Mersenne Primes

Definition. A Mersenne prime is a prime of the form 2" — 1.

e Equivalently, ... of the form 2P — 1 where p is a prime.

e Mersenne primes are related to perfect numbers. Euler
showed that o(m) = 2m, where m is even if and only if
m = 2P71(2P — 1) where p and 2P — 1 are primes.

e The largest known prime is 27722917 _ 1.



The Lucas Primality Test

Fix integers P and Q. Let D = P? — 4(Q). Define recursively

u, and v,, by

ug = 0, u; = 1, Unp+1 — Pu,, — Qun—l for n Z 1,

vo = 2, v = P, and v,11 = Pv, — Qu,_1 for n > 1.

If p is an odd prime and p { PQ and DP~Y/2 = —_1 (mod p),
then plupyi1.
Maple’s Version
e Take () = 1.
. . P? —4
e Find first P where the Jacobi symbol = —1.
n

e Make use of the identities, where n > 1.

42 — —
U2n = VU, — 29 V2n+1 = Un41Up — Pa Dun — 2'Un—l—l o Pvn
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vy =4, vo = 14, ... U2n+1:’l)§n—2 (n > 0)



The Lucas Primality Test

Fix integers P and Q. Let D = P? — 4(Q). Define recursively
u, and v,, by

ug = 0, u; = 1, Unp+1 — Pu,, — Qun—l for n Z 1,

vo = 2, v = P, and v,11 = Pv, — Qu,_1 for n > 1.

If p is an odd prime and p { PQ and DP~Y/2 = —_1 (mod p),
then plupyi1.

The Lucas-Lehmer Test. Let p be an odd prime, and define
recursively

Ly=4 and Lp.;=L?—2mod(2°—1) for n>0.

Then 2P — 1 18 a prime if and only 1f L,_» = 0.

vy =4, vo = 14, ... v2n+1=fu§n—2 (n > 0)



The Lucas-Lehmer Test. Let p be an odd prime, and define
recursively

Ly=4 and Ly, =L?—2mod (2°—1) for n > 0.

Then 2P — 1 s a prime tf and only if L, > =
v, =4, vo = 14, ... Vont1 = V3, — 2 (n > 0)
Ln = Von
N = 2P —1is a prime <= v(n41)/4 1s divisible by N

an_IBn
U, = and v,=a"+ 38" forn >0,

a—pf
where a = (P 4+ +vD)/2 and 8 = (P — VD) /2

D = P? —4Q



The Lucas-Lehmer Test. Let p be an odd prime, and define
recursively

Ly=4 and Ly, =L?—2mod (2°—1) for n > 0.
Then 2P — 1 s a prime tf and only if L, > =
v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —11s a prime <= v(n+1)/4 18 divisible by NV

Oln—,Bn
U, = and v,=a"+38" forn >0,
a—p0
where a = (P + v D)/2and 8 = (P —vVD)/2

D = P? — 4Q

_2+V3) - (2 - VA

v and v, = (24+V3)"+(2—Vv/3)"

Uy



vy =4, vo = 14, ... v2n+1:fv§n—2 (n > 0)

N = 2P — 1 is a prime <= v(n41)/4 1s divisible by N

L E+VI" - (2 VA
n — \/E

(= ):

and v, = (24+V3)"+(2—V3)"

e 3(W-"1/2 = _1 (mod N) and 2V -Y/2 =1 (mod N)

e It suffices to prove v(n11)2 = —2 (mod N).
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® 2::\/§= ((\/5:: \/6)/2)2




vy =4, vo = 14, ... v2n+1:fv§n—2 (n > 0)

N = 2P — 1 is a prime <= v(n41)/4 1s divisible by N

_(2+V3)" - (2- VA

U
" V12

(= ):

and v, = (24+V3)"+(2—V3)"

e 3(W-"1/2 = _1 (mod N) and 2V -Y/2 =1 (mod N)

e It suffices to prove v(n11)2 = —2 (mod N).

L 2::\/§=((\/§:

= v6)/2)?

2

(ﬁ \/E)N“ (\/i—x/é)N“
® U(N+1)/2 = 5 +



v1 =4, vo =14, ... Vont1 = V5 — 2 (1 > 0)

N = 2P —1is a prime <= v(n41)/4 1s divisible by N

(=)

e 3W-1/2=_1 (mod N) and 2™¥-Y/2 =1 (mod N)

e It suffices to prove v(n;1)2 = —2 (mod N).

° 2::\/§:((\/§:

= v6)/2)°

2

(ﬁ I «6)“ (ﬁ - «6) .
® UN+1)/2 = 5

(N+1)/2

2—N

— 9(1=N)

Z (N+1>\/§N+1_2j\/62j
=0

2)

(N+1)/2
/2 Z (N_I_ 1)3j
27

7=0



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)
N = 2P —11s a prime <= v(n4+1)/4 18 divisible by NV
(= ):

o 3\ 1/2 = _1 (mod N) and 2V "1/2 =1 (mod N)

e It suffices to prove v(n;1)2 = —2 (mod N).

o 2+ 3= ((\/5:: \/6)/2)2

(N+1)/2
"

” _ 2(1—N)/2
® UN+1)/2 ]Z:% 2].

® 2(N_1)/ZU(N_|_]_)/2 =14 3WN+D)/2 = _9 (mod N) .



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

( = ): Note that this is the important direction!



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = 12 and v, = (24+v3)"+(2—V'3)

( <= ): Note that this is the important direction!

o (24++3)2—1 = +£/12(2+£+/3) (all signs the same)

o If p¢|u, with e > 1, then Future Homework

k=1 1 — .k 1
Ukn = ku, ju, (mod p*™') and up,y1 = u; ; (mod p*™).

BEWARE BAD NOTATION

DFDP



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

( <= ): Note that this is the important direction!

o (24++3)2—1 = £/12(2+£+/3) (all signs the same)
® Up = Up4+1 — Up-—1 and Um+n — UmUn41 — Up—-1Up
o If p®|u, with e > 1, then

k=1 1 — .k 1
Ukn = ku, ju, (mod p*™') and up,y1 = u; ; (mod p*™).

U(k+1)n — UkpnUn4+1 — Ugn—-1Un — UpnUn+1 + un(ukn—l—l — 4ukn)



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

( <= ): Note that this is the important direction!

o (24++3)2—1 = +£/12(2+£+/3) (all signs the same)
@ VU, = Upi1 — Up—1 aNd Upin = UpUpi1 — Upym—_1Un,
o If p®|u, with e > 1, then
Upn = kul ju, (mod pt!) and ug,, 1 = uy , (mod p*tt).
o If p¢|lu,, with e > 1, then p¢|uy,,.

e V primes p, 3 e =¢, € {—1,0,1} such that p|u,,..



v1 =4, vo =14, ... Vont1 = V3, — 2 (n > 0)

N = 2P —1is a prime <= vn41)/4 1s divisible by N

@+ —(2—-VB)" _ n n
Uy = Jia and v, = (24+v3)"+(2—V'3)

® Uy = Upt+1 — Up-—1 and Um4n — UmUn41 — Um—1Up

o If p°|lu,, with e > 1, then p¢|uy,,.
e V primes p, 3e =¢, € {—1,0,1} such that p|u,..
ug =0, w1 =1, wus =4, wuz=15,...
(%5

|[n/2]
" — Z ( n >2n—2k—13k v, — Z <n>2n—2k—|—13k
" 2k + 1 o 2k

k=0

u, =3P 1V/2 =41 (mod p) and wv,=4 (mod p)



