CHARACTERIZATION OF EIGENFUNCTIONS
BY BOUNDEDNESS CONDITIONS

RALPH HOWARD AND MARGARET REESE

Department of Mathematics, University of South Carolina
Department of Mathematics, Saint Olaf College

ABSTRACT. Suppose {fr(x)}72 __ is a sequence of functions on R™ with A fj

fr+1 (where A denotes the Laplacian) that satisfies the growth condition: |fx(z)| <

My (1 + |z|)® where a > 0 and the constants have sublinear growth % —0ask —

+o0o. Then Afo = —fo. This characterizes eigenfunctions f of A with polynomial
growth in terms of the size of the powers AFf —oco < k < oco. It also generalizes
results of Roe (where a = 0, My = M, and n = 1) and Strichartz (where a = 0,
M = M, for n). The analogue holds for formally self-adjoint constant coefficient
linear partial differential operators on R™.

1. INTRODUCTION

0? 0?
Let A = 922 4+ F) be the Laplacian operator on R™. Recently Strichartz
x3 x2
[8] has given a characterization of the bounded solutions of Af = —f in terms
of bounds on the iterates A*f, where k € Z; more precisely, if (fx)$>___ is a

doubly infinite sequence of functions on R™ with Afy = fry1 and |fi(z)| < M, for
some M, then Afy = —fo. If n = 1, this is Roe’s theorem [6]: If (f;)7>_. is a

d
sequence of real-valued functions with d_(fk (2)) = fre1(z) and | fx(z)| < M, then
x

fo(x) = Asin (z + «). (See also the paper by Burkill [2] and and the paper [3] for
generalizations of Roe’s theorem.)

This does not characterize all solutions of Af = —f on R” because many are
unbounded. For example, let P; be the vector space of all complex-valued poly-
nomials in z and y of degree at most j. For reasons of dimension the linear map
D > Dax + Pyy + 2ip, from P; to Pj_; has nontrivial kernel. Let p be a solution of
degree j t0 pry + pyy + 2ip, = 0. Then u(z,y) = p(z, y)e™® satisfies Au = —u and
has polynomial growth at infinity. In Fourier analysis the functions with polyno-
mial growth are interesting because they are exactly the ones that can be viewed as
tempered distributions (i.e., as elements of the dual of the space S(R™) of rapidly
decreasing functions (see [4], Chapter 1)). As such they have Fourier transforms
that are also tempered distributions. The following gives a characterization of so-
lutions to Af = —f of (at most) polynomial growth in terms bounds on the powers
AF f for —oco < k < 0.
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Theorem 1. Let a > 0 and let (f;)>°, be a sequence of complex-valued functions
on R™ that satisfy

Afe = frs1

and
| fi(@)] < Mip(1 + |a])®

where the constants My, have sublinear growth:

M M_
(1.1) lim —% = lim —*

=0

Then Af() = —f().

Conversely if f is of polynomial growth |f(z)| < M(1+ |z|)® and satisfies Af =
—f, then f, = A*f = (—=1)F f satisfies | fp(x)| < M(1+]|z|)® The growth condition
(1.1) is as weak as possible if polynomial growth of the functions is to be allowed.

. d?
For example (in one dimension) if fi(x) = (—1)*(x — 2ki)e’® then Wfk = frt+1
x
2

d
and |fx(z)] < (14 2|k)(1 + |=|) but @fo # —fo. Even in the one dimensional

case this gives the strengthening of Roe’s theorem due to Burkill [2]: If (fx)>
satisfies f}(x) = fr+1(z) and |fr(z)| < M1+ |z|)?, then fo(z) = Asin(z + ).

In section 2 we extend Theorem 1 to any formally self-adjoint constant-coefficient
differential operator. The proof has the flavor of Roe’s original proof — using
the growth conditions to show that the support of the Fourier transform of fy is
contained in the unit sphere — but concluding that fj is an eigenfunction requires
first showing that fy is a generalized eigenfunction of A. A nonzero function f is
a generalized eigenfunction of A with eigenfunction \ if and only if (A —A\)Nf =0
for some N > 1. In one dimension the generalized eigenfunctions of A = % were
characterized in [3] and [5]. In R™ the result is

Theorem 2. If in Theorem 1 the sublinear growth condition (1.1) is replaced by
the subexponential growth condition

lim 2k gy Mk =0,

for all e > 0, then fy is a generalized eigenfunction of A with eigenvalue A = —1.

We shall extend this to all formally self-adjoint constant-coefficient differential
operators in section 2 (see Theorem 4.). Although the following is well known to
experts, it seems to be interesting enough to record here.

Corollary. A smooth function of polynomial growth is a generalized eigenfunction
of A with eigenfunction —1 if and only if the support of its Fourier transform is
contained in the unit sphere {£ : || = 1}.

Finally, we note that for n > 2 there are many eigenfunctions of A than have
greater than polynomial growth. For example (when n = 2)

f(z,y) = eXotVay
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satisfies A f = — f and has exponential growth. However, it seems unlikely that it is
possible to characterize eigenfunctions of A in the class of functions of exponential
growth: Let ¢ be any continuous function on [—§, §] and set

é
frlz) = / 6(sin9+z'cos0)2%(51“9”6059)%(9) de.

A 4 fr
Then fk = de = fk+1 and

5
|fr(z)] < /5e“me|¢(9)|d9 < MeGindlzl

for all z. But fy is not an eigenfunction.

2. THE GENERAL RESULTS.

Let z1,...,x, be the usual coordinates in R” and i> = —1. Set
1 0
D, = - ——
J /) 813]'

The factor of % is included to make the operator D; formally self-adjoint. For a
multi-index a = (a1,...,ay) and € = (&1,...,&,) € R™, let €& = £ -5 and
D® =D ---Don. Let

P(&) =) ant"
be a polynomial in £ and let

(2.1) L=P(D)=) anD"

be the corresponding constant-coefficient linear partial differential operator. If P
is real-valued then L will be formally self-adjoint. We now state our main result.

Theorem 3. Suppose P(§) =) a.§” is real-valued and L = P(D). Let {fi)> .
be a sequence of complex-valued functions on R™ so that

Lfr = frs1

and

(2.2) | fr(@)| < Mi(1+ |2])?,

where (M), satisfies the sublinear growth condition

(2.3) lim — o =
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Then f = fy + f_, where Lfy = fi and Lf_ = —f_. If 1 (or -1) is not in the
range of P then f+ =0 (or f_ =0).
If P(¢€) = —|¢|? then L = A. Then fy = f_ which yields Theorem 1. For
0? 0? 0? 0?

operators such as the d’Alembertian 0 = — + -+ — — —— — - -+ — ,
P z? T oz Ol 0z

n
we see that both fi # 0 and f_ # 0 are possible. (cf. Theorem 3.1 of [6]).
The theorem applies to a class of operators more general than differential oper-
ators. In S(R™), the Fourier transform and its inverse are given by

ey = 1 e~ T £( 1) da
F6) = G [ 1wy
and
3 _ 1 eim-&
2.4 F@) = oyg [ s e

By duality these definitions extend to the space of tempered distributions; i.e., the
dual space S(R™). Then, for the operator in (2.1), we have

(2.5) Lf(€) = P(€)f(€).

This can be used to define an operator L on the space of tempered distributions
even when P(§) is not a polynomial. Such operators are called multiplier operators
or translation-invariant pseudo-differential operators. For example convolution op-
erators Lf = ¢ x f are of this type. We note that for our result to hold it suffices
that P(£) be smooth and that (for each multi-index «/) there be numbers C' and N
with

[DYP(&)] < C(1 + €)M,
Then L (defined by (2.5)) is a linear operator on the space of tempered distributions.
Although many such functions exist, for example P(¢) = Ce™l¢ ‘2, the theorem is
most interesting when L is a differential operator.

To prove the theorem we first show that the support of ]?0 is contained in the
set {£ : |P(¢)| = 1}. Formally from (2.5) and the Fourier inversion formula (2.4)
we get
1

z) = L* fo(x) = -
fe(x) = L” fo(x) on)?

[ e e de
If this is to stay bounded (as k varies), the support of ]?0 must be contained in the
set {€:|P(§)| = 1}. More precisely, we have
Proposition (A). If a function f satisfies, for k=10,1,2,...
[LF f2)] < Me(1 + [2))?,
where the constants My, satisfy the subexponential growth condition

. M,
(26) S

for all e > 0, then

~

spt(f) € {&: [P(§)] < 1}
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(B). If {fu)o__ . is a sequence of functions with Lfy, = fry1, for k < —1,
|[fu(2)] < Mp(1+ |2])?,

and

for all e > 0, then R
spt(fo) € {€:[P(§)] = 1}.

Unlike in theorem 3 the function P can be complex valued and the proposition
will still hold. This proposition is very closely related to to the results of section
3 of Garbardo’s paper [3]. He shows this is related to the Paley-Wiener-Schwartz
theorem.

Lemma. Let ® and ¢ be C®-functions with ¢ compactly supported. Assume
|P(&)| < r <1, for all £ € spt(¢). For any sequence (My)32 , of constants sat-
isfying the subexponential growth condition (2.6) and, for any multi-indez o,

lim M [ D% (628)]|1, = 0.

Proof. By the product rule there are constants C(3,v) > 0 so that

ID*(¢®") |, = || > C(B,7)D"¢D dF

Bty=a Lo
< Y CBy)|DD R,
Bty=a

Since spt(D“¢) C spt(¢), we may assume |®(£)| < r < 1 on the support of ¢ =
D7¢. It is (thus) enough to show:

lim M D% (89)] 1, = 0.

Assume k > |f] := 81 + - + B,. Writing ®* = & ... ® and using the product
rule gives a sum with k!l terms. Each term is a product of k factors, at least
k —|B| of which are ®. The other factors are of the form D7®, where 0 < |y| < |3|.
Setting

181
o) = (max, 1D70()])

and using |®(x)| < r on spt(v), we get

(DI (@) < Ky (x)]|@(2)[* W5 (x)
< kP10l (2) | W ().
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Thus
My ||y DP(®)¥|| 1, < | Ts]l1, k" MyrF= 0L,

The growth condition (2.6) implies that the right-hand side goes to zero as k —
co. U

To prove part (A) of the proposition, it suffices to show ( 1, o) =0if ¢ € Cg°(R™)
and spt( YN A{E: |P(§)] <1} = 0. Since spt(¢) is compact, there is some r < 1 so
that |P($)| <r, for all £ € spt(¢). Then

(F.0) = (PF, )
:<I/’];f7%>
= (LM ()

Choose an integer m with 2m > 2a +n + 1. A calculation, using the hypothesis of
the proposition and the Cauchy-Schwartz inequality, implies

MﬁWs/wwwm%ﬂw
Sk ”“'1+m>u%ﬂm

= MCy(a,m,n) (/(1 + |m|2)m|(%)72 dm) l

2

By a standard estimate (cf. [4], Chapter 1), there is a constant Cy(m,n) with

(/(1+|$|2)m|f(x)|2dﬂf)% <C ) 1D flLa

|| <m
Using this in the above leads to

|<f/:¢>|§03(m,n’a)Mk Z HDQ(%

|| <m

)HLz'

By the lemma the right-hand side of this goes to zero as k — oo, and so (]?, ¢) = 0.
This completes the proof of part (A); part (B) is similar. Let ¢ € C§°(R™) so that

spt(¢) N {€ : |[P(&)| > 1} = 0. We shall show that (fo,¢) = 0. Then, for some
r < 1, the inequality |P(§)| < r holds for all £ in spt(¢). Thus

(For ) = (TF [, &)
= (P"[_1., )
= <f*k7 @>
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The rest follows as in part (A).

We now prove Theorem 3. We first assume that -1 is not a value of P(), and
show that Lfy = fo. Let S = {£: P(§{) = 1}. That spt(fo) C S follows from the
growth conditions on the sequence (fx)>., the proposition, and the assumption
that P(§) # —1 .

The topology on the space S(R™) is defined by the seminorms

19l m =sup Y (14 |z])™|D(x)].

¥ Jal<N

Therefore, since fy is a continuous linear functional on & (R™), there is a constant,
C and integers m and N so that

(2.7) [(fo, &) < CllSl|w.m:

for all ¢ € S(R™). Therefore (as a distribution) fo is of order < N.
Claim. For this NV,

(2.8) (P—-1)N*tfy = 0.

To simplify notation set h := (P —1). Then we need to show, for any compactly
supported C'*° function ¢, that

(BN o, 6) = (fo, KN H1g) = 0.

Let g : R — [0,1] be a C*° function with g = 1 on [—1/2,1/2] and g = 0 outside
(—1,1). Set

Letting B = max{|g(¥)(t)| : t € [-1,1], k < N}, we have
(2.9) 97 (O < & <
for all K < N. Set

H, = g.(h)h" g

Then H, = hN*14 in a neighborhood of {£ : h(¢) = 0} = {¢: P(§) = 1} D spt F—o.
Thus by (2.7) we have

(o, PN )| = [(fos Hy)| < ClIH, |5, m-

To verify (2.8), it suffices to demonstrate |H,||nm — 0 as 7 — 0. Write DF for
any D® with |a| = k and (Dh)* for a product D;, h---D;, h of k first order partial
derivatives of h. Then (ignoring factors of i) and assuming k < N

Dk(HT) = Dk(gr(h)hN+1¢)
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is a sum of terms of the form

Tp(k1s- - kin) = g (h)(DR)* (D*2h) - - - (DF ) RN F1 k2= =k phisa g

T

where k1 + --- 4 k;+1 = k. Since the support of ¢ is compact, there is a bound K
so that, for all = € spt(¢),

(I+|z)"D%(z)| < K and  [D%h(z)| < K,

whenever |o| < N. Since |h| < r on the support of H,., the inequality (2.9) implies
that on the support of T).(k1, ..., ki+1),

B
Iaks
— B|h|N+1—k+kl+1 K‘l+k1

(T |2)™ T (ky, - -5 Faga)| < R

S BKl+k1 TN+1_k+kl+1 X

But £ < N so this goes to zero as r — 0. The sum defining ||H,||n, is a finite
sum of terms of of this type and so |H,||nm — 0 as r — 0. This completes the
proof of the claim.

Inverting the Fourier transform in (2.8) yields that

(2.10) (L—-1)N*Tfy =o0.
This equation implies
Span{f07 f17 f27 e } = Span{fO? Lf07 L2f07 < } = Span{fO? R LNfO}

We shall now show that we can take N = 0 in (2.10). If not then (L — 1) fy # 0.
Let K be the largest positive integer so that (L —1)¥ fy # 0. Clearly K < N. Thus

f=@L-1)%"fo espan{fo,..., fn}
will satisfy
(2.11) (L-1)2f=0 and (L—1)f#0.

Write
f=aofo+---+anfn,

for constants ag,...,an. Then
L*f=aofe +- - +anfnik.
If Cp = |a0|Mk + -4 |CLN|MI§+N; then this and (2.2) imply

(2.12) (L) ()] < Ci(1 + |2])".
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By (2.3) these satisfy the sublinear growth condition
(2.13) lim =% = 0.

An induction using (2.11) implies for £ > 2 that
L*f=kLf—(k—1)f=k(L-1)f+f.

(@ - DP@) < )]+ LD < Gy pgpye 4 1D

Letting £ — oo and using (2.13) implies (L — 1) f = 0. But this contradicts (2.11).
Consequently, N = 0 in (2.10). This completes the proof in the case that —1 is not
in the range of P.

In the case that +1 is not in the range of P we apply the same argument to —L to
conclude Lfy = —fy. In the general case, let Ly = L?. Then f(;”(é) = P(§)2f(§).
Lofor = fas1y) and P(§)* # —1. Thus we can (as before) conclude, for the
sequence (for)5>_ ., that

/()]

Lofo = L*fo = fo.

Set f1 = L(fo+ Lfo) and f_ = 1(fo — Lfo). Then f = fy + f_, Lfs = fy, and
Lf_ = —f_. This completes the proof of Theorem 3.

Theorem 4. If, in Theorem 3, we replace (2.3) with

My
2.14 li =
(2.14) o (14 €k

for all k > 0, then the span of (fx) is finite dimensional. Moreover, fo = f+ + f—,
where, for some integer N, (L — 1)Nf, =0 and (L+ 1)Nf_ = 0. Thus f. (or
f—) is a generalized eigenfunction of L with eigenvalue +1 (or -1).

The proof will be based on the following result from linear algebra.

Lemma. Let X be a finite dimensional complex vector space, and let A : X — X
be a linear map with eigenvalues A\i,...,A\p. Then X = Xy @ --- @ X, where
X; =ker((A— X)) and N = dim X .

This can be deduced from the Jordan normal form. (cf. [1], Chapter 10.)

We first prove Theorem 4 under the assumption that P(§) # —1. Using the
growth condition (2.14) and the proposition, we may still conclude that spt(fo) C
S = {¢: P(§) = 1}. But then, as before, we can conclude that (2.10) holds. But
this is enough to complete the proof in this case. A similar argument shows that if
P(&) # 1, then (L + 1)V f = 0.

In the general case we again let Ly = L? and Py = P?. Then Py(§) # —1 and
the span of (fsx) is finite dimensional. The map L takes the span of (fa) onto the
span of (for4+1). Thus X is finite dimensional. Any f € X will have spt(f) inside
the set defined by P({) = +1. From this it is not hard to show the only possible
eigenvalues of L restricted to X are +1 and —1. The result now follows from the
last lemma.
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