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Notation. ⇡(x) =
���p : p prime  x

 ��

⇡s
"

“s” as in special

(x) =
���p : p prime  x, P (p � 1)| {z }

"

P (n) is the largest prime factor of n

> p2/3 ��
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Lemma 1. There is a constant c > 0 and x0 such that

⇡s(x) � c
x

log x
for all x � x0.



Two Important Papers in the Literature:
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Classical. ⇡(x) 
2x

log x
for x large



Lemma 2. There are positive constants c1 and c2 such
that the interval I = (c1(log n)6, c2(log n)6] contains
a prime r with r � 1 having a prime factor q satisfying

q � 4
p

r log n and q|ordr(n).



Input: integer n > 1

1. if ( n is of the form ab, b > 1 ) output COMPOSITE;

2. r = 2;

3. while ( r < n ) {

4. if ( gcd(n, r) 6= 1 ) output COMPOSITE;

5. if ( r is prime )

6. let q be the largest prime factor of r � 1;

7. if ( q � 4
p

r log n ) and ( n(r�1)/q 6⌘ 1 (mod r) )

8. break;

9. r ! r + 1;

10. }

11. for a = 1 to 2
p

r log n

12. if ( (x�a)n 6⌘xn�a (mod xr�1, n) ) output COMPOSITE;

13. output PRIME;
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Note that n does not have
any prime divisors < r.

R⇡,P3 R⇡,P2 R⇡,P1 = R⇡,Q

= h(x)w1(x) + R(x) + p w2(x) =) /

q - n h(x)

q - n, q|(r � 1), q|ordr(n)

Qt
j=1 p

ej�1
j ordr(pj)
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p
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PROBLEM : Show that if n is composite, then the
algorithm indicates it is.



SITUATION:
n is composite, r is a prime

q is a prime, q ≥ 4
√

r logn

q|(r − 1), q|ordr(n)

WANT: There is an integer a with 1 ≤ a ≤ 2
√

r logn
such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , n ).
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= h(x)w1(x) + R(x) + p w2(x) =) /

q - n
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R(x) = pR1(x) = ph(x)Q2(x) + pR2(x)

()

factoring r � 1 can be
done in O

�
(log n)4

�
steps

Note this is not h(x).

This is mod (h(x), p).

(Comment: We really will work mod (xr
� 1, p).)
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SITUATION:
n is composite, r is a prime

q is a prime, q ≥ 4
√

r log n

q|(r − 1), p|n, q|ordr(p)

How do we choose h(x)?
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THE FACTORIZATION OF CYCLOTOMIC
POLYNOMIALS MODULO A PRIME

Let r be a positive integer, and let p be a prime.
Write r = pkm where p ! m. Let f = ordm(p).
Then the rth cyclotomic polynomialΦr(x) factors
as a product of φ(m)/f incongruent irreducible
polynomials modulo p of degree f each raised to
the φ(pk) power.
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G = {(x−1)e1(x−2)e2 · · · (x−ℓ)eℓ : ej ≥ 0}
Main Lemma: The set

forms a subgroup of the multiplicative group of non-
zero elements of F (which necessarily is cyclic) of size
> 2ℓ = 22

√
r log n = n2

√
r.

We explain why this main lemma gives us what we want
and then discuss why it is true.
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g(x) = (x−1)e1(x−2)e2 · · · (x−ℓ)eℓ

Notation: SinceG is cyclic, there is an element

inG (and, hence, in F ) of order |G| > n2
√

r. Define

Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}.

R(x) = pR1(x) = ph(x)Q2(x) + pR2(x)

()

factoring r � 1 can be
done in O

�
(log n)4

�
steps

Note this is not h(x).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xm1r−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xm1r−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xr −1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xr−1, p)

g(xm1) ≡ g(x)m1 (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ g(xm1)m2 ≡ g(xm1m2) (mod xr−1, p)

g(xm1) ≡ g(x)m1 (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

g(x)m2 ≡ g(xm2) (mod xr−1, p)

=⇒ ≡ g(xm1m2) (mod xr−1, p)

g(xm1) ≡ g(x)m1 (mod xr−1, p)

g(x)m1m2



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

R(x) = pR1(x) = ph(x)Q2(x) + pR2(x)

()

factoring r � 1 can be
done in O

�
(log n)4

�
steps

Note this is not h(x).

This is mod (h(x), p).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)whered= order of g(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (modd)whered= order of g(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

xm2j − xm1j = xm1j
(

x(m2−m1)j − 1
)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

xm2j − xm1j = xm1j
(

x(m2−m1)j − 1
)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

xm2j − xm1j = xm1j
(

x(m2−m1)j − 1
)

= xm1j
(

xr − 1
)(

· · ·
)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

xm2j − xm1j = xm1j
(

x(m2−m1)j − 1
)

= xm1j
(

xr − 1
)(

· · ·
)

=⇒ xm2j ≡ xm1j (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

xm2j − xm1j = xm1j
(

x(m2−m1)j − 1
)

= xm1j
(

xr − 1
)(

· · ·
)

=⇒ xm2j ≡ xm1j (mod xr − 1, p)

=⇒ g(xm2) ≡ g(xm1) (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)

=⇒ g(x)m2 ≡ g(x)m1 (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)

=⇒ g(x)m2 ≡ g(x)m1 (mod xr − 1, p)

=⇒ g(x)m2−m1 ≡ 1 (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)

=⇒ g(x)m2 ≡ g(x)m1 (mod xr − 1, p)

=⇒ g(x)m2−m1 ≡ 1 (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

MORAL:



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

MORAL: There are≤r positive integers≤d in Ig(x).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod h(x) , p).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).

Assume otherwise.



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).

Assume otherwise. Then, for all a ∈ {1, 2, . . . , ℓ},
(x − a)n ≡

(

xn − a
)

(mod xr − 1 , p).



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).

Assume otherwise. Then, for all a ∈ {1, 2, . . . , ℓ},
(x − a)n ≡

(

xn − a
)

(mod xr − 1 , p).

g(x) = (x−1)e1(x−2)e2 · · · (x−ℓ)eℓ



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).

Assume otherwise. Then, for all a ∈ {1, 2, . . . , ℓ},
(x − a)n ≡

(

xn − a
)

(mod xr − 1 , p).

=⇒ g(x)n ≡ g(xn) (mod xr − 1, p)

g(x) = (x−1)e1(x−2)e2 · · · (x−ℓ)eℓ



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

WANT: There is an integer a with 1 ≤ a ≤ ℓ such that

(x − a)n ̸≡
(

xn − a
)

(mod xr − 1 , p).

Assume otherwise. Then, for all a ∈ {1, 2, . . . , ℓ},
(x − a)n ≡

(

xn − a
)

(mod xr − 1 , p).

=⇒ g(x)n ≡ g(xn) (mod xr − 1, p)

g(x) = (x−1)e1(x−2)e2 · · · (x−ℓ)eℓ



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x)

g(x)p ≡ g(xp) (mod p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x)

g(x)p ≡ g(xp) (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x)

g(x)p ≡ g(xp) (mod xr−1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)

=⇒ g(x)m2 ≡ g(x)m1 (mod xr − 1, p)

=⇒ g(x)m2−m1 ≡ 1 (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0 ≤ i, j ≤ [
√

r]
Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)where d = order of g(x)

g(xm2) ≡ g(xm1) (mod xr − 1, p)

=⇒ g(x)m2 ≡ g(x)m1 (mod xr − 1, p)

=⇒ g(x)m2−m1 ≡ 1 (mod xr − 1, p)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0 ≤ i, j ≤ [
√

r]

1 ≤ nipj



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j ≤ n2
√

r



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j ≤ n2
√

r ≤ d



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

PROPERTIES OF Ig(x):
•m1, m2 ∈ Ig(x) =⇒ m1m2 ∈ Ig(x)

•m1, m2 ∈ Ig(x) and m1 ≡ m2 (mod r)

=⇒m1 ≡ m2 (mod d)whered= order of g(x)



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j ≤ n2
√

r ≤ d



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j ≤ n2
√

r ≤ d

ni1pj1= ni2pj2



Ig(x) = {m : g(x)m ≡ g(xm) (mod xr−1, p)}

MORAL: There are≤ r positive integers≤ d in Ig(x).

n ∈ Ig(x), p ∈ Ig(x)

nipj ∈ Ig(x) for 0≤ i, j ≤ [
√

r]

1≤ nipj ≤ ni+j ≤ n2
√

r ≤ d

ni1pj1= ni2pj2 =⇒ n = pk


