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1. INTRODUCTION

This set of notes is a result of a very pleasant interaction between the
analysts, combinatorsts, and geometers in the mathematics department at
the University of South Carolina. Let vy,...,v, be vectors in R% so that

any subset of {v1,...,v,} of size d is linearly independent (for convenience
1
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say that such a set is in general position). Then Jerry Griggs has posed
the problem of giving good upper and lower bounds on the number

n
= . tep = =*1 =
C(d,n) := max max #{(e1,...,en) 1€k and ; exTr =y}
where v1, ..., v, varies sets in general position. By using a clever combina-
tion of linear algebra, probability, and elementary number theory Griggs []
was given a lower bound

C(d,n) > C(d) (%)dﬂ

In the paper [2] Haldsz gives upper bounds for a more general problem with
imply that

C(d,n) < C'(d L d2"

@ <@l () 2

Halész’s paper uses quite a bit of machinary from probability theory and
in lectures in our combintoric’s seminar Kostya Oskolkov showed that the
probabality could be avoided and that Halasz’s result can be reduced to
estimating certian integrals whoses integrands are products of absolute val-
ues of cosines. My contribution to this project is noting that in some cases
these integrals can be estimated by use of rearrangment inequalites. This
very much simplifies the proof of Thoerm 1 in [?]. However this only leads
to the upper bound

Cld,n) < C"(d) <%)d2"‘

Unfortunately there seem to be structural reasons why the simplier methods
used in the notes here can not give the stronger result.

The notes here are basically an expanded version of Oskolkov’s lectures
with some proofs and references added on the use of rearrangement inequal-
ities (the basic reference here is the wonderful book [B] of Leib and Loss).
The main result here (Theorem H.3) is a slight refinement of Theorem 1
of [2] in that all constants are given explicitlyf]. T hope that these notes are
readable to non-analysts and in particular to combinatorsts.

2. STATEMENT OF THE PROBLEM AND APPLICATION OF THE FOURIER
TRANSFORM.

2.1. The Problem. Let v1,...,v, € R? be n vectors in the d dimensional
Euclidean space R? and D c R? a bounded domain and define

n
Np = #{(61, .e.yEn) i€ = *1 and Zekvk € D}.
k=1
!Note however that “explicit” does not mean “correct”. This is a technical subject and

the amount of proof reading required to insure the correctness of all the constants was
more than I was up for.
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Then Np is the number, counted with multiplicity, of the sums +vy+- - -+wv,
that are in D. Thus different choice of 1, ..., &, that give rise to the same
sum in D each count in computing D. In the extreme case where v = 0 for
all k all the sums >, _; exvy, are the same and equal to 0, but in this case if
0 € D we have Np = 2". The translate of D by y e RYis D +y = {z +y:
x € D}. Define Np by

Np = max Np,,
yeRA

The number Np is thus just the maximum number of sums > ;_; e,y
(counted with multiplicity) that can be captured by a translate of D and
is called the concentration. We wish to give a method for estimating Np
form above in terms of the geometry of D and vy,...,v,. We will start by
estimating Np, but the resulting inequality will end up being “translation
invariant” and thus also gives a bound on Np.

2.2. Reduction to an analytic problem. We first give an integral for-
mula for Np using a trick from analytic number theory. For any subset
A C R denote the Lebesgue measure of A by |A|. Let r1,...,r,: [0,1] = R
be independent random variables all with the distribution that takes on the
values £1 each with probability 1/2. (Those wishing to avoid all use of
probability see Remark B.3 below.) A concrete choice of r1,...,r, is the
Rademacher functions given by ry(t) = signsin(2¥nt) in which case it is
easy to check that

€ [0,1] : r(t) = 41} = [{t € [0,1] : m(t) = —1}| = %

It takes a little more work to show these are independent as random vari-
ables, but this is still elementary. Let

m

S(t) =Y ri(t)a.
k=1
Then, because each 7 (t) takes on the values +1 and the rj, are independent
random variables, as ¢ ranges over [0, 1] the function S(¢) ranges over all the
sums Y ez and for a give choice of €1,. .., e, the measure of the set of ¢
that realizes this sum is 1/2". Denote by X p is the characteristic function
of D (ie. xp(x) =11if x € D and xp(x) = 0if x ¢ D) then from the
properties of S(t) just given

1
ND = 2”/ XD(S(t)) dt.
0
If p: R? — R is a function that satisfies
¢ = XD

then there is the obvious inequality

1
(2.1) Np < 2n /0 o(S(t)) dt.
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The reason we wish to replace xp a function ¢ > xp is that we will be
using Fourier transform methods and the Fourier transform of xp is rather
unpleasant (for example it is not in L'(R?)) and we will be able to make
choices of ¢ whose Fourier transforms are easier to work with.

Our convection on the constants in the Fourier transform are as follows.
If f € LY(R?) then its Fourier transform is

f(€) = (2m)”

d
2

F@)e @8 dy
Rd

where (, ) is the standard inner product on R% and dz is the standard volume

measure. If f and fare both in L' then the Fourier inversion formula holds
and is given by

fla) = Cry 4 [ Fleeeac

We now let ¢ > xp be a function so that both ¢ and @ are in L' and use
the Fourier inversion formula in the inequality (B.I) and invert the order of

integration to get
1
|50 [ 09 ara,
R4 0

To simplify this note that as each r4(t) takes on the values +1 and —1 each
with measure 1/2 for any real number ¢

[V]ISH

(2.2) Np < 2"(27)~

I 1, 1,
[ e = T Lo = coste)
0 2 2

, and the independence of 71, ..., 1,
1

Using this, the definition of S(¢

1
/ G506 gy
0

~—

P ()1, 6) 4 (8)(Tn ) g

hc\

I
E:
S~ 1
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=

1

1
RIAOICTRIP

e
Il
—

Il
=

(2.3) cos (4, €).

k
Putting this back in (2.2) gives

Il
i

ND S (271')7

T

P©) [T cos(a, &) d¢
k=1

Rd
(24) <mt [ BT leostar. €)l
k=1

Thus we have done most of the work toward proving:
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Proposition 2.1 (Oskolkov’s Lemma). Let D be a bounded domain in RY
and ¢ a function so that ¢ > xp and both ¢ and @ are in L'(R?). Then

(25) N < o) [ 121 T eoston. ] de.
k=1

Proof. For any y € R? and function f: R? — R let 7, f(z) := f(z—y) be the
translate of f by y. Then 7yxp = Xp+y- Let ¢ > X p as in the statement of
the proposition. Then 7, > X p4y. The Fourier transform of a translation
is given by 7,5(¢) = e E¥ 3(¢) and therefore |7,5(€)| = |P(€)|. Using this
in (B-4) gives

_d N -
Npsy < (2) 4 [ BT Ieoston, Ol de
R? k=1
The right side of this is independent of y and (B.5) follows. O

Remark 2.2. We are now in the situation of many proofs in analysis. We
have the inequality (B.§) which depends on an arbitrary “test function” .
The game now becomes to find a good, or at least a manageable choice, of
. We will start by looking at choices for ¢ in the one dimensional case and
then using these to get construct ¢ in higher dimensions in the case D is a
cube. O

Remark 2.3. The basic property of the functions rx(t) used was the com-
putation P-3. Using the Rademacher functions this calculation can be di-
rectly form the definition of the 74(¢)’s and all mention of probability thus
avoided. O

2.3. A choice of the test function ¢ in one dimension and for D
an interval. First we review a little about the Fourier transform in for
functions on R%. If f,g € L'(RY) then the convolution f * g of f and g is
given by

fxg(x) :/Rdf(w—y)g(y)dyZ/Rdf(y)g(x—y)dy-

This is also in L*(R%). The Fourier transform and convolution are related
by

(2m) "2+ 9(&) = F(©)3(8).
(The factor on the left is due to the choice of where we are putting the 27’s
in the definition of the Fourier transform.) Back in the one dimensional case

let f(§) = X[—q,q(§) be the characteristic function of an interval of length
2a centered at the origin. Then

f(g;) _ \/% a e dE — \/g Siniam).
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Then
1 — 2 sin?(ax)
\/——f « f(x) = f(z)? = -
The smallest positive zero of sin(ax)/x is at * = 7/a and the function
sin(ax)/x is decreasing on [0,7/a]. Let r = m/a so that a = 7/r and
r/2 = 7/(2a). For these values of r and a the smallest values of sin?(ax)/z>
on the interval [—r/2,r/2] occur when z = +r/2 and the smallest value is

sin®(ra/2) 4
(/2
Therefore

27Tr —, . r¥sin’(7z/r)

Pt =20

We also can compute f * f explicitly and get
f* £(§) = max(0,2a — [¢]) = max(0, 27 /r — [¢[?).

>1 for ze[-r/2,1/2]

Lemma 2.4. If p1: R — [0,00) is given by
r? sin?(mx /1)
p1(z) = a2

then @1 > X(—r/2,/2], 1 € L'(R), and

V2rr?
1

p1(8) =

which is supported in [—27 /7,27 /7].

max (0, 27 /r — |£])

Proof. On the set of functions symmetric about the origin (that is f(—x) =
f(x) the Fourier transform and its inverse are given by the same formula.
Therefore applying the inverse transform to the calculations above gives the
result. O

2.4. The test function for D a cube in R? Let Q(r) be the cube
[—7/2,7/2]? be the centered cube in with side of length r in R? and let
T1,...,Tq be the coordinate functions on R?.

Lemma 2.5. Define a function p: R? — [0,00) by

then ¢ € Ll(Rd)7 w2 XQ(r);

@<s>=< sl ) [ 020/~ i)
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which is supported in Q27 /r) and satisfies the bound

N (2m)3/2ra ‘
1P(8)] < (16)

Proof. With the notation of Lamma 2.4 we have p(z) = p1(z1)p1(z2) - - - p1(xq)
and the results follow from that lemma. O

Proposition 2.6. Let Q(r) be the cube with sides parallel to the coordiante
azis in R* and edge lenght of . Then the concentration of v1, .. ., v satisfies

Now) <2” 7r7" /2/ H[cosvk, )| d€.

Proof. We use the test function ¢ of Lemma B.5 (and the bounds given
there) in Proposition 2.1 to get:

Now < em% [ 12t [ Jeotur.0)

_a [ (27)%/%ra /
<2"2m)"2 | ———— cos(vg, &)| d€
(2m) ( ) Jyon ] H\ il

_2" 7”” / H[cosvk., )| d¢
Q@r/r) L

This completes the proof. O

Remark 2.7. To get an idea if this estimate is any good we look at the
extreme case where v, = 0 for all k. Then Np = 2" for any D. The
estimate of the last proposition gives (using that cos(vg, &) = cos(0) = 1)

mr\d 72\ ? d
Nogy < 2" (@) Vol(Q(2r /) = 27 (I) < 27(2.468)
which is not all that good, but not outrageously bad. O

3. REARRANGEMENT INEQUALITIES AND THEIR APPLICATIONS.

3.1. The basic rearrangement inequalities. Let A C R? be a Lebesgue
measurable set and denote the measure of A by |A|. Define the symme-
tirzation A* of A to be the closed ball centered at the origin such with the
same measure as A. Thus in one dimension

A* = [—-]A]/2,]A]/2]
and in two dimensions

A" = B(0, (|A]/m)"2).
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More generally if define w(d) to be the volume of the unit ball in R? then
for A c R?
A* = B(0, (JA] /(@) ).
We now wish to extend this idea of syemmtrization from sets to non-negative
functions. For a charactertic function x4 of a set how to do this is clear:
Xa o= Xar
We now use that any non-negative function can be expressed as an integral

of the characteristic functions of the sets {f > ¢} (which is a standard
abbreviation for {x : f(x) > t}) as follows

f(@) o0
(3.1) flz) = /0 1dt = /0 X¢ oy (@) dt.

This representation of f is sometimes called the layer cake representation
of f. Note that this, along with Fubini’s theorem, implies

f(@) dﬁ:/ / X{fzty(x) dt d
R R2 Jo
:/0 X{th}(.%') dx dt

:/OOOHx  f(w) = 1} dt.

We now define the symmetric decreasing rearrangement of a non-
negative measurable function f by

(32) @) = [ Xipod

The basic properties of f* are that it is monotone decreasing as a function

of |z|:

(3.3) 2l < |yl mplies  £(x) > f*(y).

Letting |z| = |y| (so that |z| < |y| and |y| < |z|) this implies f* is symmetric
|z[ = [y| implies f*(z) = f"(y).

A little less obvious but very important is that f and f* are equi-measurable
in the sense that

(3-4) =t = {f =t}

for all ¢.

The two properties (B-J) and (B-4) come close to characterizing f* and in
fact do characterize f* up to a set of measure zero.

What makes the symmetric decreasing rearrangement interesting to us is

Theorem 3.1 (Basic rearrangement inequality). Let f1,..., fm: R? — [0,00)
be non-negative measurable functions. Then

/ (@) (@) - fonl) dt < / @) f3(@) - ) de.
Rd R4



ESTIMATES ON CONCENTRATION 9

Proof. We first consider the case where each f = x4, is the characteristic
function of a measurable set. By reordering we can assume that A; has the
smallest measure of the sets Ay, ..., A;,. Then the product fifs -+ fn is just
X A;n--NA,,, that is the characteristic function of the intesection A;N---NA,,.
But Ain---NA,, € A; and so

65) [ @) fale)de = 400 4] <4

But in this case fi = xa; and |A}| = |Ax|. Thus A} will have the smallest
measure of the sets A7,..., Ay, . But as all the A} are closed balls centered
at the origin this implies A7 N---N Ay, = A]. Thus

| @ @) @) de = 147000 45 = 141] = |4

Putting this together with (B.) implies the result in the case all the f; are
characteristic functions. In the general case we use the layer cake represen-
tation (B-]) to reduce to the case of characteristic functions. In the following
we interchange the order of integration without comment.

| @) fafe) fulo) do
:/0 /0 /Rdx{flztl}(x)...X{fmztm}(;p)dxdtl...dtm

0 0 R4

~ [ @) g d
Rd
This completes the proof. O

3.2. A trick for reducing the dimension of the problem. The next
result is basically just a technical lemma that shows us in some cases to
reduce a problem in estimating a function of one function of several variables
to a several (hopefully easier) estimates of functions of one variable. First
some notation. For z € R let z1,...,zq be the coordinates of x (so that
x = (x1,...,2q)). Then for 1 < j <dand f(z) = (z1,...,2q) let

symmetric decreasing rearrangment of f with
5;f(x1,...,g;d)—{ y 8 5 /

respect to x; holding other variables fixed.

This one variable version of symmetrization is called Steiner symmetriza-
tion after Steiner who introduced it early in the last century and who seems
to have been to use symmetrization methods in proving geometric inequali-
ties.

Proposition 3.2. Let F: R? — [0,00) be a nonnegative measurable func-
tion that can be factored as

F(z) = F(z1,...,2q) = fi(z1) f2(z1, 22) f3(21, 22, 23) - - - fal1, o, 24)
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where f; only depends on x1,...,x;. Assume that for each j there is a
symmetric deceasing function g;(t) of one variable so that

Sifi(@1, ... x5) < gj(@;)
and also assume that there is a symmetric decreasing function G: R4 —
[0,00) so that
g1(x1)g2(x2) - - ga(xq) < G(x1,...,2q) = G().
Then
F(z) < G(x)
for all x.

Proof. 1t is not hard to verify from the definitions that
Hx :F(x) >t} = |{(z1,...,2q) : filz1) - fa(z1,...,2q) > t}]
<H(z1,...,2q) : filz1) - fa—1(z1, ... xq-1)g94(xq) > t}]
< K@i, @)« fil@n) - fae(@1, oo @d-2)9a-1(2d-1)9a(xa) =t}

< H(z1,...y2q)  g1(x1) - - ga—1(zg—1)galxq) > t}]
< \{(xl,...,;rd) : G(le,...,l’d) > t}’

And so F*(t) < G*(t) = G(t) (where G* = G as G is symmetric and a
monotone decreasing function of |z|). This completes the proof. O

3.3. Application of the rearrangement inequalities to integrals of
products of cosines.

Lemma 3.3. Let f : [-R,R] — [0,1] be given by f(z) = |cos(az + b)|
where a is an integral multiple of w/(2R) (this implies that 2R is a period

of f(z))). Then
f*(z) = cos(mx/(2R)).

Proof. Doing this in terms of the definition (B.2) is hard work, but by using
the characterization (B.J) and (B.4) and drawing a picture this becomes more
or less clear. O

Lemma 3.4. Let f : [-R, R] — [0, 1] be given by f(x) = | cos(ax+Db)| where
a>m7/(2R). Then
[*(z) < cos(mz/(4R)).

Proof. As a > 7/(2R) the smallest Ppin period of f(x) is < 2R. Let R; be
the smallest number > R so that 2R; is a period of f(x). Then R; < R. Let
fi(x) be the natural extension of f(x) to [—Ry, R1] (that is f1(z) = | sin(az+
b)| for |z| < Rp). From the characterization of symmetric rearrangements
given by (B3) and (B.4) we clearly have f*(x) < fi(z) for |x| < R. But
then the last lemma and R; < R implies

f () < fi(z) = cos(mx/(2R;1)) < cos(mz/(4R)).
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This completes the proof. O

Lemma 3.5. Let f: [—R, R] — [0, 1] be given by f(x) = | cos(ax+Db)| where
a <7/(2R). Then
f*(x) < cos(ax).

Proof. An exercise. O

Lemma 3.6. For |t| < /2 the inequality
cos(t) < e /2
holds.

Proof. Anther exercise. O

Lemma 3.7. Let f1,..., fq: [-R,R]%: — R be d functions given by
fi(x1, ... z5) =|cos(ajxj + bj(x1,...,24-1))|

(thus f; only depends on the variables x1,...,x; and b; only depends on
x1,...,2j-1). Let F(x) = F(x1,...,2q) be

F(z) = fu(z)-- fa(z)
the product of the f;. Assume that |a;| > 7/(2R). Then

1 a2 (2 2
F*(Il?l, o 7$d) < e Z16R2 (@3+-+232)

Remark 3.8. In terms of other notation used here [-R, R]* = Q(2R). O
Proof. Let gj(t) = |cos(nt/(4R))| Then by Lemma B.4 the inequality
Sjfi(xn, .. xj) < gj(a;) = | cos(ma;/(4R))|.

As |z;| < R we have |rz;/(4R)| < m/4 < 7/2 and this by Lemma B.§ we
can estimate the product

2.2 2.2 2.2

—nmT —m4x —7nlx 2
91(21)g2(22) -+ ga(7) < e TR e BT - e TRE = ¢ 210z (TTTTHED,
. S B : .
The function G(x1,...,x4) = e 216821 4’ is symmetric and decreasing
so that Proposition B-2 applies. This completes the proof. O
Proposition 3.9. Let vi,...,v, € R? be n vectors in R% and let m < n.

Assume that for any unit vector u € R that for at least m of the indices k
the inequality

vk, u)| = 7w/ (2VdR)

holds. Then
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Proof. Let call an ordered set (v, ...,vk,) from the list vy, ..., v, nice iff
the vectors vg,, ..., v, are linearly independent, |v1| > 7/(2VdR) and for

2 < j < dthelength of the orthogonal projection of vy, onto span(vg,, . .., vk;_,

has length > 7/(2v/dR). If the number m in the statement of the proposition
is > d then we can construct a nice ordered set (v, . .., vg,) as follows. First

choose vy, so that |vg, | > 7/(2V/dR) and for future use let e; := vy, /|vg, |
be the unit vector in the direction of vg,. Now assume that vg,,...,vg,_,

have been defined. Then let v € span(vg, .. .,vkj_l)L be a unit vector.
Then there is a vector vg; so that [(vg;,u)| > 7/(2v/dR). This imples that
if vk,L is the orthogonal projection of vy, onto span(vy,... ,vkj_l)L then
|Uk | > 7T/(2\/_R) Now let e := U,CL]/|U,€L]| be the unit vector in the direc-
tion of Uk;j' Then (vg,,...,vk,) is nice and also eq, ..., €4 is an orthonormal
basis of R? so that

(3.6) span(e1,...,e;) =span(vy,...,v;) and [{ej, vy, )| > 7/(2VdR)

forj=1,...,d.

Let p be the largest integer so that pd < m (thus p < m/d). Then be
doing the construction above p times we can find p nice ordered sets with no
elements in common and be reordering we can assume that the nice ordered
sets are

(V1,5 0a)s (Vagts -5 02d)s5 -+ o5 (Vedgts -+ 5 V1)) - - > (V(p—1yds1s - - - > Upd)-

Let Fy be the function

Fy(&) = | cos(&, vear1)]| cos(§, vegra)| - - - [ cos(§, virg1ya)l-
Then

n P n p

(3.7) H\cos(ﬁ,vkﬂ = HFg(x) . H | cos(&, vk, H

k=1 =1 k=pd+1 =1
We now estimate the symmetric rearrangement of Fy. Let e1,...,eq be
the orthonormal basis of R% associated with the nice ordered set vy, ..., vg
as in (B.6). Then do an orthogonal change of variables n = P¢ (thus P is an
orthogonal matrix) so that in the variables n = (n1,...,74) the n; axis is in

the direction of e;. Let Q'(2R) be the image of the cube Q(2R) under this
change of variables. Then Q'(2R) C Q(2VdR) (where the cube Q(2v/dR)
is defined with respect to 7 coordinate system). Let F/(n) be Fy in the new

coordinate system (and we extend F, to Q(2v/dR) so that in Q(2VdR) is
still given by the same formulas as in Q'(2R)). Now in the coordinate system
N1,--.,Nq We have

Fi(n HICOb ajn; +bi(n, ..., mi-1))|
7=1

)J_
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where |aj| = |(vj,e;)| > 7/(2VdR). Therefore by Lemma B.7 (with R
replaced by vdR) we have

1 2 2
(1) (s oy ma) < e 2ova
Translating this back to the original coordinate system gives
71L| |2
Ff <e 2tevarzl”

Clearly the same estimate will hold for Fy with 1 < ¢ < p. Thus by the basic
rearrangement inequality we have

/Q oo 1P < | lF©

RY

1 mn? ||2
< e 216varz !l ¢
= Jga

d
_ (Vo) 1
= (vVam) (\/<p7r2>/<16dR2>)
d

(%) ()
- 2w vm
Combining this with (B.7) completes the proof. O

Proposition 3.10. Let aq,...,a, be non-negative real numbers and R > 0.
Let m be the number of the ay’s that satisfy ap > 7/(2R). By reordering
it can be assume that ar, < 7/(2R) for k < (n —m) and ar, > 7/(2R) for
k> (n—m+1). Then

R n
/ H | cos(arx + by)| dx < v2r .
R \ me?)/(16R2) + S0 o}
Thus
L 2 8R
/ [ cos(arz + by)| dz < *2/77 — =
~R}y V(m72)/(16R2)  V2mm
and

R n /9
/ H | cos(arx + by)| dx < S Sl

R n—m _92
k=1 k=1 %

Proof. From the rearrangement Theorem B.1 and Lemmas B.4 and B.5 which
give explicit bounds on the symmetric rearrangements of the functions fy(x) =
| cos(agz + by)| we have

n—m

R N R
/_ H | cos(agx + by)| dx < /Rcosm(mc/(élR)) H cos(axx) dx.

Ry - k=1
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Now use the inequality

—x2/2

cos(z) <e for |z| <m/2

of Lemma Bf to estimate

R n—m 00 nem
/ cos™(rz/(4R)) [] cos(arz) da < / o3 (i ad)e

-R k=1 —00
_ V2T
\ (mm2) [(16R2) + Y127 o
Putting these inequalities together completes the proof. O

4. ESTIMATES ON THE CONCENTRATION.

4.1. A one dimensional result.

Theorem 4.1. Let aq,...,a, be real numbers and let m be the number of
the ay’s that satisfy |ax| > 1 and ordered so that |ag| > 1 for k > n —m.
Then

™2 3.94
Ni_iq < t " < o,
2\/m—i—4zk az \/m—{—élzk az
Thus
™21 3.94
N_in < P ) L
[-1,1] 2/m Jm
and
1.97
Mo < "

™ 2T
Y= 2n§—
n—m _9 n—m _9
4\/ k=1 @ k=1 Ok

Proof. Replacing ay by —ayj, does not change the value of /\/[,1,1] and so there
is no loss in generality by assuming that ay > 0 for all k. Letting » = 2 and
d =1 in Proposition P.G gives

ot w/2 "N

N <27 — | cos(axx)| dz.
8 7r/2k1_Il

Now in Proposition B:I( let R = /2. Then 7/(2R) = 1 and by assump-
tion there are exactly m of the ay’s with ay > 1 = n/(2R). Therefore
Proposition B-IJ yields

/W/2 n V2 V2m

H | cos(agx)| dr <

2 i o) (6 + S @ Jmfat S

Putting these estimates together gives the result. O
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4.2. Estimates when a positive proportion of the vectors have at
least unit length.

Theorem 4.2. Let v1,,...,v, € R? and assume that there is a number
§ > 0 so that at least dn of the vectors vy, satisfy |vg| > 1. Then ifr < 2/v/d

1
Nowmy < Cr(d)—=2"

Von
where 4
< d-1/2 (T\©
Ci(d) < 4(27) (8)
Proof. Let v = (vgk), e ,vu(lk)). Then if |vg| > 1 for at least one index j

the inequality \fuj ") | > 1/+/d holds. Therefore the hypothesis of the theorem

implies that at least dn of the vectors vy will have ]v§k)] > 1/V/d. But
then there will be a fixed jp so that at least dn/d of the vectors will have

|U](-§)| > 1/+/d. By relabeling we can assume that jo = 1 and that for some

m > on/d that |U§k)‘ > 1/v/d. To simplify notation let ay := vgk) for

kE=1,...,m (so that |ag| > 1/V/d). Write vectors £ € R% and ¢ = (¢,¢')
where ¢ = &; is the first coordinate of & and & = (&,...,&;). With this
notation for 1 < k < m we have (v*, &) = apt + by where b, = (v}, &) (so
that by is independent of ¢t = &;). Therefore

1 Icosor, &)1 < [ I cos(art + by)l-
k=1 k=1
Let Q'(2r/r) be the centered cube in R4~! with edges of length 27 /r so

that Q'(2w/r) = [—n/r,m/r] x Q'(27w/r). Using this estimate by integrating
one coordinate at a time

w/r M
/ H\cos Vg, € \d§</ / H|cos agt + bg)| dt d¢’
Q@2 /r) L. (27 /7)

/T2
w/r M
=Vol(Q' (27 /7)) / T 1 cos(axt + be)] dt
—m/r =1
d=1 px/r m
(QW) // H\cos ait + by)| dt.
/Ty

If R = «/r then 7/(2R) = r/2 < 1/v/d < |ax| and so by Proposition

the estimate

m/r 5 4W2or 42
/ H|cos (art + b)| dt < SR "< T
it vV 2mm v mr onr

holds (and we have used m > dn). Combining with the above we have

4(2m)d=1/2 /1 d
/ QE2m/r) . H ’COS ’Ulﬁ ’d‘S : \/ﬁ <;> .
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Combining this with Proposition 2.6 completes the proof. O

4.3. Estimates when the many of the vectors are not all close to a
hyperplane. The following is a very slight generalization of Theorem 1 of
Haldsz’s paper [2].

Theorem 4.3. Let v1,...,v, € R? and assume that for any unit vector u
that there are at least m indices k so that |(vg,u)| > 1. Then

1\,

In particular this implies that if for some 6 € (0,1) that m > on then
1\,
Proof. Let r = 2v/d in Proposition @ to get
d
\/E n
Nopva < 2" <7T— | cos(vg, &)| d€.
Qv 4 ) Jowva ,El
Let 2R = 7/v/d om Proposition @ to get

n 4\/37[_ d 1 d
/Q(W/ﬂ)kr[l|cos<vk,f>|dss<m> (ﬁ> .

Putting these two estimates together completes the proof. O

where
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