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Two Important Papers in the Literature:

e Etienne Fouvry, Théorem de Brun-Titchmarsh, appli-
cation au théorem de Fermat, Invent. Math 79 (198)5),
383-407.

e [ .conard Adleman and D. Roger Heath-Brown, The first
case of Fermat’s Last Theorem, Invent. Math 79 (1985),
409-416.

Notation. m(x) = |{p p prime < "E}|
ws(z) = |{p: pprime < z, P(p — 1) > p*/3}]
I i

s” as 1n special P(n) is the largest prime factor of n
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Classical. 7(x) < for « large
log x



Lemma 2. There are positive constants ¢ and c2 such
that the interval I = (c1(logn)®, ca(log n)°] contains
a prime 7 with 7 — 1 having a prime factor g satistying

q > 4v/rlogn and qlord,(n).



Input: 1integer n > 1

1. if ( n is of the form a’, b>1 ) output COMPOSITE;
2.1 =2

3.while (( r<n ) {

4. if ( ged(n,r) #1 ) output COMPOSITE;

5. if ( r 1s prime )

6. let ¢ be the largest prime factor of r — 1;
7. if ( g > 4+yrlogn ) and ( n" Y9421 (mod r) )
8. break;

9. r—1r+1;

10. }

11. for a=1 to 2y/rlogn
12. if ( (x—a)"#x2"—a (modx"—1,n) ) output COMPOSITE;
13. output PRIME;
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Input: 1integer n > 1

1. if ( n is of the form a?, b >1 ) output COMPOSITE;
2.1 = 2;

3.while (( r<n ) {

4. if ( ged(n,r) #1 ) output COMPOSITE;

5. if ( r 1s prime )

6. let g be the largest prime factor of r —1;
7. if ( g >4+y/rlogn ) and ( n"Y/9£1 (mod r) )
8. break;

9 r—1r—+1; PROBLEM : Show that if 2 1s composite, then the
10. ) algorithm indicates it 1s.

11. for a=1 to 2y/rlogn
12. if ( (x—a)"Zx"—a (modx"—1,n) ) output COMPOSITE;
13. output PRIME;



SITUATION:
T 1S composite, 7 1S a prime
g isaprime, q > 4+/rlogn
qgtn, gq|(r—1), gqlord,(n)

WANT: There is an integer a with 1 < a < 2+4/rlogn
such that

(x —a)" Z (" —a) (modz" —1, n).
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SITUATION:
7L 1S composite, 7 1S a prime

qisaprime, gq > 4+/rlogn
qgtn, q|(r—1), gqlord,(n)

WANT: There is an integer a with 1 < a < 2+4/rlogn
W
such that

14
(x —a)" # (" —a) (mod z” —1, n).

h(x) monic, where h(x)|(x" — 1) mod p p with p|n

(Comment: We really will work mod (" — 1, p).)



Rem((x —a)* — (x" —a),x* —1,x) mod n

U

Rem((x —a)* — (x* —a),x* —1,x) mod p

U
Rem((x —a)* — (x* —a),h(x),x) mod p = 0



Rem((x —a)* — (x" —a),x* —1,x) mod n # 0
)
Rem((x —a)* — (x* —a),x* —1,x) mod p # 0

)
Rem((x —a)* — (x* —a),h(x),x) mod p # 0



SITUATION:
T 1S composite, 7 1S a prime
g isaprime, q > 4+/rlogn
qgtn, gq|(r—1), gqlord,(n)

WANT: There is an integer a with 1 < a < 24/rlogn
such that

(x —a)" Z (2" —a) (mod h(z),p),
where p is a prime dividing n and h(x) is a monic factor
of " — 1 modulo p (both of our choosing).

(Comment: We really will work mod (" — 1, p).)
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SITUATION:
T 1S composite, 7 1S a prime
g isaprime, q > 4+/rlogn
qgtn, gq|(r—1), gqlord,(n)

How TO CHOOSE p: If n = p{'p52- - p;t, then

d = ord;(p1) - - - ordp(pt) = n® =1 (mod r).
We deduce q|d. Fix p such that
pln  and qford(p).
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Note that n does not have
any prime divisors < T.



SITUATION:
T 1S composite, 7 1S a prime
g isaprime, q > 4+/rlogn
q|(r —1), pln, glord;(p)

How do we choose h(x)?
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THE FACTORIZATION OF CYCLOTOMIC
POLYNOMIALS MODULO A PRIME

Let r be a positive integer, and let p be a prime.
Write r = pFm where p t m. Let f = ordm/(p).
Then the r*" cyclotomic polynomial ®,.(x) factors

as a product of ¢(m)/f incongruent irreducible
polynomials modulo p of degree f each raised to

the ¢ (pF) power.
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Let T be a positive integer, and let p be a prime.
Write r = pFm where p t m. Let f = ordm/(p).

Then the " cyclotomic polynomial ®,.(x) factors
as a product of ¢(m)/f incongruent irreducible
polynomials modulo p of degree f each raised to

the ¢ (pF) power.
' — 1

r— 1

rprime, k=0, m=1r, ®,(x) =



THE FACTORIZATION OF CYCLOTOMIC
POLYNOMIALS MODULO A PRIME

Let T be a positive integer, and let p be a prime.
Write r = pFm where p t m. Let f = ordm/(p).
Then the r*" cyclotomic polynomial ®(x) factors

as a product of ¢(m)/f incongruent irreducible
polynomials modulo p of degree f each raised to

the ¢ (pF) power.

x" — 1 has a factor of degree ord;-(p) modulo p



THE FACTORIZATION OF CYCLOTOMIC
POLYNOMIALS MODULO A PRIME

Let T be a positive integer, and let p be a prime.
Write r = pFm where p t m. Let f = ordm/(p).

Then the " cyclotomic polynomial ®,.(x) factors
as a product of ¢(m)/f incongruent irreducible
polynomials modulo p of degree f each raised to

the ¢ (pF) power.
x" — 1 has a factor of degree ord;-(p) modulo p

h(x)
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SITUATION:
n is composite, risaprime, £ = 2y/rlogn
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Notation: Since G is cyclic, there is an element
g(x) = (z—1)"(x—2)2 .-+ (x—£)™
in G (and, hence, in F') of order |G| > n2vr,

Main Lemma: The set
G={(z—1)1(x—2)2.-- (z—£):e; > 0}

forms a subgroup of the multiplicative group of non-

zero elements of F' (which necessarily 1s cyclic) of size
S 28 — 92y/rTlogn _ 24/7




Notation: Since G is cyclic, there is an element
g(xz) = (—1)"(x—2)"2 .-+ (z— )"
in G (and, hence, in F') of order |G| > n2V" Define

Ig(az) = {m:g(x)" = g(z™) (mOd/wj_lv p)}-

Note this is not h(x).

Main Lemma: The set
G={(z—1)1(x—2)2.-- (z—£):e; > 0}

forms a subgroup of the multiplicative group of non-

zero elements of F' (which necessarily 1s cyclic) of size
S 28 — 92y/rTlogn _ 24/7
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emyi, m2 € I ) and m; = my (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

pM2J _ M1J — ,M1] (m(mz—mm _ 1)

= o™i — 1) ()

™2 = £™J  (mod z" — 1, p)

—
—  g(x"?) =g(=") (mod z" — 1, p)



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, m2 € I, and my = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

g(xz™"?) =g(z") (mod z" — 1,p)



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, m2 € I, and my = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

g(xz™"?) =g(z") (mod z" — 1,p)
—> g(x)""? =g(x)" (mod z" —1,p)



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, m2 € I, and my = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

g(z™?) = g(z™') (mod z" —1,p)
— g(z)"? =g(x)™" (mod z" — 1, p)
—> g(x)"27" =1 (mod z" — 1, p)



g(az) ={m:g(z)" = g(z") (mod z"—-1,p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, My € I;,) and m; = mg (mod r)

—>m1 = m2 (mod d) where d = order of g(x)

g(z™?) = g(™) (mod z" — 1, p)
— g(x)™? =g(z)"" (mod z" — 1, p)
— g(x)"?27"™1 =1 (mod z" — 1, p)



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, m2 € I, and my = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

PROPERTIES OF [ (,:
*m1,m2 € lyz) = mum2 € Iy
emyi, m2 € I ) and m; = my (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

MORAL:



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

PROPERTIES OF [ (,:
®M1, M9 € Ig(a’;) —> Mmim9 € Ig(a’;)
emy, m2 € I, and my = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)

MORAL: There are < 7 positive integers < d in L,



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod h(x) ,p).



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).

Assume otherwise.



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).

Assume otherwise. Then, foralla € {1,2,...,£},
(x —a)" = (2" —a) (mod z" —1,p).



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).

Assume otherwise. Then, foralla € {1,2,...,£},
(x —a)" = (2" —a) (mod z" —1,p).

9(x) = (@—1)1(x—2)°2 -+ (x— )



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).

Assume otherwise. Then, foralla € {1,2,...,£},
(x —a)" = (2" —a) (mod z" —1,p).

g(z) = (x—1)Y(x—2)2--- (x—£)*
— g(z)" =g(x=") (mod z" — 1, p)



g(az) ={m:g(z)" = g(z") (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

WANT: There is an integer a with 1 < a < £ such that
(x —a)" Z (2" —a) (mod z" —1,p).

Assume otherwise. Then, foralla € {1,2,...,£},
(x —a)" = (2" —a) (mod z" —1,p).

g(z) = (x—1)"(xz—2)7 - (x—£)™
— g(z)" =g(«") (mod =" —1,p)



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

n € Ly



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

g(z)’ = g(z”) (mod p)



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

g(x)P = g(xP) (mod "1, p)



Ig(w) — {m : g(w)m — g(mm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

g(x)P = g(xP) (mod "1, p)



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

n &€ lg@): P € lg)

PROPERTIES OF [ (,:
® 1M1, 1Mo C Ig(a:) —> Mmoo C Ig(a?)
emy, m2 € I;;) and m; = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)



Iyzy = {m:g(z)"™ =g(z"™) (mod z"—1,p)}
MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

PROPERTIES OF [ (,:
® 1M1, 1Mo C Ig(a:) —> Mmoo C Ig(a?)
emy, m2 € I;;) and m; = mo (mod 7)

—>m1 = m2 (mod d) where d = order of g(x)



Iyzy = {m:g(z)"™ =g(z"™) (mod z"—1,p)}
MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

1<nipj



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

1 < n'pl < n*td



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

1 < nipd < nitd < p2vr



Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

1 < nipd < nitd < n2vVr < d



Ig(az) — {m : Q(x)m — g(mm) (mOd iUr—l, p)}

PROPERTIES OF I ;):
®Mi1, M9 € Ig(a’:) —> Mmoo & Ig(a’;)
emy, m2 € I, and my = mo (mod r)

—>m1 = my (mod d) Whered: order of g(x)

Main Lemma: The set
G={(z—1)1(x—2)2.-- (z—£):e; > 0}

forms a subgroup of the multiplicative group of non-

zero elements of F' (which necessarily 1s cyclic) of size
S 28 — 92y/rTlogn _ 24/7




Ig(az) — {m : Q(x)m — g(wm) (mOd x —1, p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-
n &€ lg@): P € lg)

nipj S Ig(a:) for 0 < 2,7 < [\/F]

1 < nipd < nitd < n2vVr < d



g(az) ={m:g(x)" = g(z™) (mod z"—1,p)}

MORAL: There are < 7 positive integers < d in 1 g(x)-

nipj S Ig(a:) for 0 < 2,7 < [\/F]
1 < nipd < nitd < n2vVr < d

n'lpll = pt2pi2



g(a:) ={m:g(z)" = g(z") (mod z"—1,p)}
MORAL: There are < 7 positive integers < d in 1 g(x)"
n &€ lg@): P € lg)

n'pl € Iypy for 0<4i,5 <[]

1 < nipd < nitd < n2vVr < d

nilpjl _ nizpjz — N = pk




