convert the Hilbert function which corresponds to the multi-grading M on P into the Hilbert
function that corresponds to the standard grading on P. In particular, if (¢,0) is a five-tuple of integers in
standard form in the sense of 3.4, then

Hp(mg)) = Hp(().
It follows that the expression Hp (m ;. 5) —mgy)), which appears in (44), is equal to Hp(k— 3 — E), where E is

the cardinality of the set {i|p; <7;}- :
For each fixed triple of integers (B, s,u), with 0 < and 0 < s,u < 4, we count

VB = )3 #p)

{Y1(B,Y)€S and exactly s of the y; satisfy 0 < v;}
(45) Vb = )3 #p),

{YI(B,Y)€S and exactly s of the y; satisfy r <v;} B

Hpu = )3 #(py), and
{¥1(B,y)€S and exactly u of the y; satisfy r < y;} B

/
M = Z #(1371’)'

{¥1(B,)€S and exactly u of the v; satisfy n — 1 < y;}

Notice that for each fixed [, so, and ug,

~

4 4
VB,A‘ and Z ,Ll%,u < Z MBu-

S0 u=ugn u=ugn

Il
HM.;:.

(46) Vi, <
S=50 K
Furthermore, ,ufs’u is equal to zero unless u = 0.

First calculation. We evaluate (42) at m 0,0,0,0) and m—1,—1,,—1,,—1), for k <2d +2, to learn that

Vg, = Vps =0, if B+s < 2d,
(47) Y vi,= Y vpo=8d+4,
Bts=2d+1 Bs=2d+1
Ves= ), Vps=8d+4 and
B.s B,s )
B-+s=2d+2 B-+s=2d+2
Vps =Vps =0, i£2d+3<B+s.

Observe that

4Hp(k—d — 1) +dHp(k—2d —2)
H r—1,r—1,r—1,r— =H, 0, =
Fl(m(k, 1r—1,r—1, 1)) Fl(m(k,o,o,o,o)) {+6de(k—2d—1)+(d—|—1)Hp(k—2d),
4Hp(k—3d —2)+dHp(k—2d — 1)
+6dHp(k —2d —2)+ (d + 1)Hp(k —2d — 3), and
Hr, (Mg r—1r—1,-1,-1)) = Hr, (M1 00,00)) = Hp(k—4d —3).

Use Proposition 4.2 with €; = 1 for all i and

Hpy (M -1 p—1,0—1,0—1)) = Hiy (m(10,0,0,0) = {

~Jo, ifk<2d-1,
)1, if2d <k,

to calculate

HR (M y—1 r—1,0—1,—1)) = HrR(M(1.0,0,0,0))
[ Hp(k) — 4Hp(k —d — 1)+ 6Hp(k — 2d — 2) — 4Hp(k — 3d — 3) + Hp(k—4d —4), if k <2d —1,and
"\ Hp(k+1) — 4Hp(k —d) + 6Hp(k — 2d — 1) — 4Hp(k — 3d — 2) + Hp(k — 4d — 3), if 2d < k.

)
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For k < 2d — 1, the left side of equation (42) is

4
(48) Z Z Vg Hp(k—B—s), when evaluated at m; o,0,0,0), and
B s=0
4
Z Z Vthp(k —B—y), when evaluated at m .1 1 y—1,,-1);
5s=0
and the right side is

(d+1)Hp(k—2d —3)+ (7d +6)Hp(k —2d —2) 4+ TdHp(k —2d — 1)+ (d + 1)Hp(k—2d) = 0,
when evaluated at either multi-index. (Keep in mind that Hp(j) = 0 for j < 0.) It follows that

0= Hp(0 (Z VB)+HP (B+Z vB’s)—k

s=k—1
0 T )i T )
B-+s=k—1
and by induction one concludes that Vp,s = 0= VB“\, whenever B+ s < 2d — 1. For k = 2d, the left side of
equation (42) is

Hp(O)( Z VBJ), when evaluated at ;. ¢,0,0,0), and
Bts=2d

HP(O)( Y Vfls)’ when evaluated at m .,y ;1 ,—1,-1);
B+s=2d

and the right hand side is
2d+3 d+2
Hp(2d +1)—Hp(2d) —4Hp(d)+4Hp(d— 1)+ (d+1) = ( 2+ ) —4( ; )—i—d—i—l =0,

when evaluated at either multi-index. Therefore V[5 = vp; = 0 whenever B+ s = 2d. (Recall that the Hilbert
function that corresponds to the standard grading on P is well known; see 3.8.(b). We also used the Pascal
triangle identity for binomial coefficients (27).) For k = 2d + 1, the left side of equation (42) is

HP(O)( Z vm) +Hp(1) ( Z VB-,S)’ when evaluated at m; ,0,0,0), and
B+s=2d+1 B+s=2d

Hp(0) ( Y vé.s) +Hp(1) ( ) VE} S) , when evaluated at m 1,1 ,—1,-1);
B-rs=2d+1 Bis=2d

and the right hand side is
Hp(2d+2)—Hp(2d+ 1) —4Hp(d+ 1)+ 4Hp(d) 4+ (7d + 6) +4(d+ 1) = 8d + 4,
when evaluated at either multi-index. It follows that

Ve =8d+4= ) V.
B+s=2d+1 Bt+s=2d+1

For k = 2d + 2, the left hand side of equation (42)
(X v )+ X ve)HO) =46d++ Y v,

B+s=2d+1 B+s=2d+2 B+s=2d+2

when evaluated at m; o 0,0,0), and

vé7s)Hp(1)+( Y VEYS>HP(O):4(8d+4)+ Y v
B+s=2d+1 B-+s=2d+2 B-+s=2d+2
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when evaluated at Mk~ 1,r—1,r—1,r—1)5

and the right hand side is

Hp(2d+3) — Hp(2d +2)) — 4(Hp(d +2) — Hp(d + 1)) + TdHp(0) + (7d +6)Hp(1) + (d + 1)Hp(2)
= 40d 420,

when evaluated at either multi-index. Thus,

Y vps=8d+4= ) v
B+s=2d+2 Bt+s=2d+2

Recall from (41) that the rank of F, is 16d + 8; consequently, Vé s =Vps = 0 whenever 2d +3 < B+s. This
completes the first calculation.

Observe that the first calculation has the following consequences.
6.2.1. If (B,7y) is in S, then {3 plus the number of non-zero ¥; is either 2d + 1 or 2d +2.
6.2.2. If (B,y) isin 5,2d -3 <P <2d +2.
6.2.3. Every positive 7; that occurs in a direct summand of F, must be at least r.
Assertion 6.2.1 is obvious now that (47) has been established; 6.2.2 is a consequence of 6.2.1 because there

are four y;. The fact that
Z V%»" = Z VB?‘”

B+s=k B+s=k

for each k € {2d +1,2d + 2}, together with (46), ensures that vé‘s = vp,, for all B and s. Thus, every positive y;
that occurs in a direct summand of > must be at least r, and this is 6.2.3.

The parameters pg , and ,u&_u are defined in (45). It follows from (6.2.2) that

(49) up,, and ,u&’u are both zero unless 2d —3 < f+u <2d +2.

Second calculation. We evaluate (42) at m,.,.,.,) and m 1 —1,4—1,n—1)> for 2d —3 < k < 2d, to learn that

Hy o = Mg =0, if2d =3 <B+u<2d-2,
(50) Y M= Y mpu=8dtd,
B-+u=2d—1 B-+u=2d—1
L thi= ¥ mpu=8d+4 and
B+u=2d B+u=2d
H = gy =0, if2d+1<B+u<2d+2.

Use 3.8.(b) to compute that

4Hp(k—d)+dHp(k—2d +2)

H nrrr :H n—in—1.n—1,n— =

(k) = B (M=t -t 1)) {+6de(k—2d+1)+(d+1)Hp(k—zd),
dHp(k—2d — 1)+ 6dHp(k — 2d)

+(d+ 1)Hp(k—2d + 1)+ 4Hp(k—3d+1), and

HF4 (m(k,r,r,r,r)) = HF4 (m(k,n—l,n—l,n—l,n—l)) =Hp (k —4d+ 1)

HF3 (m(k,r,r.r,r)) = HF3 (m(k,nfl,nfl,nfl,nfl)) = {
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Apply (44) and (49) to see that

Hp, (mgrrrn) = ), #@pHp(Mkrrrr) —mpy)
((Bes)

4

- Z Z (&@HP(/‘*B*“)
u=0 {(By)es| [{ilr<vi}|=u}
4

Y'Y up . Hp(k—B—u)

u=0 B
2d+2

Y wp)Helk—U).

U=2d—3 “B+u=U

A similar calculation yields

2d+2

HFz(m(k,nfl,nf],nfl,nfl)): Z ( Z ﬂ/(B7u))HP(k*U)-
U=2d—-3 "B+u=U

Use Proposition 4.2 with €; = 0 for all 7 and

_Jo, ifk<2d-3,
|1, if2d—2<k,

to calculate

Hp(k+¢€)—4Hp(k—d +¢€)+ 6Hp(k —2d +€)

Hr () = HROMon-tn-t0-10-1) = { —4Hp(k —3d +€) + Hp(k — 4d + €).

Equation (42) now yields

2d+2

Z ( Z :ul.’),u)HP(ka)

U=2d-3 B+u=U
= Hp,(M(k 1rrr))
= HR(M (1)) — Hp (M rrrr) + HE (M) + HE (MG ) — HE (M)
Hp(k+¢€)—Hp(k)—4Hp(k—d+¢€)+4Hp(k—d) +dHp(k—2d +2)
(1) = ¢ +6Hp(k—2d+¢€)+ (7d+ 1)Hp(k—2d+ 1)+ (7d+ 1)Hp(k —2d)
+dHp(k—2d —1)—4Hp(k—3d +¢€)+4Hp(k—3d+ 1)+ Hp(k—4d +¢€) —Hp(k—4d + 1).
In a similar manner,

2d+2

(52) Y (Y wp)He(k=U)

U=2d-3 B+u=U
= Hp, (m(k,nfl,nfl,nfl,nfl))
_ { HR(m(k,nfl,nf],nfl,nfl)) 7HP(m(k,nf],nfl,nfl,nfl)) +Hp, (m(k,nfl.nfl,nfl,nf]))
+Hp Mk n—1.0-1 0—1,0-1)) = HE, (Mg p—1 n—1n—1,0-1))
= Hr(M(k ) = HP(M(k ) + HE (M) + HE (M) — HE (Mt i)
which is given in (51). When k = 2d — 3, then (51) and (52) become

Y =Y upu=0;

B+u=2d—3 B+u=2d—3
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hence, ,u%_u =ug, =0 for B+ u = 2d — 3. When k = 2d — 2, then (51) and (52) become
Y .= ) wupu=Hp(2d—1)—Hp(2d —2)—4Hp(d — 1) +4Hp(d —2) +dHp(0) = 0.
B+u=2d-2 B-+u=2d—2
It follows that if 4+ u = 2d — 2, then yé’u =up, =0. When k = 2d — 1, then (51) and (52) become

Y .= Y wpu=Hp(2d)—Hp(2d — 1) —4Hp(d) +4Hp(d — 1) +dHp(1) + (7d +7)Hp(0)
B+u=2d—1 B+u=2d—1

=8d +4.
When k = 2d, then (51) and (52) become

Bd+HHp()+ Y.y, = Bd+4HHpr()+ Y, ppa
Btu=2d B+u=2d

 JHp(2d+1) — Hp(2d) — 4Hp(d + 1)
| —4Hp(d) + dHp(2) + (7d +7)Hp(1) + (7d 4+ 1)Hp(0)
= 40d + 20.

It follows that

Z M = Z ,uflu =8d +4.
B+u=2d B+u=2d

Recall from (41) that the rank of F; is 16d + 8; consequently, ,ué . = Mg = 0 whenever 2d + 1 <+ u. This
completes the second calculation.

Observe that the second calculation has the following consequences.
6.2.4. The parameters yg , and /in,u are equal for all B and u.
6.2.5. The values of y; that occur in the direct summands of F; are either O or r.
6.2.6. There are 8d + 4 direct summands of F> with f =2d — 1, and 8d + 4 direct summands with § = 2d.

Assertion 6.2.4 is an immediate consequence of (50) and (46). The parameter 7; is required to satisfy
0 <vy; <n—1;thus, ,uﬁ is zero whenever u is positive. Apply 6.2.4 to conclude that ug , is zero whenever u is
positive and all y; that occur in the direct summands of F; are less than or equal to 7. On the other hand, 6.2.3
ensures that all non-zero v; are at least r. Assertion 6.2.5 has been established. We have seen that yg , is zero
unless u = 0 and that g, ¢ is equal to the number of summands of F> with = 0. (The definition of u is given
in (45).) Assertion 6.2.6 now follows from (50).

Third calculation. We evaluate Hr, (my .,0,0)) for 2d —1 < k. Forw € {0,1,2} and B in {2d — 1,2d}, let yg,,,
denote the number of summands in F; that have the fixed value of B, and satisfy

{il3<i<4andy,=r}[=w

The parameter B+ w satisfies 2d — 1 < B+ w < 2d +2. Observe that

Hr, (Mg r0.0)) = 2Hp(k —d) + 2Hp(k —d — 1) + dHp(k — 2d + 1) + (6d + 1)Hp(k — 2d) + dHp(k —2d — 1)

dHp(k —2d) + (6d + 1)Hp(k — 2d — 1) + dHp(k — 2d — 2)
Hpy (M r0,0)) =
+2Hp(k—3d —1)+2Hp(k —3d),

HE, (M .r0,0)) = Hp(k—4d — 1).
Use Proposition 4.2 to calculate Hg(m .0,0)), for 2d — 1 < k. Observe thatg; =€, =0, &3 =e4=1,e=1,
and

Ha( ) Hp(k+1) = 2Hp(k—d) — 2Hp(k—d + 1)+ Hp(k — 2d — 1) + 4Hp(k — 2d)

m =
RV rr00) = | Hp(k —2d + 1) — 2Hp(k — 3d) — 2Hp(k — 3d — 1) + Hp(k — 4d — 1).
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The right hand side of equation (42), evaluated at my ..0,0), With 2d — 1 <k, is

Hp(k+1) — Hp(k) —2Hp(k —d + 1) + 2Hp(k—d — 1)+ (d + 1) Hp(k— 2d + 1)
+(7d +5)Hp(k — 2d) + (7d +2)Hp(k — 2d — 1) + dHp(k — 2d — 2).

The left hand side of equation (42) evaluated at my.,.,0) 18

2d+-2

( h \I’B,W>Hp(k -W)

W=2d—1 " Bw=W

When k = 2d — 1, equation (42), evaluated at Mk 1.10,0)5 becomes

Y wp.=Hp(2d)—Hp(2d —1)—2Hp(d) +2Hp(d —2) +d+1=0
B+w=2d—1

Thus, there are no summands of F> that have f = 2d — 1 and y3 = 4 = 0. The same calculation applies to
any choice of two out of i, ...,Ys. Therefore, for every summand of F> with = 2d — 1, and every choice of
{i,j} €{1,2,3,4}, we must have y; = r or y; = r. It follows that every such summand of F> has at least three
of y1,...,Ys equal to r.

Recall from 6.2.1 that if P(—mg ) is a summand of F; then {3 plus the number of non-zero ¥; is either 2d + 1
or 2d + 2. Therefore, it is not possible for v, ..., 7, all to be non-zero. Due to symmetry and the fact that there
are 8d + 4 summands with B = 2d — 1, it follows that there are 2d + 1 summands of F, with B =2d — 1 and
Yi =7; =Ye¢ = r for each choice of a three element subset {i, j,£} of {1,2,3,4} (and the remaining Y equal to
Z€ero).

Furthermore, 6.2.1 also yields that the 84 + 4 summands of F; that have = 2d must satisfy 3 plus the
number of non-zero 7V; is equal to 2d + 1. In other words, for each such summand, there is exactly one of
Yi,--.,Ys equal to . By symmetry, it follows that there are 2d 4 1 summands with p =2d,y; =randy; =0
forall j € {1,2,3,4}\ {i}, for each choice of i = 1,2,3,4.

This concludes the proof of the theorem. ]

7. CONSEQUENCES OF THE MAIN THEOREM.

Adopt the language of 2.1 and 2.2 with k a field of characteristic zero. Corollary 7.1 gives the multi-graded
Betti numbers in the minimal homogeneous resolution of A = P/(x",yV, N w")P by free P-modules, for

P=P/(xX"+y"'+7"+w").
Corollary 7.2 gives the resolution of A by free P-module, as well as the socle degrees of A.

The notation Mk p) is described in 3.4 and the notation involving (e, e2,e3,e4) is described in 6.1.

Corollary 7.1. Let k be a field of characteristic zero, n, d, and r be positive integers, with r < n, N be the
integer N = dn+r, P be the standard graded polynomial ring P = K|x,y,z,w], and P be the quotient ring
P/(X"+y"+7"+w"). Give P the multi-grading of Definition 2.2. Then the minimal multi-homogeneous
resolution of P/ (xN ,yV, 7Y, wN)P by free P-modules has the form

G: - —=Gs— Gy — Gy — G — Gy,

with Go = F’ G = @Zel:l F(_m(d,rel.rez,re3,re4))’

@Zei:4p(_m(2d—l,rel,rez,r63Are4))d
Gy = ®@zei=2 P<7m(2d,re|,rez,re3,r64))d+1
®®Zei:0P(_m(2d+l,ml,rez,rf:3,re4))d+17

P(— . 2d+1
_ ®Z€i=3p( m(2d+%,rel,rez,re3,re4))

;= _ » 2dil forioddwith3 <1i, and
{@Gazei:lp(m(2d+’21,rel,rez,r63,re4)) ’
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P(— . 2d+1
@Zei:4 P( m(2d+% req ,rez,r63,re4))

Gi= @69):61:2 P(_m(2d+%,rel,rez,re3,re4)
)2d+1

)2d+1 forieven with 4 < i.

8% ®Zei=0 P(im(2d+ % Jrey,rep . re3,req)

)

Remark. If one ignores the M-grading on P and merely views P as a standard graded polynomial ring, then
the minimal homogeneous resolution G of Corollary 7.1 is Gy = P, G| = P(—(nd +r))*,
P(—(2nd —n —|—4r))d ®P(—(2nd +2r))%* & P(—(2nd 4 n))**!,
= P(—(2nd + 520 1 37844 G P(—(2nd + S22 4 7))84+4 for i odd with 3 < i, and

(
( (2nd+ —|—4r))2d+] @P( (2nd + (i=2)n ) +2r))]2d+6 @P( (2nd + z‘jn))ZdjL]7
for i even Wlth 4 <.

Proof. We apply [10, Thm. 9.1, part 2]. Let F' be the minimal multi-homogeneous resolution of
R= P/ 3,2 ) s (¢ 42 w)

by free P-modules which is given in Theorem 6.2, ~ be the functor P ®p —, and 0 represent the four-tuple of
integers (0,0,0,0). Let K; and F}, be the summands

d

@):g,-:4p(*m(2d72,rel,rez,re3,re4))

— d

@ P drel7rez,re3,r64)) and Fip = 69@):e,-:ZP(_m(del.,rel.rez,re3,re4))
24 d+1
Lei EB@):e,«:OP(_de,rel,rez,re3,re4)) *

of Fi, F3; be the summand

@Zei:OP(_m(2d+1.rel,rez,re3,re4))d
Fyp = @®Z€1=2 P(fm(Zd,rel,rez,re3,re4))d

d+1
2] @):e,—:él P(_m(de 1,re; ,rez,re3,re4))

of F3, and K; be /\iKl. Notice that the differential of ' sends K; onto the complete intersection ideal (xN , yN ,
7V, w") and that degree considerations show that F3; is the annihilator of K] in the perfect pairing F; @ F3 — Fy
which is induced by the multi-homogeneous Differential Graded (DG) Algebra structure on F. Let oy : K1 — Fj
be the inclusion map, A®K; be the Koszul complex, e : A®* K| — F be a multi-homogeneous map of DG
complexes which extends the identity map in degree zero and ¢ in degree one. The multi-homogeneous maps
B; : F; — K; are defined in [10] in such a way that the multi-degree of ; o a; is equal to the multi-degree of
multiplication by x" +y" 42" +w", which is m(; o). In particular, Ky = P(=m4q,.1.r.r))> Fa = P(—(M4a1 rrrr))»
the multi-homogeneous version of B4 is

B4 : F4 — K4(m(1,Q))7

and the multi-homogeneous version of [10, (3.2.1)] is

0 Ks K; K> K P
N
0 Fy oy oy F 2

Lk

0 ——=Ka(mip)) —— Ks(m10)) —— Kalmq10)) ——= Ki(m1,0)) —— Plmqg)).
Apply [10, Thm. 9.1, part 2] to obtain the multi-homogeneous resolution
53) G: =Gy — G — Gy
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of P/(xN,yV,z¥ . w)P by free P-modules, where the modules of G are
P, ifi=0
Ki, ifi=1,
Gi: m(—l’n(lg))@fz, lfl:27
E(—m(%ﬂ)), if 3 <iandiis odd, and

m(—’"(g.@) @E(—m(%_l_g)) @E(—m(%_lm), if 4 <iandiis even.

No shifts are given in [10]; however, the differentials are explicitly given and the shifts can be calculated from
the differentials.

Theorem 9.1 in [10] does not guarantee that the resulting resolution is minimal; however, now that we have
determined the multi-homogeneous shifts in G, it is quite obvious that G is a minimal resolution. Indeed, each
shift which appears in each G; has the form m re, re, res,re,) Where the parity of ) e; is equal to the parity of
Jj- ]

The notation m oy is described in 3.4 and the notation involving (e, e2,e3,e4) is described in 6.1.

Corollary 7.2. Let k be a field of characteristic zero, n, d, and r be positive integers, with r < n, N be the
integer N = dn+r, P be polynomial ring P = K|x,y,z,w], and A be the almost complete intersection ring

P
(N N2V wN ey g wn)”
Give P and A the multi-grading of Definition 2.2. Then the minimal multi-homogeneous resolution of A by free
P-modules has the form

0—>L4—>L3 — Ly, — L —)Lo,

where Ly = P,
@Zeizl P( (d+1,rel,rez,re3,re4))
L= P(_m(1,0,07070)) L, = @69):6,-:4})( (2d—l,re],rez,re3,re4))
S @Ze,—:l P(fm(d,rel Jrey,res,req) )7 S2) @):ei=2 P( M(2d req rey,re3,res) )d+1
@69261:0 P(—m (2d+1J€1J€2J€3J€4))
Dy ei—0 P(—M2a12.re,, )4
L3 _ @):e,—:l P(*m(2d+l,rel.rez,re3,r64))2d+1 L4 _ @@Ze P( TELTELTER TE) )
@ea P(—m )2d+1 Yei=2 M(2d+1,re|,res re3,res)
Yei=3 (2d,rey,rey re,req) ) @@Z JP(=m (2 re, res resre ))dﬂ
€= 1,re2,re3,req ?

and the socle of A is isomorphic as a multi-graded P-module to

ke(—my )

@k( m(2d71,n71,n71,rfl,rfl))d D k(_m(del,nfl,rfl,nfl,rfl))d D k(_m(del,nfl,rfl,rfl,nfl))d
@k( Md—1 1t a—1,—1)) OK(=mMq_1 1 ut o1 0-1)) BK(=M2a_1 o1y 11 0-1))*
( (2d,r71,r71,r71,r71))d+l-

Remark. If one ignores the M-grading on P and merely views P as a standard graded polynomial ring, then
the minimal homogeneous resolution L of Corollary 7.2 is Ly = P,

Ly = P(—n) & P(—(nd +r))*,
Ly = P(—(nd +n+r))*@®P(—(2nd —n+4r))¢ & P(—(2nd 4 2r))%*° & P(—(2nd +n))**!,
Ly = P(—(2nd +n+r))3"* @ P(—(2nd + 3r))34 4,
Ly = P(—(2nd +2n))* @ P(—(2nd +n+2r))% @ P(—(2nd +4r))4*!,
and the socle of A is isomorphic to

K(—(2dn+2n—4)) @ k(—(2dn+n+2r—4))% @ k(—(2dn+4r—4))4*1,

)d
2d—-2.n—1,n—1,n—1,n—1
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Proof. The ideals (xV,yV,zV wN x" +y" + 2" +w") and (&, YV, 2N, W) : (& +y" + 2" +w") of P are linked
by the complete intersection (xV,y", 7V, w"). Use the resolution of Theorem 6.2 and the technique of linkage
(see 3.14) to resolve A and use 3.9.(e) to read the socle degrees of A from the resolution of A. O
We offer two examples of Corollaries 7.1 and 7.2.
Example 7.3. Let k be a field of characteristic zero and d and r be positive integers. Let n = 2r, N be the
integer N = dn+r, P be polynomial ring P = K[x,y,z,w], and A be the almost complete intersection ring
P
(N YN 2N N Xyt 2w
Then A is a level algebra with socle isomorphic to
K(—(4rd +4r —4))3d+1

and the minimal homogeneous resolution of A by free P-modules is pure and has the form

G: - —=Gs— Gy — Gy — G — Gy,
with
Go=P, G =P(—(2rd+r))*, Gy=P(—(4rd+2r))*"7, and G;=P(—(4rd+ir))'**%,

for 3 <i. The matrix factorization of x" 4+ y" 4+ 7* +w" which comprises the infinite tail of G consists of two
matrices of homogeneous forms of degree r.

Example 7.4. Let k be a field of characteristic zero and n, d, r, and ¢ be positive integers, with r < n. Let
N=dn+r, n=cn, r=cr, and N =cN.
Let P be the standard graded polynomial ring P = K[x, y,z,w], P and P be the hypersurface rings
P=P/(+y' +2+w") and P =P/ +y +7" +w"),
and A and A’ be the almost complete intersection rings
_ —
A= (XN7yN7§N’WN)P and  A"= (XN’ny’iN’7WN’)P'

The ring homomorphism P — P, which sends g to g[C], is a flat homomorphism which induces a flat ring
homomorphism P — P. Indeed, P is a free module over the subring k[x°,y°,z¢,w’] and P’ is a free module
over the subring

k[xcvycvzcvwc}
(" 2+ w)
Furthermore, A ®pﬁ =~ A’. Tt follows that if the socle of A is isomorphic to €;k(—0;), then the socle of A’ is
isomorphic to

(54) Pk(—(coi+4c—4));

and if G is the minimal homogeneous resolution of A by free P-modules, then G ®FF' is the minimal homoge-
neous resolution of A’ by free P'-modules. In particular, if the minimal homogeneous resolution of A by free

P-modules has the form
%@P(—Blj) — .y,
J

then the minimal homogeneous resolution of A’ by free P'-modules has the form

(55) = PP (~cBij) ... .
J

It is easy to see that the formulas of Corollaries 7.1 and 7.2 satisfy (54) and (55). The phenomenon of this
example is illustrated in Example 7.3; it also appears in Section 8.
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8. THE CASE WHEN N IS A MULTIPLE OF n.

In this section we study the ideal (x",y",z¥, w") in the standard graded polynomial ring kl[x,y,z,w] when
N = dn for some integer d with 2 < d. This situation is fundamentally different than the situation of Sections
6 and 7 where N is not a multiple of n. In the present situation, the ideal (x",yV,zV, w™) : (& +y" + 7" +w")
has d + 4 generators rather than the 84 + 5 generators of Theorem 6.2, for d = L%j, the socle dimension of
P/(xN,yN, 2N, wV)P is d in the present section, but 84 + 1 in Corollary 7.2; and the projective dimension of the
P-module P/(xN,yV z¥ wN)P is finite in the present section, but infinite in Corollary 7.1.

Proposition 8.1. Let k be a field of characteristic zero, n and d be integers, with 1 <nand2 <d, N =dn, P
be the standard graded polynomial ring P =K|x,y,z,w], R, A, and P be the quotient rings:

R=P/(N YW, N W) (Y 7+ w"),
A=P/(N YV N W Y W), and
P=P/(xX"+y'+7"+w").

Then the following statements hold.

(a) The minimal homogeneous resolution of R by free P-modules has the form

P(—(3dn—n))*  P(—(2dn—n))?+3 P(—dn)*
0— P(—(4dn—n)) — & — @ — @ — P.
P(—(2dn+n))? P(—(2dn))4+3 P(—(2dn—2n))?

(b) The minimal homogeneous resolution of A by free P-modules has the form

P(—2dn)?
P(—(2dn+n))*3 ® P(—dn)*
0 — P(—(2dn+2n))? — ® — P(—(dn+n)* - @ =P
P(—(2dn))? ® P(—n)

P(—(2dn—n))?

(¢) The socle of A is isomorphic to k(—(2dn+2n—4))“.
(d) The P-module A has finite projective dimension and the minimal homogeneous resolution of A by free
P-modules has the form

P(—2dn)?
0 — P(—(2dn+n))? — ® — P(—dn)* - P.
P(—(2dn—n))?

Proof. The ring homomorphism P — P, which sends each element g of P to gl”), is flat. Indeed, P is a free
k[x",y", 7", w"]-module. In a similar manner, the ring homomorphism

P/(x+y+z+w)—P,
which sends the class of g in P/(x+y+z+w) to the class of g["] in P, is a flat homomorphism. Indeed, P is a
free k[x",y", 7", w"] /(X" + " 4+ 2" + w")-module. Furthermore, the ideals

VN W) and N YV W) (Y 4w in P,

are the images of
P
d d d  d d d d d d o d . d dy
x4y w and (x“,y",w %) (X +y + 7 +w in —)
(%, y ) (%, ): (x4 ) E——

under the homomorphism (—)[”] : P/(x+y+z+w) — P. Consequently, in order to prove (a), (b), and (d), as
stated, it suffices to prove the corresponding assertions when n = 1. Of course, (c) is an immediate consequence
of (b) and 3.9.(e).

Through out the rest of the proof n = 1.
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(a) Take n =1 and let
F: 0O—-F,—>F—>F—>F—P

be the minimal homogeneous resolution of R by free P-modules. According to Corollary 5.8, the ideal

(2w (et yztw),
is minimally generated by x?, y¢, z%, w?, together with d additional generators of degree 2d — 2. It follows that

Fi =P(—d)*®P(—(2d -2))".
The socle of R has degree 4(d — 1) — 1; hence, F; = P(—(4d — 1)) by 3.9.(e). Use the self-duality of F; see
(40); to compute

F3=P(—(3d—1))*@P(—(2d +1))".
Rank is additive on exact sequences and the rank of R as a P-module is zero. It follows that F> has rank
2d + 6 as a P-module. Use Hilbert functions to determine the degrees of the generators of F>. It is shown in
Proposition 4.2 that
He (k) = Hp(k+¢€)—4Hp(k+¢€—d)+ 6Hp(k+€—2d)
K —4Hp(k+€—3d)+ Hp(k+€—4d),

where

1, if2d—2<*k.

Hilbert functions are additive on exact sequences; hence

B {07 if k <2d—2,and

0, if k <2d—2, and

Hp, (k) = Hg(k) — Hp(k) + H, (k) + Hr, (k) — Hg, (k) = {d+3 Sk —2d— 1.

Thus, P(—(2d —1))?*3 is a summand of F,. The resolution F is self-dual; hence P(—2d)?*3 is also a summand
of F». The rank of F; is 2d +6. We conclude that F> = P(—(2d — 1))4"3 @ P(—2d)?*+3. Assertion (a) has been
established.

One can easily produce a resolution of A by free P-modules using linkage (see 3.14); however some care
has to be taken in order to convert this resolution into a minimal resolution. We prefer to first resolve A by free
P modules and then lift the resolution by free P modules to a resolution by free P-modules. That is, we first
prove (d) and then we deduce (b).

(d) Consider the Kk[x,y, z]-algebra isomorphism

K[x,y,z,w|

P=—""_
(x+y+z+w)

— Q0 =K[x,y,7]

which sends
(56) the class of wto —(x+y+z).

Observe that the map (56) sends A isomorphically onto A’ = Q/(x?,y?, 7%, (x+y+z)?). We know from Propo-
sition 5.7 and the Buchsbaum-Eisenbud Theorem (see for example, Lemma 5.4) that the minimal homogeneous
resolution of

0

(xd,y4,20)  (x+y+2)
by free Q-modules, has the form of the bottom complex of

(57) 0 — Q(—3d) —— Q(-2d)’ Q(—d)} —— 0

S s

0——=0(-2d) —= Q(~(d+ 1)) ®Q(~d)* —= Q(~(d — 1)) ® Q(~d}* —= 0,
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where
0, ifdisodd.

It follows from the theory of linkage (see 3.14) that a resolution of
0 o

B {1, if d is even, and

(D, (x+y+2)7)
by free Q-modules, is obtained by taking the mapping cone of the dual of (57). It is important to recall from
Proposition 5.7 that if i is positive, then z¢ is a minimal generator of

)

@y ) (e y+2) %

and therefore, one copy of Q(—d) — Q(—d) is a direct summand of o in (57); and the corresponding summand
O(—2d)* — Q(—2d)* splits from the shifted mapping cone of the dual of (57). At any rate, one obtains a
homogeneous resolution of A’ by free Q-modules of the form

0(—2d)?
0—Q(—(2d+1))? — ® —0(—d)* = 0.
Q(—(2d —1))?

A quick look at the twists in the resolution guarantees that the resolution is minimal. This completes the proof
of (d).

K[x,y,z,w]

(b) One may interpret (d) to say that o oyt

has a minimal homogeneous resolution, by free P-
modules, of the form

L: 0——=P(—2d+1))¢ ——=P(-2d)3oP(—(2d 1)) —= P(—d)* ——P .

Observe that
k[xy)’»%W] X+y+z+w, k[x7y7z7w]
0— —A—=0
¥z, (x+y+2)) (34,27, (x+y+2)7)
is an exact sequence of P-modules; and therefore, the mapping cone of L[—1] X 1 is minimal homoge-
neous resolution of A. O

9. THE GENERATORS OF (x4,y4,z%) : (x +y+2)? AND (x? y4+1 24} 1 (x+y+2)4*L.
We exhibit explicit elements in the ideals
( d’yd Zd) (x+y+z)d and ( d,yd-'rl ):(x+y+z)d+1.

We used these explicit elements in Proposition 5.7 to determine the graded Betti numbers of these ideals
when the field has characteristic zero. (Indeed, in Proposition 5.7 we record a minimal generating set for
these ideals.) These ideals define compressed codimension three Gorenstein quotient rings with odd socle
degree. Compressed codimension three Gorenstein quotient rings with even socle degree are well-understood,
see Lemma 5.4 or [6], in particular, they have linear resolutions. However, no theory provides the graded
Betti numbers of compressed codimension three Gorenstein quotient rings with odd socle degree. In order to
produce the graded Betti numbers, we were forced to produce a minimal generating set.

Proposition 9.1. Let R be the ring Z|x,y,z). Let j, d, €, and G be integers with
1<j<d, 0<e<1, and j—1<oc<d—1.
Let
o d—1-k\[(d—1-c+k\[ c+e
58 Fe:o—= _1)otk k_o—k
( ) C,].€ Z( ) d—] k j—]+8 X'z

k=0
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and

d—1
(59) fie= Y, Fjey '™
s=j—1

Then fje € (x?,y978,z9) : (x +y+2)4TE.
The proof of Proposition 9.1 uses the following identity twice.

Lemma 9.2. [9, Lemma 2.24] Let a, z, p, w, and c be integers with 0 < a. Then

LG0T =g ()00

In Lemma 9.2 the binomial coefficient (Z) makes sense for all pairs of integers (a,b), with

ala—1)---(a—b+1)

o ., if0O<b,
(“): 1, if 0 = b, and
b

0, ifb < 0.

In particular,

(60) () =05,

holds for all integers a and b. The other fact about binomial coefficients that we use often is the familiar fact
that

1) if 0 < a < b, then <Z> —0.

The proof of Proposition 9.1. There are three steps.
Step 1. We expand the product (x+y +z)? "€ f;¢ into the form

(x+y+2)Itefje = ) XppexyP2E,
A+B+C=2d—1+¢
where, for each 3-tuple of exponents (A, B,C), there is a finite set of ordered pairs Sspc such that
Xape= Y, (=1)""*Yjseanc
(k,s)€Sapc

with
©2) Y, _( dte 2d—B—s—1+¢€\ (d—1-k\ (d—1-s+k\ [ s+e
P B st —d A=k d—j J\ d=1-s J\j—1+¢)

Step 2. We prove that if A, B, and C satisfy
(63) 0<AC<d—-1, 0<B<d—-1+¢, and A+B+C=2d—1+¢,

then

Xape = Y, ¥ (1) Yjaeancs-
s€ZkeZ

Step 3. For A, B, C satisfying (63), we apply Lemma 9.2 to

B ()

then we apply Lemma 9.2 to Y ;. (—1)* of the three remaining terms which involve s. We conclude Xspc = 0.
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We carry out Step 1. Write

d+e
(x+y+2)tt= Y ( )x“ybzc.
a+b+e=d+e a,b,c

0<a,b,c
It follows that (x+y+z)? e f e 1s equal to

d—1 j—1 1 1 1 _
B X k:()(_ 1)s+k (gﬁ) (ddlj k) (d 1k s+k> (jiis)kayd 1 s+sz k+c
0<a,b,c

= Y XaexyPE

A+B+C=2d—1+¢
0<A,B,C

where X4pc is equal to
azl ! d+e\ (d—1—k\[(d—1—-s+k\[ s+e
1 s+k ‘ ,
s:,z;lk:zo( : (a,b,c)( d— | )( k )(j—1+e>Q‘“"“"‘ABC’

Quskabeapc = Y(k+a=A)x(d—1—s+b=B)x(s—k+c=C)x(0 <a)x(0 <b)x(0<c)
_{1, ifk+a=A, d—1—s+b=B, s—k+c=C,0<a, 0<b, and 0 <cand

0, otherwise.

for

In general, we use the convention that if “S” is a statement then

1, if Sistrue, and
MS—{

0, if Sis false.

At this point the binomial coefficients all have the form ( ) with 0 < b < a; so we may write

d+e d+¢e\ [(d—b+e d d—1—s+k d—1—-s+k
= an =
a,b,c b a k d—1—-s )’
without penalty. Replace a with A — k; b with B —d + 1 4 s; and ¢ with C — s + k. Observe that

Xapc = Z Z Yjaeancax(0 <A—k)x(0 < B+s+1-d)y(0 < C+k—s).
s=j—1k=

In other words,
min{A,j—1} min{d—1,k+C}
Xapc= Y, Y (—1)"*Yjgeascek-
k=0  s=max{j—1,d—1-B}
This completes Step 1.

We carry out Step 2. Assume (63). We prove that

Xape =Y, ¥ (= 1) Yjqeancsc-
sCZkeZ

It suffices to show that if Yjgeapcsi 7 O, then
(@) d—1—-B<s

® j-1<s,

(c) s<CH+k,

d s<d-1,

(e) k<A,

f) k<j—1,and

(2) 0k
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The hypothesis that (B+fi‘lc‘7d) = 0 implies 0 < B+s+1—d; thus d — 1 — B < s, which is (a). Add € to both

sides of (a) and use B < d — 1 +¢€ from (63) in order to see that

(64) 0<d—-14+e—-B<s+e.

The hypothesis that (j ¥ Tie) # 0, together with (64) and (61), guarantees that
j—1+e<s+g;

hence, j — 1 <'s, which is (b). The sum d + € is positive; hence, the hypothesis

d+¢e
<B+s+l—d> 70,

together with (61), implies B+ s+ 1 —d < d + €, which, in turn, implies

(65) 0<2d-—B—-s—1+e¢.

The hypothesis (** 5% ') # 0, together with (65) and (61) implies
A—k<2d—B—s—1+g¢,

which implies s < (2d — 1 —A — B+¢€) +k. Recall from (63) that 2d — 1 —A — B+ ¢ = C. We have established
s < C+k, which is (c). It also follows, by way of (63), that

s—k<C<d-1;

hence

(66) 0<d—1—s+k.

The hypothesis (“,';**%) # 0 implies that 0 < d — 1 —s; thus s < d — 1, which is (d). The hypothesis
(247875 17%) £ 0 implies 0 < A — k; thus k < A, which is (e). Recall from (63) that A < d — 1. It follows
that k < d — 1; hence

(67) 0<d—1—k.

The hypothesis (d;l;k) # 0, together with (67) and (61), ensures that d — j < d — 1 —k. It follows that k < j — 1
and this is (f). The hypothesis (?,'}**¥) 0, together with (66) and (61), implies

d—1—-s<d-—-1—-s+k.
Thus, 0 < k, and this is (g). This completes Step 2.

We carry out Step 3. The parameters satisfy
0<AC<d-1, 0<B<d—-1+4¢, A+B+C=2d—1+¢, and 1<j<d.

We prove that X4pc, which is equal to

L X (=) () CTE T (N (A ()

seZ kel
)d—l—s —k—1
d—1-s)°
Let K = A — k. Observe that Xspc is equal to

T e [ SN [0S

N

is equal to zero. Apply (60) to write

7N
Q
U
| =
-
| ©
« +
»
N~
Il
T
—_

d+e

The sum d + € is non-negative; consequently the binomial coefficient ( Bbstl—d

) is zero unless

B4+s+1—d<d+e.
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Thus, X4pc is also equal to

O ) | RN (T ()] (55,

Apply Lemma 9.2 with

s<2d—B—1+¢

a=2d—B—s—1+¢, z=d—1—-A, p=d—j, w=—-A—-1, and c=d—1-s.
Notice that 0 < a. Conclude that X4p¢ is equal to
(_1)A+B+s+d+s< d+e ) Z (a’—l—A) (deBfolJrE)( —A—1+/L ) ( s+¢€ )

B+s+1-d d—j—t l —d+B+{—¢ j—14¢
s<2d—B—1+¢ (eZ

The binomial coefficient ( B J:fi]i d) continues to be zero unless s < 2d — B — 1 + €; thus, we may remove the
bound s < 2d — B — 1 + € from the summation sign without changing the value of the sum. Apply (60) to write

<2d—B—£s—l+€> _ (1)[<€_2d+f+s_£)>-

Gather the factors which involve s and observe that X4pc is equal to

LM | D ) (TP () | (i
S NS

Let S =B+ s+ 1 —d to see that Xspc is equal to

L0 | T T (| (1),
€ S

Use Lemma 9.2 with
a=d+e, z=0—-d—-1—-¢, p=¢ w=d—B—1+¢ and c=j—1+¢

to see that X4pc is equal to

Y (=A@ | (T (O (P | (st
(eZ LeZ

Every non-zero term in the above sum satisfies
0<d—j—¢, 0</{—L, and 0<j—1—-d+L.
Thus, every non-zero term satisfies
d+1—-j<L<e<d—j.
There are no ordered pairs (¢,L) which satisfy these constraints; thus, Xspc = 0, and the proof is complete.
O
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