ON THE EXISTENCE AND NONEXISTENCE OF STABLE
SUBMANIFOLDS AND CURRENTS IN POSITIVELY CURVED
MANIFOLDS AND THE TOPOLOGY OF SUBMANIFOLDS IN

EUCLIDEAN SPACES
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ABSTRACT. Let M™ be a compact Riemannian manifold isometrically im-
mersed in the Euclidean space R®™™. Then a modification of a beautiful
method first used by Lawson and Simons [22] is used to give a pointwise alge-
braic condition on the second fundamental form of M in R?t™ which implies
that M has no complete stable submanifolds (or integral currents) in some
given dimension p (1 < p < mn —1). It is then shown that this condition is
preserved under small deformation of the metric on M in the C? topology.
Some results of these are (1) There is a C? neighborhood of the standard met-
ric on the Euclidean sphere S™ (and other sufficiently convex hypersurfaces
in R™"*1) such that for any g in this neighborhood (S™, g) has no stable sub-
manifolds (or integral currents). (2) A characterization (and in some cases a
classification ) of stable submanifolds and integral currents of all the rank one
symmetric spaces (extending the work of Lawson and Simons on the spheres
and complex projective spaces [22]), and some information about what hap-
pens in this case under a small C? deformation of the metric. (3) There is a
C? neighborhood U of the standard metric on the complete simply connected
manifold R*1™(c) of constant sectional curvature ¢ > 0 such that if M™ is a
compact immersed submanifold of (R"T™(c), g) with mean curvature vector
and the second fundamental form satisfying (5.17) for some g € U, 1 < p < 7,
and ¢ = n—1. Then (a) M has no stable p-integral or (n —p)-integral currents
over any finitely abelian group G, (b) Hp(M,G) = Hq(M,G) = 0 for any G
and if p =1 or p = n—1 then M is simply connected, and (c) If (5.17) holds for
some g € U, and p = 1, then M is diffeomorphic to S™ for all n > 2. Indeed,
by a Theorem of Federer and Fleming [10] every non-zero integral homology
class in a compact manifold N can be represented by a stable integral current;
thus, the method can also be used to give pointwise conditions on the second
fundamental form of a compact submanifold which forces some of the integral

homology groups of M to vanish.
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1. INTRODUCTION

In this paper we will be concerned with how the geometry of a Riemannian
manifold M™ effects the existence, or more importantly the nonexistence, of stable
submanifolds and currents in M. Stability in our context means any deformation
with compact support does not decrease the volume or mass ( ¢f. (2.8)). In par-
ticular, we will give conditions on the second fundamental form of an immersed
submanifold M of a Euclidean space which implies that M supports no stable sub-
manifolds or currents in dimension p. These conditions are related to M being
positively curved in a sense made precise by Proposition 3.1 below. This has strong
implications about the topology of M because of the existence theorems of Fed-
erer and Fleming which state that every nonzero homology class (over a finitely

generated Abelian group) in a compact manifold contains a stable current.

The earliest result of this type known to us is the result of Synge that a compact,
orientable, even dimensional Riemannian manifold of positive sectional curvature
has no stable closed geodesics. As any free homotopy class contains a stable ge-
odesic, this implies the toplogical result that any such manifold must be simply
connected. The first results about the nonexistence of stable submanifolds other
than closed geodesics seems to be in the celebrated paper of Simons [31] on minimal
varieties. He shows that the standard sphere S™ contains no stable submanifolds
and that there are no oriented closed stable hypersurfaces in an oriented manifold
with positive Ricci curvature. The first of these results was extended by Lawson
and Simons [22] to show that S™ and its submanifolds whose second fundamental
form are small enough have no stable currents. This gives very strong results about
the topology of these submanifolds. On the basis of these results they made the

Conjecture A (Lawson and Simons [22]). There are no closed stable submani-
folds (or rectifiable currents) in any compact, simply connected, strictly i—pz’nched

Riemannian manifold.

We are able to verify this conjecture for several classes of positively curved
manifolds.

Theorem 1. There is a neighborhood in the C? topology of the usual metric on the
Euclidean sphere S™ such that for any metric g in this neighborhood (S™, g) has no

stable rectifiable currents. (In fact, no stable varifolds).

Theorem 2. Let M™(n > 3) be a compact hypersurface in the Fuclidean space
R™ 1 which is pointwise 6-pinched for
1 3
0=-+——
4 + n? +4
then M has no stable rectifiable currents (or varifolds) and Mis diffeomorphic to a

sphere.
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On the basis of our results we feel a stronger conjecture is justified. (In what
follows G is a finitely generated abelian group, and H,(M,G) is the p-th singular
homology group of M with coefficients in G.)

Conjecture B. Let M™ be a compact Riemannian manifold of positive sectional
curvature. If H,(M,G) =0 (and if p =1 also assume M is simply connected) then
there are no stable rectifiable currents of dimension p over the group G in M.

As evidence supporting this conjecture we have,

Theorem 3. Let (M, go) be a compact simply connected rank one symmetric space
with its usual metric go. Then there is a neighborhood of go in the C? topology such
that for any metric g in this neighborhood the Riemannian manifold (M, g) satisfies
Conjecture B.

Along the way to proving this we also characterize the stable currents in the

simply connected rank one symmetric spaces.

Theorem 4. Let F = H or Cay and S € R,(FP",G) be a stable current, where

FP" = HP" or CayP2. Then

(a) For ||S|| almost all x € FP", the approzimate tangent space Ty(S) is an F-
subspace of T,,(FP™). There is also a set of smooth vector fields Vi,...,Vy on
FP"™ such that for every p with 1 < p < n - dimg(F) that is not divisible by

dimg (F), the set Vi, ..., V, is universally mass decreasing in dimension p.
(b) If FP™ = HP", p = 4k, and the (4k — 1)-dimensional Hausdorff measure of the
singular set of S is zero, then there are a finite number Ly, ..., L, of HP*’s in

HP™ and elements ay,...,ay € G so that the current S = a1L1 + --- + agLy.
Thus,

(c) The only connected stable submanifolds of HIP™ are the totally geodesic HP* s,
1<k <n.

(d) If FP" = HP", G = Zs, and S is a mass minimizing element of a nonzero Zs
homology class of dimension 4k, then S = a1L1 + -+ -+ agLy, for some a; € G,
finite number L; of HP*’s in HP™, 1 < i < £.

(e) If FP" = CayP?, p = 8, and the 7-dimensional Hausdorff measure of the sin-
gular set of S is zero, then there are a finite number Ly, ..., L, of CayP!’s in
CayP? and elements a1, ...,a; € G so that as the current S = a1 L1+ - -+apLy.
Thus,

(f) The only connected stable submanifolds of CayP? are the totally geodesic CayP! ’s.

For the Euclidean spheres and the complex projective spaces these have already
done by Lawson and Simons [22]. The above classification results (a), (¢) and (f)
are also obtained by Ohnita [24]. The non-simply connected rank one symmetric

spaces are the real projective spaces RP™. For these we show the following (cf.
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section 7), where the case S is a p-dimensional stable minimal submanifold is also
obtained by Ohnita [24].

Theorem 5. Let 0 # o € H,(RP™,Zy) and let S be a closed rectifiable current in o
of least mass. Then, up to a rigid motion of RP™, S is just the standard imbedding
of RPP into RP™.

Our basic method is to isometrically immerse the manifold we wish to study in a
Euclidean space R**™. Then for any parallel vector field v on R”™™ and compact
p-dimensional submanifold (or rectifiable current) NP of M™ we deform N along
the flow o} " of the vector field VT obtained by taking the orthogonal projections
of V onto tangent spaces of M. In this case the formula for the second variation
(which will be nonnegative when N is stable)
d2
@ lio

can be greatly simplified by use of the fundamental equations of Gauss and Wein-

(1.1) vol(p}” N)

garten in submanifold theory. The resulting formula still has one term (involving
the covariant derivative of the Weingarten map) that is hard to understand, but
if (1.1) is averaged over an orthonormal basis {v1,... v, m} of R*T™  this term
drops out. The result is a pointwise algebraic condition on the second fundamental
form of M (corresponding to the average of (1.1) over vy ... v, 1., being negative)
which implies M has no stable currents in dimension p. This method is in contrast
to the method of Lawson-Simons [22] in which the gradient vector fields of the
first eigenvalues of the Laplacian are used to deform p-rectifiable currents in the
unit sphere S™. Our method which can be viewed as an extrinsic average varia-
tional method [36], does not require the symmetry of the ambient manifold M™
and the deformation vector fields agree with the conformal gradient vector fields
when M™ = S™. This method has the advantages that it also works when M is
not compact and the resulting criterion for the nonexistence of stable currents is
preserved under small deformations of the metric in the C? topology. Therefore we
can also conclude that (M, g) has no stable currents for g sufficiently close to the
original metric. The method also gives (what seem to us) striking results about the
topology of submanifolds of Euclidean space. For example in sections 4 and 5 it is
shown, among other things, that the following hold.

Theorem 6. Let M™ be a compact immersed hypersurface in R™T1 with principal
curvatures ky < -+ < ky. Assume for some 1 <p<n-—1,g=n—p that

(a) 0 <ki+---+k,

(b) kgsr+ - ky <ki 4+ ky+ki+-+ kg,

then H,(M,G) = Hy(M,G) =0 and ifp =1 orn—1 then m(M) = 1. If (a)
and (b) hold for 1 <p <% or 3 <p <mn then M is homeomorphic to a sphere.
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Theorem 7. Let M™ be a compact immersed submanifold of the simply connected
Riemannian space form R" ™ (c) of dimension n +m and constant sectional cur-
vature ¢ > 0. Let h be the second fundamental form and H the mean curvature
vector of M in R"T™(c). If for some p < % the inequality

2
n
(1.2) 1PI* < ——[IH||* + 2pc
n—p

holds at all points of M then H,(M,G) =0 for p < k <n —p and if it holds for

p =1 then M is a homeomorphic to a sphere.
In the process of proving this Theorem, we have proved the following:

Corollary. With the notation of Theorem 7, if for 1 <p < 5 and q=n —p,

(5.19) Z Z <2|h €, €r || — <h(€i,6i),h(€@,64)>> < pqc

i=1f=p+1
at all points where {ey1,- - ey} is an orthonormal basis of T, M. then

(a) there are no stable currents in R,(M, G) or Rq(M, G) for any finitely generated
abelian group G. In particular M has no closed stable minimal submanifolds of
dimension p or n — p.

(b) H(M,G) = Hy(M,G) =0 and if p =1 or p = n— 1 then M is simply
connected.

(c) If (5.19) hold for p = 1 or for p = n — 1 then M is a topological sphere.
Furthermore, when n =2 orn =3 M is diffeomorphic to a sphere.

These results (a) and (b) are also obtained by Xin [38]. In fact, Theorem 1 in [38]
treats the Euclidean space case (c=0), where the right hand side of (5.19) becomes
0. As an application, this recaptures a Trace Formula of Lawson-Simons on the
unit Euclidian sphere case (c=1), where the right hand side of (5.19) becomes pq-1.
(cf. also [35, p.538] for the results (a), (b) and (c)).

Theorem 8. There is a C? neighborhood U of the standard metric go on R" ™™ (c),
¢ > 0 such that if M™ is a compact immersed submanifold of R"*™(c) with the

mean curvature vector H and the second fundamental form h satisfying

(5.17) qllhl|* < n?||H|[* + 2pge

n

with respect to some g in this neighborhood U, 1 < p < 7,

and g =n—1. Then for

any finitely generated abelian group G,

(a) M has no stable submanifolds of dimension p or n —p (or stable rectifiable
G-currents of degree p orn — p )

(b) H(M,G) = Hy(M,G) = 0 and if p =1 or p = n— 1 then M is simply
connected.
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(¢) If (5.17) holds for some g €U and p =1, i.c.
(5:20 I < R + 2
' n—1 ’

then M s diffeomorphic to S™ for all n > 2.

This Theorem generalizes a pioneering Theorem of H.B. Lawson and J. Simons
[22] when g = go, R"™™(¢) = S™*™(1), and n > 5, M is homeomorphic to S™.
Furthermore, the results (c) in the case g = go, R"*™(c) = S"*™(1), and n > 4
are due to G. Huisken [19] and B. Andrews [2] for codimension m = 1, and to J.R.
Gu and H. W. Xu [14] for arbitrary codimensions m > 1 based on the work of S.
Brendle [4].

The inequality (5.20) is optimal. As presented in [35], we have the following

immediate optimal result.

Proposition. Let M be a closed surface in a Fuclidean sphere with the second
fundamental form h satisfying ||h||> < 2. Then M is diffeomorphic to a sphere S?

or RPP? depending on M is orientable or not.

This result is sharp as the length of the second fundamental form of Clifford
Torus Sl(%) X Sl(%) in $3(1) satisfies ||h[|? = 2. The case n = 2, ||| < 1 is
due to Lawson-Simons: Let M be a compact (orientable) manifold of dimension
n immersed in SV with second fundamental form h satisfying ||h||?> < min{n —
1,v/n — 1}. Then M is a homotopy sphere [22, Corollary 2].

It is our hope that the methods used here, and especially the trace formulas of
Section 3, will find other uses in studying the topology of submanifolds and also
that the examples given here shed light on the relation between curvature properties
of manifolds and the existence of stable submanifolds. These methods can also be
used to study other variational problems in Riemannian geometry, for example the
nonexistence of nonconstant stable harmonic maps between manifolds. We have

done this in a subsequent paper [18].

Many Theorems in this paper were proved and presented in 1983 (cf. e.g. [35]). A
preprint was circulated and has been quoted in the literature and at international
conferences, listed as “preprint” (cf. e.g. [25], [29], [30]). The authors went on
to pursue other projects. Meanwhile these methods have been used, extended or
generalized to other situations such as harmonic maps ([18],[23]), Yang-Mills Fields
([20]), p-harmonic maps ([37]), F-harmonic maps ([3]), Finsler geometry ([28]),
etc. The notions of strongly unstable, super-strongly unstable, p-super-strongly
unstable, F-super-strongly unstable manifolds, etc are introduced and studied. This

paper is an improved and enlarged update of the preprint.
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2. UNIVERSALLY MASS DECREASING SETS OF VECTOR FIELDS.

Let M be a smooth complete Riemannian manifold with metric g(, ) = (, ). If
G is a finitely generated abelian group then we are interested in elements of the
group R, (M, G) of p-rectifiable currents in M over the group G. To establish our
notation we give an informal description of R, (M, G) and refer the reader to [11]
or [8] for the exact definitions. Let o, be the standard p-dimensional simplex with
its usual volume form Q, . A singular p-dimensional Lipschitz simplex ¢ in M is a
Lipschitz continuous map ¢ : 0, — M. The variation measure ||c|| of ¢ is the Borel

measure on M defined on continuous real valued functions ¢ on M by

(2.1) Aﬁ@%%@=/@@ﬂWWM%M)

where Jc is the Jacobian of ¢. (Recall that by Rademacher’s theorem [8, p.216] a

Lipschitz map has a well-defined Jacobian almost everywhere.) The mass of M(c)
of ¢ is defined to be

(2:2) M@ = [ vdliell = [ U6 @I, 2.
M op
Thus if ¢ : 6, = M is a smooth imbedding then integration with respect to ||c||
is just integration over c[o,] with the volume form induced on it as a submanifold
of M, and M(c) is the p-dimensional volume of c[o,]. A singular p-dimensional

Lipschitz chain over the group G is a finite sum.

(2'3) s = ngck
k

where each g € G and each ¢y is singular p-dimensional Lipschitz simplex. Let
Cp(M;G) be the group of all p-dimensional Lipschitz chains over G modulo the
equivalence relation ~ such that s; ~ ss if and only if “s; and s triangulate the

same subset of M.” In the case G = Z, the integers, this can be made precise by

s1 ~ §o if and only if /w:/w
S1 S2

for all smooth p-forms w on M. (This defines Cp(M;Z), the general case can then
be defined by C,(M;G) = G @z Cp(M;Z).)

Assume that G has a translation invariant norm | - | (every finitely generated
abelian group has at least one). When G = Z. we will always assume that | - | is
the usual absolute value and when G = Z;, (the integers modulo ¢) then | - | will

always be taken to by |a| = min{|k| : ¥ € a}. Then define the variation measure
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[|s|| and the mass M(s) of s given by equation (2.3) by

(2.4) lIsll = > lgxlllex]
k

(2.5) M(s) = /Mldusu = 3 | M(er)
k

then C,(M; G) is a metric space with respect to the distance p(s1, s2) = M(s1—s2).
Whence R, (M, G), the group of rectifiable currents of degree p in M over the group
G, can be defined to be the completion of C,(M;G) with respect to the distance
function p. For our purposes we only need to know that each S € R,(M;G) has
associated with it a variation measure ||S|| and a mass M(S) (and if S = s is
of the form (2.3) these are given by (2.4) and (2.5)) such that for ||S|| almost all
x € M, S has a well-defined p-dimensional approximate tangent space T, (S) which
is a subspace to T, M (see [8, chap. 4].)

We now summarize the part of the variational theory of currents we need. Let
V be a smooth vector field on M and let o be the flow (or one parameter pseu-
dogroup) of V. Then for small ¢ we can deform S € R,(M,G) along the flow of V
to get a new current oy, S. If S = s is given by (2.3) then

(2:6) PhS=) guel oc
k

Definition An element S € R,(M,G) is minimal (or critical) if and only if for

every smooth vector field on M,
2.7) i‘ M(PY.8) =0
' dt 1t=0 Pre) =
It is stable if and only if for every smooth vector field V' there is a 6 > 0 such that

(2.8) M(pi, §) = M(S)

For stable currents S there is the stability inequality

J2

dt? li=o
The fundamental result on the existence of stable current is due to Federer and

Fleming [10] when G = Z and Fleming [11] for finite G. They define a subgroup

Z,(M,Q) of R,(M,G) (the group of integral currents in M over G) and boundary

operators 0 : Z,(M,G) — Z,—1(M,G) (which coincides with the usual boundary

operator on the singular p-dimensional Lipschitz chains) such that 9 0 9 = 0.

(2.9) M(p1. 8) > 0
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They then show there is a natural isomorphism of the homology groups H,(Z.(M, G))

with the singular homology groups H,. (M, G). The basic existence theorem for sta-
ble currents is then the following, which gives a deep relation between geometry,

topology and the calculus of variations.

Compactness Theorem (Federer and Fleming [10] and Fleming [11]). . Let M
be a compact Riemannian manifold and G a finitely generated abelian group. Then
every nonzero homology class o« € Hy(Z,.(M,G)) = H,(M,G) contains a stable
element of R,(M,G). In fact there is an S € « of least mass in the sense that
0 < M(S) < M(S') for all 8" € a (and this S is clearly stable).

Corollary. (Generalized principle of Synge). If there are no nonzero stable currents
in Rp(M,G) then H,(M,G) =0. If p=1 and G = Z then not only does H,(M;Z)

vanish but M is also simply connected.

Proof. All of the corollary except the statement about M being simply connected
follows at once from the compactness theorem. If 71 (M) # 1 then, as is well known,
every free homotopy class of loops in M contains a closed geodesic of minimum

length. This geodesic represents a stable current in R (M, Z). (|

To use the generalized principle of Synge to study the topology of a Riemannian
manifold a method of relating the geometry of the manifold to the nonexistence
of stable currents is needed. This is provided by the first and second variation
formulas for the mass integrand. First some notation is needed. Let V be the
Riemannian connection on M defined by the Riemannian metric on M. For any
smooth vector field V on M define a tensor field of type (1,1) (i.e. a field of linear
endomorphisms of tangent spaces) by

(2.10) AV (X) =VxV

Extend A" to the full tensor algebra as a derivation. Then A" is given on decom-
posable element of AP(T, M) by

p
(2.11) AV(@r A Nap) =Y aa A NA B A Ay
=1

If S € R,(M,G) and z is a point at which S has an approximate tangent space
then set

H
Sz=e1N---Nep

where {e1,---,ep,} is an orthonormal basis of T,,(S). (This is only well-defined
up to a sign, but in all the formulas in which 3 appears are invariant under the
substitution e; A---Aep — —e1 A---Aep.) The first and second variation formulas

(due to Lawson and Simons [22]) are
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(2.12) Gl Mets = [ i@ Sas|
(2.13)
2

:/ (—(AVE, 82 AV AV E, )+ |AV S| + (Vv AV) S, $)) |l
M

If the linear map AY is self adjoint for all z then ||AV§| 1> = (AVAV?, ?) and
the second variation formula can be rewritten as

d2

@

- / (A, S 42AY A7 F, T + (Ve d") S, Sy dlls]).
M

M. S)

t=0

(2.14)

It is convenient to introduce some notation for the integrand in the second vari-
ation formula. Let g(,) = (,) be the metric on M. Then for any nonzero
decomposable p-vector £ = e; A---Ae, tangent to M and any vector field V' on M
define V(V,&; g) to be the integrand in (2.13), that is

(2.15)
g(Avgvf)z g(AVAV§’£) g(AV§’AV€) g((VV,AV)f,f)
V. & — _
YWEIE e T o T g€ T 6@
If g(, ) is written as ( , ), ||¢|| = 1 and the dependence on g is suppressed from

the notation this becomes

(2.16) V(V,€) = —(AV€,€)% + (AV A€, €) + ||AVE|] + (Vv AV, €)

and if AV is self-adjoint

(2.17) V(V,€) = (AYE,€)* + 2(AY AVE &) + (Vv AY)E,€) .

Definition. A finite set {V1...Vy} of smooth vector fields on the Riemannian
manifold (M,g) is universally mass decreasing in dimension p on (M,g) if and
only if for every nonzero decomposable p-vector & = ey A--- A e, tangent to M

¢
(2.18) > V(Vi,&9) <0
i=1
Theorem 9. Let (M, go) be a complete Riemannian manifold and assume there
is a set of vector fields {V1,--- ,Vi} on M that are universally mass decreasing in
dimension p on (M, go). Then (M, go) has no stable currents in R,(M,G) for any
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finitely generated abelian group G. Thus if M is compact H,(M,G) =0 and if M is
compact and p = 1 then M is simply connected. Moreover there is a neighborhood of
go in the C? topology (if M is not compact we must use the strong C? topology see
[16] for the definition) such that for every g in this neighborhood the Riemannian
manifold (M, g) has no stable currents in R,(M,G).

Proof of Theorem 9. Let S be any element of R, (M, G) then from the definition of

a universally mass decreasing set of vector fields and the second variation formula,

4
ij)t_ (pV S / Z V(Vi,' S, o) dl|S]] < 0.

Thus, g—;h:o/\/l (i S) < 0, for some i. This contradicts the stability inequality
(2.9) and thus S is not stable. The results on the topology of M now follow from
the generalized principle of Synge.

To prove the last part of the theorem it is enough to show there is a neighbor-
hood U of gg in the C? topology such that for every g € U the set {Vi,---V,} is
still universally mass decreasing on (M, g). Let M(M) be the space of smooth Rie-
mannian metrics on M with the strong C? topology and let G, (M) be the bundle
of p-planes tangent to M. Consider the function on G,(M) x 9M(M) given by

¢
(2.19) (&9) = Y V(Vi,& 9).
i=1
If this is continuous then
¢
U={geMM):> V(V;,&g) <0 forall & € Gp(M)}
i=1

is the required neighborhood of gg. To show that the function given by (2.19) is
continuous it is enough to show that for any smooth vector field V' the function
(9,€) = V(V, &, g) is continuous.

Let z',...2" be local coordinates on M and let g;; = g(ai” 61:7) be the com-
ponents of g in this coordinate system. Let the Christoffel symbols ' Z-j be given as
usual by V =5 3‘; Sory U aa; . Then by a well known formula

.3

ij 5
(=1

ozt = Oz9 Ozt

1 ¢ 9ge; | Ogei  0gij
(2.20) b= gM(E Z).

(where [g%] is the inverse of the matrix [g;;]). If the vector field V is locally given
by V=30 v 82,; and the components (AY)? and (Vy.AY)J

2 ?

are given by

14 _ 1%
= (Y Za 7o (VWA g _Z(VVA ) 5

j=1 j=1
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then a little calculation shows that

Y n .
Vi _ k
(2.21) (A =5 +> kT,
k=1
M 8! n , ,
(2.22) (Vy AV = ka 8;2 + Z (akaf‘fd - aékaii),
k=1 k=1
where a/ = (AY)J. Indeed,
0 0 0
1% _ 14 %
(Vv A )&ri =Vy (.A (&r,’)) AV (Vy &Ti)
"0
_ i Y% _
o vEZ:l vk 525 (; K &cj) VVZEzl vk 52 ot V)
N L d
_ k9% ke )
= ‘;11} axk@ + ;l(agv Pk]w — v FkZVﬁV),
o= =
= k274 £ kFJ —a’ krz e —
; (kz_lv Dk +k§::1(aﬂ’ e — v L) E

Putting (2.20) into (2.21) and (2.22) and the result of that into (2.15) gives V(V, &, g)
as a rational function of the g;; and their first two derivatives. Thus V(V,¢,g) is
clearly a continuous function of g in the strong C? topology. This completes the
proof. [l

Using the trace formulas of the next section we will show latter (sections 4 and
6) that if M is any compact simply connected rank one symmetric space then there
is a set of vector fields Vi,...,V, on M that is universally mass decreasing in any
dimension p such that H,(M;Z) = 0. Using this along with The Main Theorem
yields

Theorem 10. Let (M, go) be a compact simply connected rank one symmetric space
with its usual metric. Then there is a neighborhood of gy in the C? topology such

that for any metric g in this neighborhood (M, g) has no nonzero stable currents

Rp(M,G) for any p with H,(M,Z) = 0.

Remarks. (1) The last theorem proves Theorems 1 and 3 of the introduction.

(2) The first and second variation formulas hold in the forms given by (2.12) and
(2.13) for arbitrary varifolds on M (see section 2 of [22]). Thus the Theorems
of this section can be extended to conclude there are no stable varifolds on M

in the appropriate dimensions.

3. TRACE FORMULAS FOR IMMERSED SUBMANIFOLDS OF EUCLIDEAN SPACE

In this section M™ will be an n-dimensional Riemannian manifold isometrically

immersed in the Euclidean space R®**™. We now fix our notation for the imbedding
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invariants on M. The normal bundle of M in R**™ will be denoted by T+M, the
Riemannian connection on M by V and the standard Riemannian connection on
R*T™ by V. Let h be the second fundamental form of M in R"*™. Then for each
r € M, h, is a symmetric bilinear map from T, M x T, M to T;-M. If X,Y are
vector fields on M then V,V and h are related by the Gauss equation

(3.1) VxY =VxY +h(X,Y)

where X ,Y are smooth vector fields on M. For each x € M and n € T;}M
let A7 be the Weingarten map for the direction 7. It is a self-adjoint linear map
A" T, M — T, M and is related to the second fundamental form by

(3-2) (h(x,y),n) = (A"z,y)

for x,y € T,M and n € T;-M. Denote by V* the induced connection on the
normal bundle, that is if 7 is a section of T+M and X is a vector field on M then
V+ x 7 is the orthogonal projection of VxY onto T+ M. It is related to A and V
by the Weingarten equation

(3.3) Vxn=Vtxn—A"X.

The connections V and V+ induce a connection V (the connection of van der
Wearden-Bortolotti) on all the tensor bundles constructed from TM and T+ M. In
particular A can be viewed as a smooth section of Hom(T+M, Hom(TM,TM))
and if X,Y are tangent fields on M, 7 is a section of T M then by definition

Vx(A"Y) = (Vx A)(Y) + AV (V) + A1(VxY)
so that
(3.4) Vx (A7) = (VxA)1 + AV x7

We identify all tangent vectors to R"™™ with elements of R**™ in the usual
way. If v is an element of R"*™ then define a smooth field v” of tangent vectors
on M and a section of T+M by

(3.5) vT (x) = orthogonal projection of v onto T, M.

(3.6) vt (x) = orthogonal projection of v onto T3} M.

Lemma 3.1. Let v € R"™™ and X € T(TM). Then
(3.7) AV = 4" and thus  AY s self-adjoint ,
(3.8) vVt x ot = —h(X,v1),

T

(3.9) Vyr AV = (TyrA)V — AT
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Also equations (3.7) and (3.9) hold when AV DAY and AR are extended
to AP(TM) as derivations.

Proof. The vector v € R™™ is identified with a parallel vector field on R?»*™
and thus Vx v = 0. By the Gauss equation (3.11) V,vT = (V,vT)T and by the
Weingarten equation (3.3) AV X = —(Vzvt)t. Thus

AVT(X) =Vxv' = (Vx(v- vJ‘))T =0— (Vxoh) = A" X

This proves (3.7). To prove (3.8) use (by (3.1)) (V01T = V0T,

Vyvt =Vxot =Vx (v —0T)=0— (Vxol)t = —h(X, 7).
To prove (3.9) use (3.7), (3.8), and (3.4)
Vyr (AY) = Vx(AV") = (Vyr )V + AV v
= (VyrA)Y" — AT,
The result about the extensions to AP(T'M) is straightforward. g

We now introduce some notation. If S € R,(M,G) then define Zs to be the
function on R™**™ given by

2
~ dli=o

It follows at once from the second variation formula (2.13) that Zs is a quadratic

(3.10) Ts(v) MY S).

form on R™"™. For each decomposable p-vector £ = e; A --- A e, tangent to M
define another quadratic form on R™ by

(3.11) Qe(v) =V(0",€),

where V(v,&) is given by equation (2.17). Then as AV is self-adjoint equation
(2.14) yields

(3.12) Ts(v) = /M Qs. () d|IS]|(z) .

Theorem 11 (Trace Formulas). With the notation just introduced

(3.13) trace(Zs) = /M trace(Qg. ) d||S]|(z).

and if S is stable then trace(Zs) > 0. If {e1,...entm} is an orthonormal basis
of R"™™ such that {e1,...,en} is a basis of TuM , {eni1,---,€nim} is a basis of
TEM and € =e1 A--- Ney, then trace(Qg) either of the formulas

n+m

(3.14)  trace(Qe) = > (= (ATEE) +2(A%ANE €) — (tr(A*)A%E €))

k=n-+1
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(here each A®* has been extended to NPT M as a derivation and tr(A) is the trace
of A% as a linear map A% : TM — TM) or

(3.15) trace(Q¢) = Z Z (2[|h(ei, e0)|]* — (hlei, €:), h(es, €0))).

i=1 f=p+1

Finally if &+ = ep1 A+ Aey, there is a duality
(3.16) trace(Q¢) = trace(Qer).

Corollary. Let M™ be a complete Riemannian manifold isometrically immersed in

Rtm™,

(a) If for some p the inequality trace(Qe¢) < 0 holds for all unit decomposable p-
vectors £ = ey A --- A ep tangent to M and {v1, - ,Untm} is an orthonormal
basis of R"™™ then Vi = v, -, Voym = vl is a set of vector fields which
is universally mass decreasing in both dimension p and dimension n —p. Thus
there are no stable currents in R, (M, G) for any finitely generated abelian group
G. In particular M has no closed stable minimal submanifolds of dimension p
orn — p.

(b) If in addition to the hypothesis of (a) M is also compact then H,(M,G) =
H,(M,G)=0andifp=1orp=mn—1 then M is simply connected.

(c) If M is compact and the hypothesis of (a) hold for 1 <p < & or for & <p <
n — 1 then M 1is a topological sphere.

Remarks. (a) In some sense this result is as sharp as passable for we will show in
section 6 that there is an isometric immersion of the real projective space RP™
into a Euclidean space in such a way that trace(Q¢) = 0 for every decomposable
p-vector tangent to RP™ and all 1 < p <n —1. But H,(M,Z3) # 0,1 <p <
n — 1. Thus R,(M,Zy) contains stable currents (in section 7 we will show
that the natural imbedding of RPPP into RP" is stable viewed as an element of
Ry(M,Z).)

(b) As with the results in the last section both Theorem 11 and Corollary 3 can be
extended to varifolds.

(¢c) We note that when M is not compact that Corollary 3 (a) does not rule out
the existence of noncompact stable minimal submanifolds N of M, where in
the noncompact case stable means that for every compact subset K of M and
every smooth vector field V supported in K that vol(K N}, N) > vol(K N N).

(d) In the case that M™ is a submanifold of the sphere S"*™~1 C R"*™ then the
trace formula (3.15) is in the paper of Lawson and Simons [22].

Proof of Corollary 3 from Theorem 11. If {v1, -+ ,Up4+m} is an orthonormal basis
of R**™ then

n+m n+m

trace(Q¢) = Z Qe(v;) = Z V!, ¢
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and thus if trace(Q¢) < 0 for all unit p-vectors ¢ tangent to M then v{,--- vl
is clearly universally mass decreasing in dimension p ( and also in dimension n — p
by the duality (3.16) ). Therefore parts (a) and (b) of the lemma follow from the
Main Theorem 9. To prove (c) note that the hypothesis, along with (b), imply that
m(M) =1 and H,(M,Z) = 0 for 1 < p < n — 1. The Hurewicz Isomorphism
Theorem [33, p.393-400] then implies M is a homotopy sphere. Therefore M is a
topological sphere (classical for n = 2, Smale [32] for n > 5, and Friedmann [12]
for n = 4). When n = 3 equation (3.18) below implies the Ricci tensor of M is
positive and a result of Perelman [26, 27] or Hamilton [15] implies that any simply
connected three dimensional manifold with positive Ricci tensor is diffeomorphic to
the Euclidean sphere S3. This completes the proof. (]

Proof of Theorem 11. . By the second variation formula (2.14) (recall AV" is self-
adjoint by Lemma 3.1)

d2
Is(0) = ], M@ S) = [ VT Sdislia = [ Qsidlsy.

Therefore equation (3.14) follows by summing the last equation over any orthonor-
mal basis of R”*™ We now compute trace(Q¢). Let {e1, -, éntm } be an orthonor-
mal basis of R"*™ chosen as in the statement of Theorem 11. Then using equation
(2.17) and lemma 3.1

n+m n+m
trace(Q¢) = Z Qc¢(e;) Z V(el,¢)
i=1
n+m

Z (A E,€)% + 2(A ATE €) + (Voo A% )E,E))

n+m n+m

= D (AT E L)+ 2AT AT EE) + (Ver A 6,6) — D (AMTeDg g

i=1 =1

n+m n
= Z (—(Aek€,§>2+2<AekAﬁk§ £)) Z (APeeg ¢y
k=n+1 i—1

Also,

n n+m

Z<Ah(ei,ei)€7£> Z Z <A<h(ei,ei),ek)ek€’§>

=1 i=1 k=n+1

n+m n

D) (hlei e, en)(AE, )

k=n+1 i=1

n+m n

D) (A%ei ) (A€

k=n+1i=1

n+m

Z trace( A" ) (A*E, &)

k=n+1
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The last two equations imply (2.14). We now prove (3.15) from (3.14). First

n+m n+m p 2
- Z(Aekgg Z ( <el/\~-~/\A€’“e¢/\~-~/\ep,61/\-~-/\ep>)
k=n-+1 k=n-+1 =1
n+m P 2
Z (Z (A%e; ;) )
k=n-+1 =1
n+m
Z Z ke, ,e;)(A%e; , ej)
k=n+11,7=1
P n+m
— =3 S (lerea), en)(hles se5), ex)
i,j=1 k=n+1
p
== Z <h(eivel)7 h(ej 76J)>
ij=1
Second
n+m n+m
2 (ATATE ) =2 ) (A*E, A
k=1 k=1
n+m P
=2 Z Zel/\ Ae’“ei/\---/\eP,Zel/\--~/\Ae’“ej/\---/\ep>
k=n+1 i=1 Jj=1
n+m n+m
=2 Z Z (A%e;,e;)(A%ej,e5) + 2 Z Z (A% ey e4)?
k=n+11,j=1 k=n+1 1<i<p
p+1<t<n
P n+m n+m
— Z Z h(ei,e),er)(h(e;,e;), ex) + 2 Z Z (e, €0), >2
1,7=1k=n+1 1<i<p k=n+1
p+1<L<n
p
=2 Z <h(ei76i)’h(ejvej)> +2 Z Hh(ehef)”Z
ij=1 1<i<p

p+1<L<n
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Third
n+m
=Y (A A )
k=n-+1
n+m n p
=— Z Z(Ae’“et,et><Zel N NA%*e; N Nep,er A+ Aep)
k=n+1t=1 i=1
n P n+m
= Z Z Z <h(et >et)’ ek> <h(el ) ei)’ ek>
t=1 i=1 k=n+1

I
M=
M~

<h(et ) et)’ h(ei ’ 61)>

=1 i=1
- _ Z (h(e;,ei),hie;,ej)) — Z (h(e; e:), h(egeq))

p+1<t<n

Using these in (3.14) yields (3.15). Finally (3.16) follows at once from (3.15). This
completes the proof. O

We close this section by giving a lower bound on trace(Q¢) in terms of the
sectional curvatures of M. This will show that Theorem 11 and Corollary 3 can
only apply to get results on the topology of a manifold if M is positively curved
in the sense that the sum of sectional curvatures (without the minus sign) on the
right of (3.17) is positive.

Proposition 3.1. With the notation used in Theorem 11 let {e1, -+ ,en} be an
orthonormal basis of T, M and set & = ey, \--- ANey. Then

trace(Q¢) = — Z K(ei,er) + Z Ih(es o)l

1<i<p 1<i<p
p+1<4<n p+1<i<n
(3.17)
Z - E K(el ) el)
1<i<p
p+1<0<n

where K (e;,ey) is the sectional curvature of the two-plane spaned by e; and ey. Let
Ric( , ) be the Ricci tensor of M. Then if p=1 (3.17) becomes

(3.18) trace(Q¢) > —Ric(er, e1)

and if p =n — 1 it becomes

(3.19) trace(Q¢) > — Ric(en, e,,)
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Proof. The Gauss equation is

K(ei,ee) = (hles, ei), hlee, eq)) — |h(es, ee)l]*.
Using this in (3.15) yields (3.17). Equations (3.18) and (3.19) now follow from the

definition of the Ricci tensor. O

4. APPLICATIONS TO THE TOPOLOGY OF HYPERSURFACES

In this section we will apply the results of the last section to the case M™ is
an immersed submanifold of the Euclidean space R*t!'. We assume that M has
the induced metric and that it is complete. Fix a unit normal field n along M.
We do not assume that n is continuous as we do not wish to assume that M is
orientable. Let kq,--- ,k, be the principal curvatures of M corresponding to the
choice of . That is k1, - - -k, are the eigenvalues of the Weingarten map A,,. Order
the principal curvatures so that

Theorem 12. Let 1 <p<n-—1 and set g =n —p. Assume that at every point of

M the principal curvatures of M satisfy

(a) 0 <ki+---+k
(b) kg1 +-+ky <ki 4+ ky+h+-+ k.

Then for any decomposable unit p vector & =e1 A--- Aey, tangent to M
trace(Q¢) = trace(Q¢1)
(4.1) < kit +kp) (ki +ky+t i+t kg — (kg1 + -+ kn))

< 0.

Therefore there are no stable currents in Ry(M;G) or Ry(M;G) for any finitely
generated abelian group G. If M is compact then H,(M,G) = Hy(M,G) =0 and if
alsop=1orp=mn—1, M is simply connected. If (a) and (b) hold for 1 <p < %
or g <p<n-—1then M is a topological sphere.

Proof. Once the inequality (4.1) is proven everything else follows from Theorem 11
and its corollary. Write A for A". Because A is self-adjoint there is an orthonormal
basis {v1,--- , v, } of T, M such that Av; = k;v;. For each sequence I = {i1,...,ip}
with 1 <y <+ <idp <nlet vy =vy A+~ Awvy, and kf = k;, + -+ k;,. Then

(42) AU] = k‘ﬂ}]
and {vs} is an orthonormal basis of AP(T,M). Write ¢ in terms of the basis {v;}

(43) §=wal.
1
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Then
I

and Y ;2% =1 as £ is a unit vector. Thus (A, &) is a convex combination of the
kr’s so that

Ry 4k <(ALE) <kgpr + -+ k.

Using the formula (3.14) for trace(Q¢), that by (a) k;r > 0 for all I, equation (4.3)
and the last inequality

tI‘aCG(Qg) = _<A§7 £>2 + 2<AA€7 §> - <tI‘(A)A§,€>
((— (A& A+ 2AA — tr(A)A)E, €)

= ((— (A& A+ 24A — tx(A)A) > xpvr, Y xvy)
I J

=3 (— (A& ks + 2kF — tr(A)ks) a7

= Z (— (A&, &) + 2kr — tr(A))kra?

I
<Y (=it + )+ 20k + oK) = (ka4 + k) o
I

=—(kit- -t hpthit kg — (bgar+- +ka)) Y kra]
I

S*(kl+"'+kp+k1Jr"'+kq*(kq+1+"'+kn))(k1+"'+kp)
< 0.
This completes the proof. O

In light of the Conjectures in the introduction it is of interest to relate the last
result to the intrinsic geometry of M.

Definition 4.1. Let 0 < 6 < 1. Then a Riemannian manifold M is pointwise
d-pinched if and only if at each point of M there is a positive real number r(z) such
that for every two-plane P tangent to M at x

or(z) < K(P) <r(zx)

where K (P) is the sectional curvature of the two-plane P.

Theorem 13. Let M™ be a complete Riemannian manifold isometrically immersed
in R as a hypersurface. Let 1 < p < 5 and set g =n —p. Then

(a) If M is pointwise d-pinched for some § satisfying

(4.4) n?6* — (p* —1)0 —1 >0,
in particular, if
2 2 .2
(4.5) = 4 I P

w R
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then M has no stable currents in R,(M,G) or Rq(M, Q) for any finitely gen-
erated abelian group G.
(b) If n = 2k+1 is odd and M is pointwise 6-pinched for § greater than the positive

root of nx? — (k? — 1)x — 1 =0, in particular if

>1 4k3 — 11k%2 — 12k — 3
4 42k +1)2(k2 + 1)

(4.6) 5

5 = X works when k > 4) or if n = 2k > 4 is even and M is pointwise §-
1
pinched for & greater than the positive root of n*x? — (k* —1)z?> —1 =0, in

particular, if

1 3 1 3
4.7 0>-4+——— ==t
(47) —4+4(k2+1) 4+n2+4
then there are no stable currents in R,(M;G) forp=1,--- ,n—1.

(c) If M is pointwise §-pinched for
1 3
0=+ ——
4 + n?+4

n > 2, then M is diffeomorphic to a sphere.
Lemma 4.1. Letn > 3 and 0 < k1 < ky < --- < k,, be n positive numbers.

Assume that for somer > 0,0 <0 <1 that or < kiky <r forl <i<j<n. If
1<p<n-—1andqg=n—p then

(4.8) n?6% — (p?* = 1)6* —=1>0
implies
(4.9) kg1t thkp <ki+- 4k +khi+-+ kg

Proof. Recall the inequality
1 1 9
D wiry < gzt e
(5) 1<i<j<k
This implies
1 1 1
r(s:T) msg(T S kiky < (k44 k)2
2/ 1<i<j<p 2/ 1<i<j<p
Therefore pm < ki +---+kp,. Likewise q\/ri& <ky+---+ky Hence
(4.10) VIV =pVrd + qVrd <k + ook ko + kg

Asn >3
g2 _ Fnkiknky rer v
" k1ko —rd 1)
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and if i < n,k? < k;k;1 <r. Thus

(kg1 4+ ka)? =kl + -+ k242 > kik;

1<i<j<p

(4.11) <(p-1Dr+ g +p(p—1)r

1
= (@ -1+ 3)7"
The two inequalities (4.10) and (4.11) show that (4.9) is implied by

1
Vrypt =1+ 3 < n/rvo
and this inequality is easily seen to be equivalent to (4.8). O

Lemma 4.2. Ifp < 5 and

2 2 _ 2
p n-—p
4.12 0=+ ——F—
(4.12) w2 n?(p? +1)
then

n?6% — (p* —1)6 — 1> 0.

Proof. Let the convex function f(x) = n?2? — (p? — 1)z — 1. Then the tangent line

to y = f(z) at the point where z = sz is
2 2
p _ 2 p

The graph of y = f(z) lies above any of its tangent lines and f (Z—z) # 0. Therefore
if § is the z-intercept of the line (4.13) then f(J) > 0. But the a-intercept of (4.13)
is easily seen to be given by (4.12). This completes the proof. O

Proof of Theorem 13. If ey, --- , e, are the eigenvectors of A" at x € M, say A"e; =
kie;, then the Gauss equation yields that k;k; is the sectional curvature of the two-
plane spanned by e; and e;. Therefore part (a) of Theorem 13 follows from the last
two lemmas and Theorem 12. To prove part (b) first assume n = 2k + 1 is odd and
that p < Z. Then p < k. Thus

n?6% — (p* —1)0 —1>n%6* — (K> —1)§ — 1

and so if § is greater than the positive root of n?z? — (k* — 1)z — 1 = 0 then the
hypothesis (4.4) of part (a) hold for 1 < p < %. Whence there are no stable currents
in Rp,(M,G) for 1 <p<n-—1 Ifwelet n=2k+1,p=Fkin (4.5) then the result
is given by (4.6). This completes the proof of part (b) in the case n is odd. The
proof when n is even is similar. The hypothesis (4.4) of part (c) implies that M
is a compact manifold with pointwise %-pinched sectional curvature. For n > 4
by [5, Theorem 1], M admits a metric of a constant curvature and therefore is
diffeomorphic to a spherical space form. By (b), M is simply-connected and hence



ON THE EXISTENCE AND NONEXISTENCE OF STABLE CURRENTS AND TOPOLOGY 23

is diffeomorphic to a sphere. For n = 3, the result follows from [15, 26, 27], and for
n = 2, the result is classical. [

5. TOPOLOGICAL VANISHING THEOREMS FOR SUBMANIFOLDS OF EUCLIDEAN
SPACE

In this section the generalized Synge lemma and the trace formulas of Theorem 11
will be used to study the topology of compact immersed submanifolds of Euclidean
space. At least part of the motivation for this is the classical theorem that if M™
is a compact immersed submanifold of R that is totally umbilic (that is each
of the Weingarten maps A" is proportional to the identity map) then M™ is the
standard imbedding of a sphere of constant sectional curvature into R**+! ¢ R*+™,
It is therefore reasonable that if the immersion is close to being totally unbilic then

M is a topological sphere. Among other things we will make this precise.

For the rest of this section M™ will be a compact Riemannian manifold isomet-
rically immersed in R**™. For each z € M we split the normal bundle T;- M into

an orthogonal direct sum

(5.1) T;M = E! & E?

with dim(E}) = my ,dim(E?) = my and m; +mso = m. It is not necessary for this
decomposition to be smooth, however in all the applications we have in mind this
will be the case. Now we split the second fundamental form h of M in R**™ into

two pieces

RL(X,Y)=E!
R2(X,Y) = E? component of h,(X,Y).

component of h,(X,Y)

It follows easily that
|R(X, V)12 = ([P (X, V)12 + [[R*(X, V)| ?
and
(h(X, X),h(Y,Y)) = (B (X, X),h' (Y, Y)) + (h*(X, X), (Y, Y)).

Therefore if {e1,- - , ey} is an orthonormal basis of T, M, { = e1A---Aep, g =n—p
and T¢" is defined by

n

T2 =Y S (2 enenl - e 1 erc0)

i=1 =p+1

for a = 1,2. Then, with the notation of Theorem 11,

(5.2) trace(Qe) = T¢ ' (h') + T (h?) .
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If {€n41,"** ,€ntm} is an orthonormal basis of E} and A is the Weingarten map
of M in R™™ then the calculations in the proof of Theorem 11 which show the

equivalence of equations (3.14) and (3.15) also show

n+mi

(5.3) TPURY) = > ( — (A®E,€)2 + 2( A% A€, €) — (trace(A%) A€, §>> .
k=n+1
For each € M define a “quasi-norm” [|-||,,q on the space of symmetric bilinear

maps from T, M x T, M to ES ,a=1,2 by

(5.4) HBH§H==Sgple”(B)L
where the supremum is taken over all decomposable p-vectors { = e A---Ae, with
e1,--- ,ep orthonormal. In section 4 of [22] it is shown that
(5.5) B2, < masx {1, Y0 1|3
where || - || is the standard norm given by
IBII> = [IB(ei, )|
i,j=1

We thus have the following inequalities
trace(Q¢) = Tg’q(hl) + Tf’q(h2)
S TP + (1025
, v DPq
< TPI(RY) + max{1, T}||h2||2.
This, along with the results of sections 2 and 3, imply

Proposition 5.1. Let M™ be a compact Riemannian manifold isometrically im-
mersed in R, With the notation of the last paragraph, if for all unit decompos-

able p-vectors § = e1 A--- Aep tangent to M either of the inequalities

(5.6) W25 < =TE(hY)
or
pq
(5.7) max{l, ‘/T»}HhQHQ < ~TPI()

holds then for any finitely generated abelian group G, H,(M,G) = Hy(M,G) =0
and if p=1orp=n—1 M is also simply connected. If (5.6) or (5.7) holds for
1<p<35org<p<n-—1then M is a topological sphere.

To make use of the last proposition to get results about the topology of a compact
immersed submanifold of R®*™ it is only necessary to find an orthogonal splitting
T;M = E; @ E2 such that h' is well behaved in the sense that T%(h') < 0 and
h? is small relative to h'. Then (5.7) will hold. As an example we make precise our
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remarks on the topology of submanifolds of R"™™ which are close to being totally
umbilic.

Recall that if 7 is a unit section (i.e. ||n|| = 1) of the normal bundle of M™ then
the principal curvatures k1(n) < --- < ky(n) corresponding to n are the eigenvalues
of A". For a unit section n of T M let

B (X,Y) = orthogonal projection of h(X,Y) onto n* .

We remark that M is totally umbilic if and only if there is a unit section n of T+ M
such that for all z € M, A"(®) = r(z)1d for some r(z) > 0 and hi = 0.

Theorem 14. Let M™ be a compact immersed submanifold of R*"T™, and let 1 <
p<n—1. Set ¢ =n —p and assume there is a unit section n of T-M such that
at all points of M (setting k; = k;(n))

(a) ki 4+---+k, >0

(b) kgpr+ -+ kn <ki 4 +ky+ki+- 4k,

(c) one of the two inequalities

(5.8) [[B7]12, < (ki -+ kp) (k1 + -+ kp+ ki + kg — (kg1 + - + k)

(5.9)

max{l,@}nhr#”z < (k1+~-~+k:p)(k:1+~-~+k’p+k1+-~-+kq—(kq+1+~-~+k‘n))

holds.

Then H,(M,G) = Hy(M,G) =0 andifp=1 orp=mn—1, M is simply-connected.
If (a), (D), (c) hold for 1 <p < & (or 5 <p <n—1), then M is a topological sphere.

Proof. In the last proposition let El = span{n(x)} and E? = orthogonal comple-
ment of span{n(x)} in T;- M. Then using equation (5.3)

TPI(h') = —(A"€,6)* + 2(ATATE, €) — trace(A") (A", €)
<—(ki4- A+ k) (ki Ak + k4 kg — (kg1 + -+ kn))

where the proof of the inequality is the same as the proof of the inequality (4.1).
The result now follows from the last proposition. ([l

Remarks. (1) In the results of the last paragraph if we take M™ to be an immersed
submanifold of S"*™~! = {z € R*™™™ : ||z|| = 1} and take 7 to be the inward-
pointing unit normal to S™"*™~! then A7 is the identity map on T'M and h7" is the
second fundamental form B of M in S"~1. The conditions of part (c) then become
IBI2,
of paragraph 4 in Lawson and Simons. [22]. (Note that due to the subsequent
results of Perelman [26, 27] or Hamilton [15], and Freedman [12] that the corollary

to their theorem for n > 5 can be strengthened to the conclusion that ||B|? <

< pq or |B||* < min{pg,2,/pq}. Therefore our result implies Theorem 4
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min{n — 1,2y/n — 1} implies M™ is homeomorphic to a sphere for all n. In fact, M

is diffeomorphic to a sphere.)

(2) In light of the last remarks and the examples in section 4 of [22] it follows
that Theorem 14 is sharp in the sense that if pg > 4 there is an imbedding of
M = SP(r) x S4(s) (r? = \/p\f\/ﬁ’ 2= \/ﬁ\ﬁ/&) into R"*2 and a smooth section 7
of T+ M so that (5.8) and (5.9) both hold with “<” replaced by “<” but neither

H,(M,G) nor Hy(M,G) vanishes.

(3) As another application of the above formulas we extend Theorem 12 to the

case of hypersurfaces in simply connected manifolds of positive constant sectional
curvature. For any real number ¢ let R™(c) be the complete simply connected
Riemannian manifold of constant sectional curvature ¢ and dimension n. If ¢ > 0

then R™(c) = S™(r), the sphere of radius r = ﬁ in R+

Applying the same technique as before, one can prove the following:

Theorem 15. Let M™ be a compact hypersurface in R"T'(c) where ¢ > 0. Let
ki <--- <k, be the principal curvatures of M™ in R""1(c) and 1 <p<n—1. Set
q=mn —p. Assume that at each point of M™ that

(a) ki+---+k,>0

(b) kgpr+-+kn <ki+--+hky+ki+-+kq

(c) (kl+"'+kp)(k1+"‘+kp+k1+"'+kq—(kq+1+"'+kn)) < pge.

Then H,(M,G) = Hy(M,G) =0 and ifp=1 orp=mn—1, M is simply connected.
If (a) and (b) hold for 1 <p < % or § <p<n—1, then M is homeomorphic to a

sphere.
Problem. Find an extension of the last theorem to the case where ¢ < 0.

Let M™ be a submanifold of the Riemannian manifold Mmrm and let h be the
second second fundamental form of M™ in T, Then the mean curvature vector
H of M in M is defined to be

1 1 —
Hx =—t hx = hx iy €4
- race(hy) ; 1 (es,€)

where {e1,...,e,} is an orthonormal basis of T, M. It is well known that n||H,||*> <
||h||? with equality if and only if M is totally umbilic in 7 at z. Thus if M =
R™*™ and equality holds at each point of M then M™ is isometric to a sphere.
Conversely we will show that if M = R"*™ that (n — 1)||h||?> < n?| H||* implies M

is a topological sphere.

Lemma 5.1. Let v;j, where 1 <i,j <k be k* vectors in an inner product space.
Then,

(5.10)

2 k
<k > ol

4,j=1

k
g Vig
i=1
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with equality if and only if vi; =0 fori# j and vi1 = -+ = Vky.

Proof. This follows from the easily verified identity

k k 2 k
1
B il = Y oa| = 5 D llvis — vyl +E Y llvig 1> >0
ij=1 i=1 ij=1 i)
O
If {e1,...,e,} is an orthonormal basis of T, M and § =e3 A--- A ey,

¢t =epi1 A+ Aey, then define hle to be the restriction of h to span{es, ... e,} ¥
span{ei, ..., ey} and hle1 similarly. Clearly

n

p
(5.11) Rlel® =D htes, eI, 1Pl =D k(e es)]

i.j=1 ts=p+1

and
(5.12) 1Blell® + [1hle (1 < R[>

Proposition 5.2. With notation as above let ¢ =n — p. Then

2
D,q < 2 2 p_ 2 a_ 12
(5:13)  TPUR) < B2 = S HIP + (5 = 1) Inlell® + (5 1) Il 1™
Ifi<p<g
1
(5.14) T2(h) < 5(allbl? — v H]?).

Proof. Write hij = h(e;,e;). Then [|h]|> = Y77, [|hs||* implies that

n

p
(5.15) 203 kel P =1R1Z = D Mhasl* = > llhesl

1<i<p ij=1 ¢,s=p+1
p+1<l<n

and squaring

n D n
nHZtht:Zhii-i- Z e
t=1 =1

L=p+1
implies
P n
<th Z hee> Z (hiis hee)
i=1 l=p+1 1<i<p
</t<n
(5.16) prists ,
2 p 2 n
_”7HH||2_1 Zh,, 1 Z h
- 2 2 ||4 i 174
i=1 l=p+1
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In the following we use (5.10) (several times), (5.15), and (5.16).

T4 (h) = Z (2l[hiel|* = (hiiy hee))

1<i<p
p+1<L<n
n? P " 1< ? i
=||h\|2—7IIH||2— Z [ |1* — Z [esl® + 5 Zh” Z hee
i,j=1 l,s=p+1 i=1 {=p+1
2 2
n? 1 1 P 1 1 "
<|h|?>==|H|?+(-=+= hi; —Z 4= h
<t =g (0 5) [ + (-5 +3) PRz

n

n? 1
< Il = P+ (- + )pznh”? (-2+3) X lhel?

n? p q
= 10l2 = S + (5 = 1) Inlell® + (£ 1) Il |12

The use of (5.10) in the second inequality is allright even in the case that

(—% + 1) (or (—% + 1)) is negative for in that case p = 1 (or ¢ = 1) and equality
holds in (5.10). To prove (5.14) note that 1 < p < % implies £ < 4. Thus using
(5.13)

2
D,q < 2 n” 2 p 2 q9 2
T2 < )2 = SHIEI + (5 = 1) IAlel2 + (£ - 1) 1Ae- |
BIZ = I 4 (L= 1) (UBlell® + Al 12
102 = S I + (= 1) (bl + lIBle 1)
1
5 (allnl2 = n2 | H]?).

IN

IN

O

Theorem 16. Let R"™™(c) be the complete simply connected Riemannian man-
ifold of constant sectional curvature ¢ > 0 and let M™ be a compact immersed
submanifold of R"*™(c). Let 1 < p < % and ¢ = n — p. Assume that the mean

curvature vector H and the second fundamental form h of M satisfy
(5.17) qllpl* < n®||H|* + 2pge

at all points. Then Hy(M,G) =0 for p <k <n—p. If (5.17) holds when p =1

then M is homeomorphic to a sphere.
Problem. Does Theorem 16 also hold when ¢ < 0%

Proof of Theorem 16. In the case ¢ = 0 then R"™™(¢) = R™™™ and the trace
formulas of section 3 apply. Thus for any decomposable unit p-vector £ we have by
(5.14) that

trace(Qg¢) = T (h) < 5 (qllh]|* — n®||H|*)

l\D\H
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so the result follows from Corollary 3. In the case ¢ > 0 let r = % and let S"T™(r)
be the sphere of radius r. Then M™ C R"*™(¢) = S"tm(r) C R** ™+ Let h
be the second fundamental form of M in R**™+1 and h; the restriction of the
second fundamental form of R"™™(¢) = S"*™(r) to TM. Then if 7 is the inward-
pointing unit normal along S"*t™(r) that hi(X,Y) = ¢(X,Y). It follows that
T (h1) = —pgc for all decomposable p-vectors ¢ tangent to M. Also, h=nh+h
and the ranges of h and h; are everywhere orthogonal. Thus, by equation (5.2), for
any decomposable p-vector £ tangent to M

trace(Q¢) = T (h) + T (h1)

= Z Z <2||h eirer)|)? — <h(€i7ei),h(eg,@e)>Rn+m(C)) — pqc
(5.18) =1 f=ptl

1
< §(q||h\|2 —n?|H|) — pge <equality holds in (5.10))

<0

and now the result again follows from Corollary 3. O

Remark 5.1. The constants involved in Theorem 16 are the best possible as we now
show. Assume ¢ > 0, letr—%anda,ﬁ>0vv1thoz + 3% =2 Let 1<p< 3%
and set ¢ = n—p. If M(a) = SP(a) x S9(B) C S"H(r) = R"*1(c) the calculatlons
show that on M («) that

2__ P q

1) = £+ 2 e
and
P 4
n?|H|? = = 5+ 05— n’c.
a?

If we take limits as o — r so that ? — ¢ we find

2 2
all? =P = 2+ = qne— 25— 25 e

- (pq —qn —p* +n”)e = 2pge.
But H,(M(«),G) # 0. Thus it is impossible to make the constants 2pge or n? any
larger or ¢ any smaller in (5.17) and still have the conclusion of Theorem 16 hold.

Similar examples also work when ¢ = 0.
In the process of proving Theorem 16, we have proved the following:

Corollary. With the notations M™, R""™(c), and h of Theorem 16, if for 1 <
p<73andg=n—p,

(5.19) D3 (2|h erreo)|? —<h<ei,ei>,h<ez,ee>>) < pgc

i=1 {=p+1
at all points where {e1, -+ ,en} is an orthonormal basis of T,M, then (a) there
are no stable currents in Rp,(M,G) or Rq(M,G) for any finitely generated abelian
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group G. In particular M has no closed stable minimal submanifolds of dimension
porn—p. (b) H(M,G) = Hy(M,G) =0andifp=1o0orp=n—1 then M
is simply connected. (c) If (5.19) holds for p =1 or forp = n —1 then M is a
topological sphere. Furthermore, when n = 2 orn = 3 M is diffeomorphic to a

sphere.

Proof. In the case ¢ = 0, the result follows from Corollary 3. In the case ¢ > 0 let

r= % Then M™ C R (¢) = S"t™(r) C R+ Tt follows from (5.18) and
c

the assumption (5.19) that

trace Qf Z Z (2||h €i; €L H 7< (6iaei)vh(efaef»lR”’*m(c)) —pge < 0.

i=1 L=p+1

Now the result again follows from Corollary 3. O

Theorem 17. There is a C? neighborhood U of the standard metric go on R"T™(c),
¢ > 0 such that if M"™ is a compact immersed submanifold of (R"t™(c), g) with the
mean curvature vector H and the second fundamental form h satisfying (5.17) for

some g € mathcalU, 1 <p < g, and q=n—1. Then

(a) M has no stable p-currents or (n—p)-currents over any finitely generated abelian
group G,

(b) H(M,G) = Hy(M,G) = 0 and if p =1 or p = n— 1 then M is simply
connected, and

(c) If (5.17) holds for some g €U andp =1, i.e.

(5.20 I < R + 2
’ n—1 ’
then M is diffeomorphic to S™ for all n > 2.

Proof. Case 1: g = go. The assertions (a) and (b) follow from Theorem 16. The
assertions (c), when n > 4 follows from Huisken [19] and B. Andrews [2] for codi-
mension m = 1, and J. R. Gu and H-W. Xu [14] for arbitrary codimensions m > 1.
When n = 3, the Gauss equation, or (3.18) and (3.19) imply that M has positive
Ricci curvature and hence by a Theorem of Hamilton, M is diffeomorphic to S3.
When n = 2, M is diffeomorphic to S2. This follows from the Gauss- Bonnet
Theorem.

Case 2: g is in some neighborhood of gg. Denote by K (7) the sectional curvature
of (R"*™(c), g) for 2-plane m( C T,(R""™(c),g)). Set

Kpax(z) = max K(r) and Kpin(z):= min K(r)
T CTo(R™t™(c),9) 7CTy(R™™(c),g)

We note when p = 1, (5.18) takes the form

((n = D[R =n?|H]) = (n=1)e <0 on (R"™(c),g0),

DN | =

(trace(Qg) < )
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and coincides with

8, - 1 n?||H|? n?|| H||?
2 > . K 2
(521) (||h| - 3( min 4 max) 7171 = ||hH —2c— 777/ 1 <0

on (R"™™(c), go). In view of the proof of Theorem 9 and (5.18), trace(Q¢), ||h[|* —

n”—_zl |H||? — 2c and ||h]|> = § (Kmin — § Kmax) — nn_zl |H||? are continuous functions

of g in the C? strong topology. Thus, by the continuity and (5.21) we can choose
a neighborhood U of gy, such that for every g € U,

trace(Q¢) <0 on (R"™(c),g)

and
n’|| H|?

0
n—1 <

_ 1_
(5.22) [h]1? — = ( mn—EK@M)—

Wl oo

on (R™™(c),g).

Arguing in the same way as in the proof of Theorem 16, the assertions (a),
(b) and the topological sphere theorem follow. To prove the differentiable sphere
theorem (c), we consider the following cases: (1) if n > 4, then by a Theorem
of HW. Xu and J.R. Gu [39, Theorem 4.1], that is built on the work of Simon
Brendle [4, Theorem 2] on the convergence of Ricci flow, inequality (5.22) implies
that the submanifold M, of (R"*™(c), g) is diffeomorphic to a space form. As in
the proof of Theorem 16 the compact manifold M is simply- connected and hence
M is diffeomorphic to S™. (2) if n = 3, then argue as before, M has positive
Ricci curvature and M is diffeomorphic to S3, by a Theorem of Hamilton [15].
(3) if n = 2, then M has positive Gaussian curvature and Gauss-Bonnet Theorem

implies that M is diffeomorphic to S2. This completes the proof. O
As presented in 1983 (cf. [35]), we have the following immediate optimal result.

Proposition 5.3. Let M be a closed surface in a Fuclidean sphere with the second
fundamental form h satisfying ||h||*> < 2. Then M is diffeomorphic to a sphere S*
or RIP? depending on M is orientable or not.

Proof. If ||h]|* < 2 then (5.20) holds. Now the assertion is an immediate conse-
quence of Theorem 17. ]

6. STABLE CURRENTS IN THE RANK ONE SYMMETRIC SPACES

In this section we classify the stable currents in the compact simply connected
rank one symmetric spaces. We recall that these are the spheres S", the complex
projective spaces CP™, the quaternionic projective spaces HP", and the Cayley
plane CayP?. The spheres were done in section 4. We start by giving a description of
the usual imbeddings of the projective spaces in Euclidean space as sets of matrices.

Let F be one of the following: the real numbers R, the complex numbers C, the

quaternions H, or the Cayley numbers Cay. Then F is a division algebra over the
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real numbers R (nonassociative if F = Cay) that has an involutive antiautomor-
phism a — @ (called conjugation) such that the set of elements fixed by conjugation
is the field of real numbers imbedded in F as the scalar multiples of the identity
element 1. The real part of a and the norm of a are defined to be

(6.1) Re(a) = %(a+ﬁ), laf? = a7 = ga.

An inner product is given on F by (a,b) = Re(ab).

If A = [a;] is an m x n matrix with elements in F then A* is the conjugate
transpose of A, that is A* = [b;;] with b;; = @;;. Let H(n+ 1,F) be the real vector
space of (n+1) by (n+1) Hermitian matrics over F, that is A € H(n+ 1,F) if and
only if A* = A. If F = Cay we will always assume that m = 2. Define a positive
definite inner product on H(n + 1,F) by

1 1
(6.2) (A,B) = iRe trace(AB*) = iRe trace(A* B).

Let FP™ be the set of rank one idempotents in H(n + 1,F), that is A2 = A and
trace(A) = 1. Given FP" the metric it inherits as a submanifold of H(n+1,F). To
see this is isometric to the usual model of FP", at least when F # Cay, let U(n+1,F)
be the group of (n + 1) by (n 4+ 1) matrices g over F that satisfy gg* = g*¢g = 1.
This group acts on H(n + 1,TF) by the rule g(A) = gAg*. This action preserves the
inner product on H(n + 1,F) and maps FP" onto itself. Moreover U(n + 1,F) is
transitive on FP” (for F = R, C this follows from standard normal forms theorems,
for the case F = H see the appendix to the paper [34]). Moreover if we let

1
(63) PO _ 1x4 len‘|

0n><1 Onxn

then the subgroup of U(n + 1,F) fixing Py is U(I,F) x U(n,F). This shows that
FP™ is isometric to the homogeneous space U(n+ 1,F)/(U(I,F) x U(n,F)) with an
invariant metric. But this is the usual model of FP™ as a symmetric space. When
F = Cay and n = 2 things are more complicated. The vector space H(3,Cay)
becomes a Jordon algebra under the product Ao B = 1(AB + BA). The auto-
morphism group of this algebra is the compact exceptional Lie group Fj, which
for reasons of uniformity we denote by U(3,Cay). This group preserves the inner
product of H(3,Cay) and is transitive on CayP?. The subgroup of Fy = U(3, Cay)
fixing Py (given by (6.3)) is the group spin(9). Thus CayP? is Fy/spin(9) with an
invariant metric. See [34] and the references given there for details.

Lemma 6.1. (a) The tangent space to FP" at Py (given by (6.3)) is

(6.4) TPO(FIP”):{[OM X :XeIF"}

X OTLXTL
(here F™ is the space of column vectors of length n over ).
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(b) If the vector X € F™ is identified with

O1x1 X~
6.5 = e Tp, (FP"
(63) : [ v | eTnERn
then the second fundamental form of FP™ in H(n + 1,F) is given at Py by
-X*Y - Y*X 0
(6.6) hMX,Y) = b
Onx1 XY*+YX*

Proof. If ¢(t) is a curve in FP" with ¢(0) = Py then the lemma is proven by taking
derivatives of the relation ¢(t) = ¢(t)c(t) = c(t)c(t)*. See [7] for details. O

Definition 6.1. Identify F” with Tp, (FP") by (6.4) and for 1 <k <n — 1 let F*
be the subspace of F" = Tp, (FP™) given by

X
F* = il xepn .
O(n—k)xl

Then a subspace W tangent to FP™ at some point A will be called an F-subspace
of T4(FP™) if and only if there is an element g € U(n + 1,F) such that g, . W =T
for some k with 1 <k <n —1.

Therefore every subspace of a tangent space to RP™ is an R-subspace, the C-
subspaces of tangent spaces to CPP" are the complex subspaces in the usual sense
(i.e. invariant under the almost complex structure) and all have even dimension
over R, the H-subspaces of tangent spaces to HP” are the quaternionic subspaces
in the usual sense (see [13]) and all have dimension divisible by four over R, and all
Cay-subspaces of T'(CayP?) have dimension eight over R. In the case F # R it is
easy to give an intrinsic definition of an F-subspace. Normalize the metric on FP™
so that the maximal sectional curvatures are 4 and the minimal sectional curvatures
are 1. Then a subspace W tangent to FP" is an F-subspace if and only if for each
independent pair of vectors X, Y tangent to FP" at A with K(X,Y) =4, X e W
implies that Y € W. (K(X,Y) = sectional curvature of span {X,Y}.) A fact that
we will use several times is that a subspace W is an F-subspace if and only if its
orthogonal complement is an F-subspace.

Lemma 6.2. (a) Let X,Y be orthonormal vectors tangent to FP™ at some point
A. Then

(6.7) 2h(X,Y)||* = (h(X, X),h(Y,Y)) <0

with equality if and only if Y is orthogonal to the F-subspace of Ta(FP™) gen-
erated by X.

(b) Let d = dimg(F) and let {ey,...,enq} be an orthonormal basis of T4 (FP™) and
for somel <p < nd, set £ =e; A---Nep. Then, with the notation of Theorem
11,

(6.8) trace(Q¢) <0
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with equality if and only if e1,. .., e, span an F-subspace of T4 (FP™).

Proof. Because U(n + 1,F) acts on both FP™ and H(n+ 1,F) by isometries we can
replace X,Y by ¢.X,¢.Y for any g € U(n + 1,F) without changing the value of
the left side of (6.7). The group U(n + 1,TF) is transitive on the set of unit vectors
tangent to FP™ so that we may (by replacing X,Y by ¢.X,¢.Y for the proper
choice of g) assume that A = Py and

X = 1
K

where 1,y € F, 0,Y; € F*~!. In the following calculations we will use that for
matrices A, B over F that Re trace(AB) = Re trace(BA). To simplify notation set

Y1
Y

Y =

)

MX,)Y)=-X"Y - Y*X, hh(X,Y)=XY"+YX".
Then,
(6.9) 2|[R(X,Y)|* — (h(X, X), h(Y,Y))

=3 210X,V = (hi(X, X), hi(Y,Y))).

=1
Using that X*Y =y, Y*X =7, X*X =1l and Y'Y = |[Y|? =1

2||h1(X7Y)H2 - <h1(X7X)7h1(Y7Y)>
= Re trace((X*Y + Y*X)(X*Y +Y*X)*) — %Re trace(2(X*X)(Y*Y))

=Re((y1 +71)(y1 +71)) — 2Re((1)(1))
= Re(y;) + Re(77) + 2|y1|* — 2.

(6.10)

But because X is orthogonal to Y we have that 0 = Re(X*Y") = Re(y1). But it is an
elementary fact that if a € F with Re(a) = 0 then a® = —|a|?. (2Re(a) =a+a =0
implies a® = a(—a) = —|a|?). Whence y{ =77 = —|y1/>. Using this in (6.10) gives

(6.11) 2[|hy (X, V)] = (h1 (X, X), (YY) = —

Next,

(6.12)
2[|ha(X,Y)||? — (ha(X, X), ha(Y,Y))

= Re trace((XY* + Y X*)(XY* 4+ Y X*)*) — %Re trace((2X X*)(2YY™))
= Re trace((XY™)(XY™") + (XY*)(YX") + (Y X*)(XY™) + (Y X*)(YX™))
— 2Re trace((XX*)(YY™)).

Let 2y = 1, zg = -+ = x, = 0 be the components of X and yi,...,y, the
components of Y. Then the components of XY™ are (XY*);; = x;7;(= 0 when
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i #1 and = 7; when i = 1) and likewise for X X*, YY™*, etc. Using that y7 =77 =
7|y1|2a

trace((XY™)(XY™)) = zn_:l(zlyj)(zjyi) =57 = —lnl?
brace((V X°) (X)) = iﬂ(yiwj)(iji) — () n) =
trace((XY*)(Y X*)) = Zn_:l(:clyj)(iji) = Zi;yjyj =|YP=1
trace((Y X*)(XY*)) = ’z:(yixj)(xjyi) = z:yy =[Y[*=1
trace((XX™)(YY™)) = }il(xiwj)(yjyi) =y = [l

Note that the associative law has not been used so these calculations work when
F = Cay. Using these in (6.12) gives

2[[ha (X, Y)||* = (ha(X, X), ha (YY) = 2 — 4]y |*.
Putting this and equation (6.11) into (6.9) yields
(6.13) 2A(X,Y)|? — (h(X, X),h(Y,Y)) = ~4|y:[* < 0

and equality holds if and only if y; = 0 which is equivalent to Y being orthogonal
to the F-subspace generated by X . This proves part (a) of the lemma.
By equation (3.15) and part (a)

D nd
(6.14) trace(Qe) = Y Y (2lh(ei,e0)|* = (h(ei, &), hler en) ) <0
i=1 f=p+1

with equality if and only if e, is orthogonal to the [F-subspace generated by e;
whenever 1 < ¢ <pand p+1</¢<nd Thus if span{ey,...,e,} is an F-subspace
trace(Q¢) = 0. Conversely, suppose that span{ei,...,e,} is not an F subspace.
Then there is a unit w in span{es,...,e,} so that the F-subspace generated by
u is not contained in span{ei,...,ep}. This implies there is a unit vector v in
span{eq, ..., ey} = span{e,i1,...,e,} that is not orthogonal to the F-subspace
generated by u. By relabelling we may assume that ¢; = u and e,41 = v. Then,
ep+1 is not orthogonal to the F-subspace generated by e; and so equality cannot
hold in (6.14). This completes the proof of the lemma. O

We can now give our classification theorem, which is that stable currents are

“F-currents.”

Theorem 18. Let S € R,(FP",G) be a stable current. Then for ||S| almost
all x € FP" the approzimate tangent space T, (S) is an F-subspace of T,(FP™).
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There is also a set of smooth vector fields Vq,...,Vy on FP™ such that for every p
with 1 < p < n-dimg(F) that is not divisible by dimg(F) the set {Vi,...,Vi} is

universally mass decreasing in dimension p.

Proof. Let | = w = dimg M (n+1,F) and let {ey,...,ep} be an orthonor-
mal basis of M(n + 1,F). If S is stable then by Theorem 11 and the last lemma

L)

d T
0< Z @‘t:o Mot S) = /W" trace(Qgg)d”S”(m) <0

i=1
and so trace(Qz2) = 0 for ||S|| almost all  in FP". By the last lemma this implies
that T3 (S) is an F-subspace for ||S|| almost all € FP™. If p is not divisible by d
then trace(Q¢) < 0 for all unit decomposable p vectors & =e; A--- A e, tangent to
FP" as span{er,...,e,} is never an F-subspace. Thus, {e],..., e} is universally

mass decreasing in dimension p by Corollary 3. This completes the proof. O

Remarks. (1) As is well known H,(FP™;Z) # 0 if and only if 0 < p < nd and p is
divisible by d. Therefore Theorem 18 completes the proof of Theorem 10.

(2) As every subspace of T(RP") is an R-subspace this implies trace(Q¢) = 0 for
all ¢ as claimed in Remark 3 (1).

(3) In the case F = C Theorem 18 is due to Lawson and Simsons [22] where they
show how to use this theorem, along with a Theorem of Harvey and Shiffman
on the structure of complex currents, to prove the only stable closed integral

currents in CP" are the algebraic cycles.

We now classify the stable currents in the quaternionic projective space HPP". By
an HP* in HP" we mean any of the standard imbeddings of HP* in HP” as a totally
geodesic submanifold. By the support of S € R, (M, G) the support of the measure
|S]| is meant. If U is an open subset of M then a current S € R,(M, G) is said
to be smooth in U if and only if there are imbedded smooth oriented submanifolds
Ni,..., Ny of M (which are pairwise disjoint and if ON; # () then ON; N U = 0)
and elements a1,...,a; € G such that the current S — (a1 N1 + -+ + agNy) has
its support in M\U. A point x € spt(S) (the support of §) is a smooth point of
S if and only if  has a neighborhood U in M such that the S is smooth in U.
The set of smooth points of S will be denoted by smooth(S). It is known [1] that
smooth(S) is open and dense in spt(S). The set sing(S) = spt(S)\smooth(S) is
called the singular set of S. We will denote the p-dimensional Hausdorff measure
by HP (see [8] for the definition).

Theorem 19. Let § € Ry, (HP™, G) be a stable current and assume that
H* 1 (sing(S)) = 0.

Then there are a finite number Ly, . .., Ly of HIP* ’s in HP™ and elements a,, . .., as €
G so that as a current S = a1y + - - - + agLy. Thus the only connected stable sub-
manifolds of HP™ are the HP* ’s.
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To prove this Theorem, we need some lemmas.

Lemma 6.3 (A. Gray [13]). Any smooth connected submainifold N of HP* such
that T, N is always an H-subspace of T,,(HP™) is an open piece of some HP*.

Lemma 6.4. If M is an n-dimensional Riemannian manifold and A C M discon-

nects M then H" 1(A) > 0.

Proof. This follows from the isoperimetric inequalities in [8]. |
Lemma 6.5. If S is a stable current of degree p then HP (spt(S)) < 00.

Proof. See Proposition 3.13 of [21]. O

Proof of Theorem 19 . Let xy be a smooth point of spt(S) and let U be a maximal
open (in spt(S)) connected subset of smooth(S). Then by Theorem 18 and Lemma
6.3, U is an open subset of some HP*, say L. Let bdy(L) be the boundary of U
in L. Then by the maximality of U it follows that bdy(U) C sing(S). If U is not
dense in L then bdy(U) disconnects L. But if this were the case then Lemma 6.4
would imply that

0 < H¥* L (bdy(U)) < H* 1 (sing(S)),

which contradicts our hypothesis. Thus U is dense in L and H**~1(L\U) = 0.

Therefore there is an element a € G such that spt(S — al) C L\U. Also
L C spt(S). This shows that if Ly, ..., L, are HP*’s in HP" so that smooth(S)NL;
contains an open set of L; then spt(S) 2 Ly U---U L, and thus

0o > H*(S) > m H* (HP*) = m vol (HP*).

If follows that there are only a finite number Li,...,L, of HP*’s in HP™ that
intersect smooth(S) in an open subset of smooth(S) and that there are aj,...,ap €
G such that

HAk (spt(S — (a1 L1+ -+ ang))) =0.
This implies S = a1 L1 + - -+ + agLy. The proof is complete. (Il

Remarks. (1) The present proof has the advantage that it works for all coefficients
groups G and can also easily be extended to the case of varifolds.

(2) When G = Zy and S has least mass in its homology class it is known [9]
that H**~1(sing(S)) = 0. Therefore the last theorem implies that the mass
minimizing elements of nonzero Z, homology classes in HP™ are the HP*’s.

(3) There are several proofs of Lemma 6.3 in the literature but all of these we have
seen are in the same spirit as Gray’s original proof and make use of the existence
of fields of almost complex structures on HIP™ that have certain properties. It

can be shown that no such almost complex structures exist on CayP?.
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Theorem 20. Let S € Ro(CayP?, G) be a stable current and assume that
H7 (sing(S)) = 0.

Then there are a finite number Ly,...,L; of CayP'’s in CayP? and elements
ai,...,ap € G so that as a current S = ayL1 + -+ + agLy. Thus the only con-
nected stable submanifolds of CayP? are the CayP!’s.

Proof. Use the method in the proof of Theorem 19 and the analogy of Gray’s
Theorem (Lemma 6.3) that every smooth submanifold N® of CayP? such that T,, N
is a Cay-subspace of T, (CayP?) for all z € N is totally geodesic (cf. [24], see also
[25] for more general results), the assertion follows. O

7. MASS MINIMIZING CURRENTS MODULO TWO IN REAL PROJECTIVE SPACES

In this section we will find all the currents in R,(RP",Zs) that minimize the
mass in their homology class. Recall that for 0 < p < n, H,(RP",Z;) = Z,.

Theorem 21. Let « be the nonzero homology class in H,(RP™,Zs) (1 <p <n-—1)
and let S € R,(RP™,Zy) be a current in o of least mass. Then S is one of the
standard imbeddings of RPP into RP™ as a totally geodesic submanifold.

Proof. Our main tool for this proof is the generalized Crofton Formula which relates
volumes of a submanifold N of RP" (and other homogeneous spaces) to the average
number of points of intersection N has with a “moving plane.” To be precise let
PG(n,¢) be the Grassman manifold of all RP*’s in RP™ with the volume form dL
which is invariant under the natural action of the orthogonal group O(n+1) (Which
acts on RP™ and thus also on PG(n,¢)). If N is any p-dimensional submanifold

of RPP™ of finite volume the Crofton formula
(7.1) / #(NNL)dL = yvol(N)
PG(n,n—p)

holds. Here v = ~(n,p) only depends on n,p and the choice of the density dL.
(dL is unique up to a constant multiple.) This can be found in [6] or [17]. It is
convenient to break the proof up into several steps. From here on S is as in the
statement of the theorem.

Step 1. #(LNspt(S)) > 1 for all L € PG(n,n — p).

Proof. Let si be a sequence of smooth chains in RP™ over Zs with ds; = 0 and
such that s — S in the flat topology. This sequence of chains exists by virtue
of Theorem 15 in [11]. (The theorem there assumes that RP™ is imbedded in a
Euclidean space and that the chains P converging to S are polyhedral chains in
the Euclidean space. But will then be a tubular neighborhood U of RP™ and a
smooth retraction 7 : U — RP™. Then we can set sy = mxPy.) Because sp — S
and Js; = 0 for all large enough k, and so we can assume for all k£ the homology
class [sg] of sp is o = [S]. It is a well known fact about the topology of RP™
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that if 0 # o € H,(RP",Z,) and 0 # 8 € H,_,(RP",Zy) then a NS # 0 in the
Zy intersection ring of RP™. If L € PG(n,n — p) then 0 # [L] € H,_,(M,Zy).
Therefore for each k there is an xy € L Nspt(si) and because L is compact we can
assume zj — x for some z € L. Then S, — S implies x € L Nspt(S) # 0. O

Step 2. There is a smooth imbedded submanifold S of RP™ such that S C spt(S)
and the Hausdorff p — 2 + ¢ dimensional measure HP =27 of spt(S)\S is zero for all
e > 0.

Proof. This is a Regularity Theorem of Federer [9]. O

Step 3. M(S) = vol(S) > vol(RPP) with equality if and only if #(SNL) =1 for
almost all L € PG(n,n — p).

Proof. First note that HP~1(spt(S)\S) = 0 implies that spt(S)NL = SN L for
almost all L € PG(n,n—p). It is elementary that if RP? is imbedded in RP™ in the
usual way that #(RPPN L) = 1 for almost all L € PG(n,p). Using this in Crofton’s
Formula (7.1)

5 M(S) = vvol(S) / #(SNL)dL

PG(n,n—p)

> / 1dL
PG(n,n—p)

- / #(RPP N L)dL
PG(n,n—p)

= v vol(RPP)
and equality holds if and only if #(SN L) =1 for almost all L € PG(n,n—p). O

Step 4. Let NP be an imbedded submanifold of RP™ of dimension p, Ly €
PG(n,n —p) and x1,...,x, any points in N N Ly where N and Lg intersect trans-
versely. For each ¢ let U; be a neighborhood of z; in N. Then there is a neighbor-
hood W of Ly in PG(n,n — p) such that every element L of W intersects each Uj;
transversely in at least one point y;. Thus if some element of PG(n,n—p) intersects
N transversely in at least ¢ points, then there is an open subset of PG(n,n — p)

whose elements all intersect IV in at least £ points.

Proof. This is just a restatement in our context of a standard transversality result.

See for example [16]. O
Step 5. The submanifold S of step 2 is contained in some RP? of RP™.

Proof. Because [S] = [RP*] and S has least mass in its homology class equality
must hold in step 3. Thus #(SN L) =1 for almost all L € P(n,n — p). Suppose,
toward a contradiction, that S is not a subset of any RP? in RP™. Then choose
x1 € S and let N7 be the RP? in RP™ that goes through z; and has the same

tangent space at x; that S has. Because S is not contained in any RPP there is an



40 R. HOWARD AND S.W. WEI

x9 € S\N;. Let T1Z3 be the geodesic through z1 and x5. Then, T1Z5 is transverse
to S at x1 (for if not T1Tz C Ny and so xo € Ny). It follows there is an element Ly
of PG(n,n — p) containing x1 and z2 which is transverse to S at z1. If Ly is also
transverse to S at xo then step 4 implies there is an open subset of PG(n,n — p)
which intersects S in at least two points. But open sets have positive measure and
so this would contradict that equality holds in step 3. If Ly is not transverse to .S
at xo then by step 4 we can choose a neighborhood W of Lg in G(n,n—p) such that
every element of W intersects S transversely at some point near z;. But W will
contain at least one element L; that contains x5 and is transverse to S at xo. This
Ly will intersect S transversely in at least two points. As before this contradicts
that equality holds in step 3. (]

Step 6. Let N be the RP? in RP™ with S C N (as in step 5). Then S = N as

currents.

Proof. By step 3, vol(S) > vol(N) = vol(RPP) = vol(S) and thus S is dense in N.
But S is also dense in spt(S). Therefore spt(S) = N. But currents over Zy are

determined by their supports. This completes the proof in step 6. (]
This completes the Proof of Theorem 21. O
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