
The Lattice Base Reduction Algorithm

This is a method which was developed in 1982 by Arjen

Lenstra, Hendrik Lenstra and László Lovász to prove that

factoring polynomials in Z[x] can be done in polynomial time.

It is sometimes called the LLL-algorithm or the L
3
-algorithm.

Definitions and Notations. Let Qn
denote the set of vectors

ha1, a2, . . . , ani with aj 2 Q. For

~b = ha1, a2, . . . , ani 2 Qn
and ~b0

= ha0
1
, a0

2
, . . . , a0

ni 2 Qn,

define the usual dot product ~b ·~b0
by

~b ·~b0
= a1a

0
1
+ a2a

0
2
+ · · · + ana0

n,

and set

k~bk =

q
a2

1
+ a2

2
+ · · · + a2

n.

Further, we use AT
to denote the transpose of a matrix A,

so the rows and columns of A are the same as the columns

and rows of AT
, respectively. Let ~b1, . . . ,~bn 2 Qn

, and let

A =
�
~b1, . . . ,~bn

�
be the n ⇥ n matrix with column vectors

~b1, . . . ,~bn. The lattice L generated by ~b1, . . . ,~bn is

L = L(A) = ~b1Z + · · · +~bnZ.

We typically want ~b1, . . . ,~bn to be linearly independent; in

this case, ~b1, . . . ,~bn is called a basis for L.
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Example. In R2
, the lattice formed from the basis h1, 0i and

h0, 1i is the same as the lattice formed from the basis h1, 0i
and h1, 1i. This can be seen geometrically and algebraically.When do we want the test?

Example 2. The lattice L1 with basis h2, 1i and h1, 2i and the

lattice L2 with basis h3, 0i and h3, 1i are such that det L1 =

det L2. But the lattices are quite di↵erent.
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The Gram-Schmidt orthogonalization process
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, . . . ,~b⇤

n are linearly independent

(hence, non-zero) and pairwise orthogonal (i.e., for distinct i
and j, we have ~b⇤

i ·~b⇤
j = 0).
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In the notation of the definition,

~b 2 L, ~b 6= 0 =) k~b1k  2
(n�1)/2k~bk.

Thus, ~b1 is not far from being the shortest vector in L.
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