Theorem (Granville, Schinzel, F.): An

algorithm exists for determining if a
given nonreciprocal polynomial f(x) €
Z|x| 1s irreducible and that runs in time

Or,H( log n (log log n)2| log log log n\) :



e If f has no cyclotomic factor but has
a reciprocal factor, then the algorithm
will give an explicit reciprocal factor.

f does not have a cyclotomic factor

We want to compute ged(f, g)
where g(x) = 2981 f(1/z) # f(z).



Theorem (Granville, Schinzel, F.): There
1s an algorithm which takes as input
two polynomsials f(x) and g(x) in Z|x]|,
each of degree < m and height < H
and having < r+ 1 nonzero terms, with
at least one of f(x) and g(x) free of
any cyclotomic factors, and outputs the

value of gcdy(f(x),g(x)) and runs in
time O H( log n)
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Theorem (Granville, Schinzel, F.): There
1s an algorithm which takes as input
two polynomsials f(x) and g(x) in Z|x]|,
each of degree < m and height < H
and having < r+ 1 nonzero terms, with

at least one of f(x) and g(x) free of
any cyclotomic factors, and outputs the

value of gcdy(f(x),g(x)) and runs in
time O H( log n)

F (a:dl, Ces mdk) = f(x)
F5 (wdl, e a:dk) = g(x)



Lemma (Bombieri and Zannier): Let
Fy, Fy € Q[xy, ..., x]

be coprime polynomaals. There exists
a number ci(Fy1, Fp) with the following
property. If w = (uy,...,u;) € ZF,
& + 0 1s algebraic and

F1(€u17 >0 9£uk) — FZ(‘Sulv > o 9€uk) = 0,

then either & 1s a root of unity or there

o —_— o
erists a non-zero vector v € 7F having

length at most ¢1 and orthogonal to u .



k k
f(a;-) — Z a,jajdj e Fl(i‘)) — Z a ;I
j=1 j=1

k k
g(z)= Z bjmdj — Fy(T) = Z bix;
j=1 j=1

. There exists
a number c1('a,b, k) with the following

property. If f(&) = g(&) = 0, then there

. —_— o
erists a non-zero vector v € 7F having

length at most ¢1 and orthogonal to u .

Uu = (d1,...,dg)

Note: It 1s important that ¢; 1s computable.



Idea: The lattice of vectors orthogonal

to v is (k—1)-dimensional so that there
exists a vector (e{,...,€e;_1) and a ma-
trix M in ZF—1 satisfying
dy el
d e
:2 — M. 32
dy; eL—1

So
k—1
di = ) mijej,
j=1

with the m;; € Z bounded.
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F(Z)(yla D Yk—1) = Zb H ymw












Lemma (Bombieri and Zannier): Let
Fy, F> € Qlzy, ..., o)

be |coprime polynomaals} There exists
a number c1(F7, Fo) with the following

property. If W = (uj,...,up) € 7k,
& + 0 1s algebraic and

F1(€u17 >0 7£uk) — F2(€u19 > o 9€uk) = 0,

then either € 1s a root of unity or there

o —_— o
erists a non-zero vector v € 7F having

length at most ¢1 and orthogonal to u .









Fl(k) (msome exponent) _ f(:lt)

Fz(k) (ajsame exponent) _ g(m)



Fy (:vdl, e wdk) = f(x)

F5 (a:dl, e a:dk) = g(x)

F1(2) (€, ..., x%%1) = f(x)
(1, ..., x%—1) = g(x)

Fl(k) (msome exponent) _ f(:lt)

— (k) {
FZ (ajsame exponen ) _ g(m)

The exponents and coefficients
in Fl(] ) and Fz(] ) remain bounded.



Fy wdl,...,wdk) = f(x)

(

F5 (a:dl, Cee s a:dk) = g(x)

F1(2) (€, ..., x%%1) = f(x)
(1, ..., x%—1) = g(x)

Fl(k) (msome exponent) _ f(:lt)

— (k) {
FZ (ajsame exponen ) _ g(m)

Compute gcd (Fl(k)(m), Fz(k)(a:))



Fy (:vdl, e wdk) = f(x)

F5 (a:dl, e a:dk) = g(x)

F1(2) (€, ..., x%%1) = f(x)
(1, ..., x%—1) = g(x)

Fl(k) (msome exponent) _ f(:lt)
7 (k) . _same exponent
Fy ' (x . ) = g(x)

Note we are not saying such
Fl(k)(m) and Fz(k)(a:) exist.



Lemma (Bombieri and Zannier): Let
Fy, Fy € Q[xy, ..., x]

be coprime polynomaals. There exists
a number ci(Fy1, Fp) with the following
property. If w = (uy,...,u;) € ZF,
& + 0 1s algebraic and

F1(€u17 >0 9£uk) — FZ(‘Sulv > o 9€uk) = 0,

then either & 1s a root of unity or there

o —_— o
erists a non-zero vector v € 7F having

length at most ¢1 and orthogonal to u .



One additional item for the Final Exam

(and future Comps)



Let f(x) € R[x] with f(0) # 0. Write

F@) =Y ag = an [[ (@ — )

and

w(x) = ay, H (x — ;) H (ajzr — 1).

1<j<n 1<j<n
|aj|>1 715!
Recall that

M(f) = lan| |] max{la;l,1} and |f|| =

1<j<n \

Prove the following:

(a) Explain why w(z)w(z) = f(x)f(x).

(b) Prove M(f) < [I£]I

(c) For f(z) € R[z], prove || f|| < 298/ M(f).

(d) Let f(x) and g(x) be polynomials in Z[x| such that g(x)|f(x).
Prove [|g|| < 2989|| f]].
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