
Mersenne Primes

The Lucas-Lehmer Test. Let p be an odd prime, and define
recursively

L0 = 4 and Ln+1 = L2
n � 2 (mod (2p � 1)) for n � 0.

Then 2p � 1 is a prime if and only if Lp�2 = 0.

Definition. A Mersenne prime is a prime of the form 2n � 1.

• Equivalently, . . . of the form 2p � 1 where p is a prime.

• Mersenne primes are related to perfect numbers. Euler
showed that �(m) = 2m, where m is even if and only if
m = 2p�1(2p � 1) and 2p � 1 is prime.

• The largest known prime is 257885161 � 1.
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The Lucas-Lehmer Primality Test

Fix integers P and Q. Let D = P 2 � 4Q. Define recursively
un and vn by

u0 = 0, u1 = 1, un+1 = Pun � Qun�1 for n � 1,

v0 = 2, v1 = P, and vn+1 = Pvn � Qvn�1 for n � 1.

If p is an odd prime and p - PQ and D(p�1)/2 ⌘ �1 (mod p),
then p|up+1.

Idea: Given a large positive integer n, if n is prime, there is
a 50-50 chance that a D will satisfy D(p�1)/2 ⌘ �1 (mod n).
Play with P and Q until you find such a D with n - PQ.
Compute un+1 quickly and check if n|un+1. If not, then n is
composite. If so, then it is likely n is prime.

How do we compute un+1 quickly?

Why does p|up+1 if p is a prime?

Why should we think n is likely a prime if n|un+1?

O�ce Hours and Such:

I will not have regular o�ce hours tomorrow. I “should” be
around tomorrow afternoon (2:00-4:00), but do let me know
if you plan to come by.
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Maple’s Version

• Take Q = 1.

• Find first P where the Jacobi symbol

✓
P 2 � 4

n

◆
= �1.

• Should check if n is a square (recall 1093 and 3511).

• Make use of the identities, where n � 1.

v2n = v2
n � 2, v2n+1 = vn+1vn � P, Dun = 2vn+1 � Pvn
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Suppose n ⌘ 7 (mod 12) is
prime. We can take P = 4.

v1 = 4, v2 = 14, . . . v2n+1 = v2
2n � 2 (n � 0)

Ln = v2n

N = 2p � 1 is a prime () v(N+1)/4 is divisible by N
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2
77232917 � 1

p 6= p
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