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Abstract

We study Lebesgue-type inequalities for greedy approximation
with respect to quasi-greedy bases. We mostly concentrate on this
study in the L, spaces. The novelty of the paper is in obtaining bet-
ter Lebesgue-type inequalities under extra assumptions on a quasi-
greedy basis than known Lebesgue-type inequalities for quasi-greedy
bases. We consider uniformly bounded quasi-greedy bases of L,
1 < p < oo, and prove that for such bases an extra multiplier in the
Lebesgue-type inequality can be taken as C(p) In(m +1). The known
magnitude of the corresponding multiplier for general (no assump-
tion of uniform boundedness) quasi-greedy bases is of order m'é_a,
p # 2. For uniformly bounded orthonormal quasi-greedy bases we
get further improvements replacing In(m + 1) by (In(m + 1))*/2.
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1 Introduction

We study the efficiency of greedy algorithms for m-term nonlinear approxi-
mation with regard to bases. Our primary interest is in approximation in L,
with respect to quasi-greedy bases. Let X be an infinite-dimensional sepa-
rable Banach space with a norm || - || := || - [[x and let ¥ := {43 }?2, be a
semi-normalized basis for X (0 < ¢g < |[k]| < Co, k € N). All bases con-
sidered in our paper are assumed to be semi-normalized. For a given f € X
we define the best m-term approximation with regard to ¥ as follows:

Um(f) = Om(.f> lI])X = lnf ||.f Zbkwkn)ﬁ

keA

where the infimum is taken over coefficients b, and sets A of indices with
cardinality |A| = m. There is a natural algorithm of constructing an m-term
approximant. For a given element f € X we consider the expansion

f=> al)w
k=1

We call a permutation p, p(j) = k;,j = 1,2,..., of the positive integers
decreasing and write p € D(f) if

e ()] = e (f)] > -

In the case of strict inequalities here D(f) consists of only one permutation.
We define the m-th greedy approximant of f with regard to the basis ¥
corresponding to a permutation p € D(f) by formula

Gu(f) = Gn(f, V) == Gu(f, ¥, p): ch

This algorithm is known in the theory of nonlinear approximation under the
name of Thresholding Greedy Algorithm (TGA). The best we can achieve
with the algorithm G,, is

1f = Gm(f)llx = om(f, ¥)x

or a little weaker

If = Gm(f)llx < Com(f, ¥)x

for all f € X with a constant C independent of f and m. The following
concept of a greedy basis has been introduced in [9].
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Definition 1.1. We call a basis ¥V a greedy basis if for every f € X there
exists a permutation p € D(f) such that

||.f - Gm(.f> \117 p)HX S CO’m(f, \I])X
with a constant C' independent of f and m.

We refer the reader to a survey [24] and a book [25] for further discussion
of greedy type bases. In this paper we are interested in special inequalities
— Lebesgue-type inequalities — for greedy approximation.

Lebesgue [12] proved the following inequality: for any 27-periodic con-
tinuous function f we have

(1) 1F = Sul)llse < (4+ S5 M) Ba(F)ec

where S,,(f) is the nth partial sum of the Fourier series of f and E,(f)o is
the error of the best approximation of f by the trigonometric polynomials
of order n in the uniform norm || - ||o.. The inequality (1.1) relates the error
of a particular method (S,) of approximation by the trigonometric poly-
nomials of order n to the best-possible error E,(f)« of approximation by
the trigonometric polynomials of order n. By the Lebesgue-type inequality
we mean an inequality that provides an upper estimate for the error of a
particular method of approximation of f by elements of a special form, say,
form A, by the best-possible approximation of f by elements of the form
A. In the case of approximation with regard to bases (or minimal systems),
the Lebesgue-type inequalities are known both in linear and in nonlinear
settings (see surveys [10], [23], and [24]).

By the Definition 1.1 greedy bases are those for which we have ideal
(up to a multiplicative constant) Lebesgue-type inequalities for greedy ap-
proximation. In this paper we concentrate on a wider class of bases than
greedy bases — quasi-greedy bases. The concept of quasi-greedy basis was
introduced in [9].

Definition 1.2. The basis V is called quasi-greedy if there exists some con-
stant C' such that

sup |G (£, )| < CIIS-

Subsequently, Wojtaszczyk [28] proved that these are precisely the bases
for which the TGA merely converges, i.e.,

lim G,(f) = f.
The main result of [27] is the following Lebesgue-type inequality for
greedy approximation with respect to a quasi-greedy basis in the L, spaces.
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Theorem 1.1. Let 1 <p < oo, p#2, and let ¥ be a quasi-greedy basis of
the L, space. Then for each f € L, we have

(1.2) If = Gl f, )1, < Clp, WV)ym>VPlo, (f,0),,.

Theorem 1.1 does not cover the case p = 2. It is mentioned in [28] that

in the case p = 2 one has the following inequality
If = G (f, ©)ll, < C(¥) In(m + 1)om(f, V)L,

We do not know if the above inequality is sharp in the sense that an extra
factor logm cannot be replaced by a slower growing factor. The reader can
find further discussion of this problem in [26].

We note that inequality (1.2) is known (see [28]) in the case of uncon-
ditional bases W. It is proved in [22] that (1.2) holds for the trigonometric
system U = {e#*} for all 1 < p < co. It was noticed in [22] that (1.2) holds
for any uniformly bounded orthonormal basis of Ly. Thus, it was known that
bases satisfying very different in nature conditions — uniformly bounded or-
thonormal basis of Ly or quasi-greedy basis of L, — both guarantee that
similar Lebesgue-type inequalities (1.2) hold for greedy approximation. In
this paper we continue to study Lebesgue-type inequalities for greedy ap-
proximation. We try to make a bridge between the two above conditions
— uniformly bounded orthonormal basis of L, and quasi-greedy basis of
L,. We consider uniformly bounded quasi-greedy bases of L, and study
Lebesgue-type inequalities in L,, ¢ < p. It turns out that even the ques-
tion of existence of such bases is nontrivial. For instance, it is known (see
[4]) that there is no uniformly bounded unconditional bases in L,, p # 2.
Quasi-greedy bases are close to unconditional bases. However, surprisingly,
it turns out that there exist uniformly bounded quasi-greedy bases in all
L, with 1 < ¢ < co. We discuss this issue in Section 3, where we present
a construction of uniformly bounded quasi-greedy bases. In particular, we
formulate the following theorem there.

Theorem 1.2. There exists a uniformly bounded orthonormal quasi-greedy
basis ¥ = {1;}52, in Ly, 1 < p < oo, that consists of trigonometric polyno-
maials.

We note that existence of uniformly bounded orthonormal quasi-greedy
bases was proved by Nielsen [15]. The construction in [15] is a variation on
a construction in [11]. The same type of construction was used in [28]. Our

construction in Section 3 is a somewhat more general version of the known
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construction. We include it in the paper without proofs for the sake of com-
pleteness and because some of our results in Section 4 rely on a particular
choice of the parameters in this specific construction. Conceivably, too, this
more general construction may have further applications. The construction
in [15] is based on the Walsh system. We should emphasize that Theorem 1.2
could also be obtained from the arguments of [15] by replacing the Walsh
system by the trigonometric system.

It is known from [1] that the space C[0,1] does not have quasi-greedy
bases and the space L;[0, 1] has quasi-greedy bases. In Section 4 we prove,
in particular, that the space L0, 1] does not have a uniformly bounded
quasi-greedy Markushevich basis. This result complements a theorem of
Szarek [21] on the nonexistence of a uniformly bounded Schauder basis for
L4]0,1]. On the other hand, we show that the Hardy space Hi(D) does have
a uniformly bounded quasi-greedy basis of analytic polynomials.

In Section 5 we prove Lebesgue-type inequalities for greedy approxima-
tion in L,, 2 < p < oo, under different assumptions on a basis . In that
section we assume that ¥ is a uniformly bounded basis. In addition we
assume that W is a certain type basis (quasi-greedy basis, Riesz basis) in
one of the spaces Lo, L,, 1 < g < 2, or Ly, 2 < ¢ < oo. Here is a typical
result from Section 5 (see Theorem 5.2). We will often use the notation

h(p) == |3 — %| We also use the brief notation || - ||, := || - ||z,

Theorem 1.3. Assume that V is a uniformly bounded quasi-greedy basis of
Lo. Then for any m-term polynomial
i = Zbkw/ﬁ |P| =m,
keP

we have for 2 < p < oo
1f = G (fs )y < I = twmllp + C" P In(m + 1)|| f — tn]f2-

In Section 6 we continue to prove Lebesgue-type inequalities for greedy
approximation in L, under different assumptions on a basis ¥. In that sec-
tion we assume that U is a semi-normalized quasi-greedy basis for a pair
of spaces: L, 1 < ¢ < oo, and L,, ¢ < p. It turns out that this assump-
tion results in a dramatic improvement of the corresponding Lebesgue-type
inequalities. It is demonstrated by the following result (see Theorem 6.1).

Theorem 1.4. Assume that V is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < ¢ <2 < p < oo. Then for any m-term polynomial

tm - Zbkw/ﬁ |P| =m,

keP
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we have

1f = G, O)llp < Wf = tmllp + Cp, ) In(m + DI = tnllg-

We now formulate some of the Lebesgue-type inequalities obtained in the
paper. We already mentioned above (see Theorem 1.1) that the Lebesgue-
type inequalities in L,, 1 < p < oo, under assumption that ¥ is a quasi-
greedy basis of L, were obtained in [27]. First we give a definition of a
democratic basis.

Definition 1.3. We say that a basis ¥ = {1y }32, is a democratic basis for
X if there exists a constant D := D(X, V) such that, for any two finite sets
of indices P and Q with the same cardinality |P| = |Q|, we have

I Z¢k|| <D Z¢k||

keP ke@

In Section 5 we prove that if ¥ is both quasi-greedy and democratic then
forany f e X

(1.3) If = Gm(f. ¥)lx < CIn(m + L)on(f, ¥)x.

We note that it is proved in [2] that bases which are simultaneously quasi-
greedy and democratic are exactly almost greedy bases. As a corollary of
(1.3) we obtain the Lebesgue-type inequality for a uniformly bounded quasi-
greedy basis of L,, 1 < p < oo (see Corollary 5.3):

(1.4) 1f = G (f; )]l < Cp) In(m + 1)om(f, ¥),.

Here 0y, (f, V), := o (f, ¥)1,. Comparing (1.4) with (1.2) we see that an ex-
tra assumption of uniform boundedness of the basis improves the Lebesgue-
type inequalities dramatically.

In Section 6, making our assumptions on the basis even stronger, we
improve (1.4) to the following inequality

(1.5) If = Gau(f. 0) < C(p)(In(m + 1)) 20 (f, V),

under assumption that ¥ is a uniformly bounded orthonormal quasi-greedy
basis of L,, 2 < p < oo.

In Section 5 we impose assumptions on the basis in the L, space and
obtain inequalities in the L, space:

(1.6)  |f = Gul(f, W), < Clp,@)m =P In(m + 1o (f, ¥),
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under assumption that ¥ is a uniformly bounded quasi-greedy basis of L,,
1 < g < o0,and ¢ < p < oco. We note that in the case p = ¢ inequality (1.6)
turns into (1.4).

We begin a systematic presentation with Section 2, where we list some

properties of quasi-greedy bases that are used in the paper.

2 Properties of quasi-greedy bases

2.1 Quasi-greedy bases

The definition of a quasi-greedy basis is given in the Introduction (see Defi-
nition 1.2). We give here an equivalent definition (see [25], p. 34). For a set
of indices A we define the corresponding partial sum as follows

SA(f) = Salf, ¥) =3 _ex( ).
keA
Definition 2.1. We say that a basis V is quasi-greedy if there exists a
constant Cg such that, for any f € X and any finite set of indices A having
the property

i >
min [ci(f)] > rgggl%(f)l,

we have

1Sa(f, W) < Call £

First, we present some known useful properties of quasi-greedy bases.
The reader can find the following two lemmas in [25], p. 37.

Lemma 2.1. Let ¥ be a quasi-greedy basis. Then, for any two finite sets of
indices A C B and coefficients 0 <t < |¢;| <1, j € B, we have

1Y el < X001 el
jEA jEB
It will be convenient to define the quasi-greedy constant K to be the

least constant such that
|G (NI < K| fIl and | f = Gu(N)l < K|fll, feX.

Lemma 2.2. Suppose V is a quasi-greedy basis with a quasi-greedy constant
K. Then, for any real numbers c; and any finite set of indices P, we have

2\—1 .
(4K7) ggllgllcjlll Sl <UD el < 2Kr;1€alg<lcj|l| > il

JeEP JeEP JeEP
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We present the following lemma from [1] with a proof for completeness.

Lemma 2.3. Let U be a quasi-greedy basis of X. Then for any finite set of
indices N we have for all f € X

1SA(f, @) < CIn(|A] + 1)| £].

Proof. For a given element f € X we consider the expansion

F=>clf)vn.
k=1
Let a sequence k;,j = 1,2, ..., of the positive integers be such that
ek ()] = ler, ()] = oo
We will use the notation

an(f) = lex, ()]

for the decreasing rearrangement of the coefficients of f. Without loss of
generality assume that f is normalized in such a way that guarantees that
la1(f)| <1 and consider m := |A| > 2. Consider for integer s > 0

= {275 < Jen(f)] < 217°).

Denote
Agi=AN7, A=A\ (Usciog, mAs)-

The semi-normalization property of the basis ¥ implies
ISw (]l < = |NICo < 265,
For s < log, m we have
Sa,(f) = Sa. (S (f))-
By Lemma 2.1 we obtain
[Sa, (DI < CIS=(HI-
Our assumption that ¥ is a quasi-greedy basis implies that for all s

157 (AN < CIILI

Thus, for all s < log, m
[Sa. (NI = CIIfI,

and, therefore,

1SA(F)] < Cln(m + 1)| ]
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The following Lemma 2.4 is a new result that answers Question 2 from
[7]. Let

f=>alf)n
k=1
We define the following expansional best m-term approximation of f

5m(f) = 5m(f> \I]) = inf ||f - ch(f)wkn

A|A|l=m
keA

It is clear that

It is also clear that for an unconditional basis ¥ we have
om(f, V) < C(X, W)om(f, T).

Lemma 2.4. Let V be a quasi-greedy basis of X. Then for all f € X
Gm(f) < Cln(m + 1)om(f).

Proof. For a given € > 0 let p,, be an m-term polynomial

Pm = Zbkwka |P| =m,

kcP
such that
1f = pmll < om(f) +e

Then by Lemma 2.3 we obtain
Gn(f) < MNf = Se(H = I1f = pm — Sp(f —pw)ll < Cln(m+ 1)(on(f) +€).
This completes the proof of Lemma 2.4. O

Remark 2.1. After our paper was submitted we were informed that Lemma 2./

was proved independently by Garrigos, Herndndez, and Oikhberg.

We now formulate a result about quasi-greedy bases in L, spaces. The
following theorem is from [26]. We note that in the case p = 2 Theorem 2.1

was proved in [28].

Theorem 2.1. Let ¥ = {¢y}32, be a quasi-greedy basis of the L, space,
1 < p<oo. Then for each f € X we have

Ci(p) supn'Pan(f) < || fllp < Ca(p) Y0~ 2au(f), 2 <p <oo;
n n=1

Ca(p) supn'an(f) < [ fllp < Ca(p) Y _n""lan(f), 1<p<2.
n n=1
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Remark 2.2. Theorem 2.1 was proved in [26] under assumption that ¥ is
a normalized basis. That proof works for a semi-normalized basis as well.

Remark 2.3. The proof of Theorem 2.1 in [26] gives the following inequal-
ities. Let W = {1 }%2, be a quasi-greedy basis of X. If for any set of indices
A of cardinality m we have || Y, 4 Vil x < C'm'/? then for each f € X we
have

(2.1) Ifllx < CYy n™an(f).
n=1

If for any set of indices A of cardinality m we have || Y, c 4 ¥rllx > dm'/?
then for each f € X we have

1fllx = crsupn'an(f).

A general version of (2.1) was obtained in [7]. We define the fundamental
function o(m) := p(m, ¥, X) of a basis ¥ in X by

p(m, W, X) = sup || Y vl

lAl<m e

Lemma 2.5. Let VU be a quasi-greedy basis of X. Then for each f € X we

have o
1A <O an(F)pn)
n=1

Proof. Tt is known (see [2], p. 581) that ¢(n)/n is monotone decreasing.
Therefore, by Lemma 2.2 we obtain

25—1
||f||<2|| > anlfvnl
n=2s—1
<O ar (e <Y anlfeln)
s=1 n=1

2.2 Uniformly bounded quasi-greedy bases

It is clear that any orthonormal basis of a Hilbert space H is an uncon-
ditional basis and, therefore, a quasi-greedy basis of H. For example, the
trigonometric basis is a uniformly bounded orthonormal basis of L,. Even
the question of existence of a uniformly bounded quasi-greedy basis in L,,
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p # 2, is a nontrivial question. It is known (see [4]) that there is no uni-
formly bounded unconditional bases in L,, p # 2. As we already mentioned
in the Introduction, there are uniformly bounded quasi-greedy bases in L,,
1 < p < oo [15]. We sketch a construction of such bases in Section 3. We
now present some properties of these bases.

Lemma 2.6. Assume that U is a uniformly bounded quasi-greedy basis of
L,, 1 < q<oo. Then for any set A of indices we have for ¢ < p < oo

(2.2) ISa(H)llp < CIAI TP S5 (£,
We also have

(2.3) [Sa(F)llq < CIn([A]+ D[ flg-

Proof. Inequality (2.3) follows from Lemma 2.3. We prove (2.2). We have
1A (F)lloe <D lex(F)l[klloe < C Y an(Sa(f))-
keA n=1
By Proposition 2.2 (see below) we continue
<CY 0 PUSA(Nlla < Cm P ISa ()l
n=1

The above inequality combined with
(2.4) lalls < llgllZ™llglc”?, g <p < oo,

gives (2.2).
We note that in the case 1 < ¢ < 2 we could use Theorem 2.1 instead of
Proposition 2.2. 0

Corollary 2.1. Assume that ¥ is a uniformly bounded Riesz basis of L.
Then for any set A of indices we have for 2 < p < oo

1Sa(H)ll» < CIA £

Proof. The case p > 2 follows from Lemma 2.6 since Riesz bases are uncon-
ditional and hence quasi-greedy. The case p = 2 follows from uncondition-
ality. O
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2.3 Uniformly bounded orthonormal quasi-greedy bases

We prove in Section 3 that there exist uniformly bounded orthonormal
quasi-greedy bases in L,, 1 < p < co. We also prove in Section 3 that if ¥
is a uniformly bounded orthonormal quasi-greedy basis in L,, 2 < p < 0o
then W is a quasi-greedy basis of Ly (p~' + p~' = 1). Thus there are
uniformly bounded bases which are quasi-greedy bases of two spaces L,
and L,, 2 < p < co. We now present some results in this direction.

Lemma 2.7. Assume that ¥ is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < g <2 <p < oo. Then for any set A of indices we
have

(2.5) [Sa(F)ll, < CIn(JA[ + 1) Flg-
Proof. Using notation m := |A| we obtain by Theorem 2.1
1SA()ll < Ca(p) D> 0™ 2an(Sa(f) < Cp) Y n~an(f)
n=1 n=1

Cp) > 0 2Cs(q) M flgn™* < Cp.q) In(m + 1) £,

This proves (2.5). O

Lemma 2.8. Assume that ¥ is a uniformly bounded orthonormal quasi-
greedy basis of L,, 2 < p < oo. Then for any set A of indices we have

(2.6) 1S ()2 < Cn(A] + 1)) £l
and
(2.7) 1SA(A)lp < Cn(|A] + 1)) £

Proof. Let |A| = m. By Theorem 2.2 (see below) and Theorem 2.1 we have
in the case of (2.6)

1S ()ll2 < Za 1/2<Czn‘1||f|| )2 < Cn(m + 1)) 2 flly-

n=1

In the case of (2.7) we obtain by Theorem 2.1

1Sa(F)llp < OZn @

m

< C(ln(m +1))'2(Y_ an(H)Y? < Clin(m + 1) flz.

n=1
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Let us discuss in more details uniformly bounded orthonormal quasi-
greedy bases. The existence of such bases was proved in [15]. We first recall
the definition of bases which are called unconditional for constant coeffi-
cients, cf. [28].

Definition 2.2. A basis ¥ s called unconditional for constant coefficients
(UCC) if there ezist constants Cy and Cy such that for each finite subset
A C N and for each choice of signs ¢; = +1 we have

Chll Z%H < Z&'%’H < Gy Z%H
icA i€A i€A

It is known ([28]) that quasi-greedy bases are UCC bases. To formulate
our results we need some of the basic concepts of the Banach space theory
from [13, Definition 1.e.12]. First, let us recall the definition of type and
cotype. Let {¢;} be a sequence of independent Rademacher variables. We
say that a Banach space X has type p if there exists a universal constant
(5 such that for fr € X

1/p

n 1/p n
<Ave€k:i1 [ Zekfkﬂp) < (4 <Z ||fk||p> )
k=1 k=1

and X is of cotype ¢ if there exists a universal constant C; such that for
freX

n 1/q n
(2.8) <Aveek=ﬂ:1|| Z€kfk||q> > Cy <Z ||fk||q>
k=1 =

It is known that L,, 2 < p < oo has type 2. Consider uniformly bounded

1/q

orthonormal quasi-greedy basis W = {¢;}22, in L,, 2 < p < oo. Then we
obtain from its orthonormality and property UCC that for any set A of
indices of cardinality m we have

' = 1S e < 1S vl = (Aves | 3 ertiell2)

kEA kEA kEA
(2.9) =N 1) 2l < Co)Q el = m'2.
kEA kEA

Equation (2.9) shows that for uniformly bounded orthonormal quasi-
greedy basis ¥ = {1;}32, in L,, 2 < p < oo, we have ¢(m, ¥, L,) = ml/2.
In particular, (2.9) implies that ¥ is democratic. We consider along with
the basis ¥ in L, its dual basis ¥* in L,,. By orthonormality of ¥ we get
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that U* = W. Properties of dual bases to quasi-greedy and almost greedy
bases are discussed in detail in [2]. In particular, by Proposition 4.4 and
Theorem 5.4 from [2] relation ¢(m, ¥, L,) < m!/? implies that ¥ is also a

quasi-greedy basis of L,,. We formulate this conclusion as a theorem.

Theorem 2.2. Let ¥ be a uniformly bounded orthonormal quasi-greedy
basis W = {¢;}52, in Ly, 2 < p < oo. Then ¥ is a quasi-greedy basis
Of Lp/.

The definition of democratic basis is given in the Introduction (see Def-
inition 1.3).

Proposition 2.1. Let ¥ be a uniformly bounded quasi-greedy basis ¥ =
{¥i}32, in Ly, 1 < g < oo. Then ¥ is democratic with fundamental function
@o(m, W, L,) < m'/2,

Proof. We give the proof only for 1 < ¢ < 2 as the case 2 < ¢ < o0 is
similar. Using the UCC property of quasi-greedy bases and using the fact
that L,, 1 < ¢ <2, is of cotype 2 we obtain as in (2.9)

I Zwqu = (Ave, =1 Zekwkllﬁ)”z > Cm!/?

keA ke A
Also
1Y " tllg = (Aves il Y extelld)? < (Aveq—saa | > exhul|3)? < Cm!/2,
kcA keA keA

O

Combination of Proposition 2.1 and Remark 2.3 gives the following in-
equalities which we will often use.

Proposition 2.2. Let W be a uniformly bounded quasi-greedy basis ¥ =
{¥5}321 in Ly, 1 < q < oo. Then we have for f € L,

(2.10) c1(q) supn'an(f) < || flly < Cila) Y n~an(f).
n n=1

This proposition implies the following analog of Lemma 2.7.

Lemma 2.9. Assume that ¥ is a uniformly bounded quasi-greedy basis ¥ =
{0352, in Ly and Ly, 1 < q,p < 0o. Then for any set A of indices we have

(2.11) 1Sa(Hllp < CIn([A] + D) flg-
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Proof. Let |A| = m. By Proposition 2.2 we obtain

1S5 (N)lly < Calp Zn an

<alg)'Cilp Zn‘lllfllq<Cln(|A|+1)||f||q

3 Construction of quasi-greedy bases

In this section we describe without proofs a general scheme of construction
of a quasi-greedy basis out of a given basis with special properties. This
scheme generalizes the one used by Wojtaszczyk in [28]. Both schemes are
based on the orthogonal Haar-type matrices, used firstly by Olevskii to
construct orthogonal systems (see [5], p. 120, [16], [17]). For the proofs of
these results we refer the reader to [3]

3.1 Assumptions

Let X be a separable Banach space and ® = {(;}32, be a semi-normalized
basis of X, 0 < ¢y < [|gj]| < Co. We assume that ® is a Besselian basis of
X: for any

(3. F=3che;

we have
(3.2) Zw )2 < £

Assume that ® can be split into two systems F' = {f}32,, fs = @m(s)
and B = {e;}52,, ej = pyu(j) with increasing sequences {m(s)} and {n(j)}
in such a way that E has the following special property. For any sequence
{¢;} we have

(3.3) 1Y eiesl < GO e,
j=1 j=1

In our construction of quasi-greedy bases we will use special matrices.
Let a collection of matrices A = {A(n)}>2,, A(n) is of size n X n, satisfy
the following properties.
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M1. Singular numbers of matrices A(n) and their inverse A(n)~! are

uniformly bounded:

(3.4) si(A(n)) < Cs; 55(A(n) ™) < Cs.

M2. For the elements of the first column of matrix A(n) = [a;j(n)] we
have
(35) |a11(n)| S 0471_1/2.

3.2 Construction
Let {ni}72,, no = 0, be an increasing sequence of integers such that
(3.6) Nhki1 > Mg
For a fixed natural number k£ we pick the basis elements
(3.7) 9 i=fr, g i=es i1, =2,
where {S;} is defined recursively as

Sj:Sj_l—l—nj—l, j:1,2,..., S(]:O

We build a new system of elements {¢)¥}"* using a matrix A(ny) in the

following way:

(3.8) (W1, )" = Al (91, gm,)"

In other words, for i € [1,ni] we have

nk
wf = Zaij(nk)gf-
j=1

We begin with a property of the system G := {gf}?:kfzzl = {9j(k,i)} ordered
in the lexicographical way: j(k',7") > j(k,1) if either k' > k or k' = k and
i’ > .

Proposition 3.1. The system G is a Besselian basis of X.

We define the system ¥ = {wf}?:kfzzl = {1} ordered in the lexico-
graphical way: j(k',i") > j(k,i) if either ¥’ > k or k' = k and ¢’ > 4. The
following theorem summarizes the properties of W. M1 we obtain

Theorem 3.1. The basis ¥ is a Besselian quasi-greedy basis of X.
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3.3 Extra assumptions

First of all we note that if ® C H is from a Hilbert space H and forms
an orthonormal basis there then G also forms an orthonormal basis in H.
Second, if matrices A(n) are orthogonal matrices then ¥ is an orthonormal
basis of H.

Next, assume that Y is a subspace of X with a stronger norm: || f||x <
| flly. Assume that the basis ® is from Y and |l¢;]ly < B, j =1,.... We
impose an extra assumption on the matrices A(n) too.

M3. Assume that for all n

n

(3.9) > lay(n)] < Cs.

J=1

Under condition M3, which is satisfied by the Haar matrices, we easily
derive from the definition of ¥ that

[vF|ly < CsB.

Let X = L,(0,21), 2 < p < 00, Y = L(0,27). Consider & = 7
2 529 It is well
known that (3.3) holds for this system. By Riesz theorem 7 is a basis of L,,

1 < p < oo. Trivially, 7 has Besselian property in L,, 2 < p < oo. Thus,

to be the trigonometric system {e?**}. Define E := {e

applying the above construction for the case where the matrices A(n) are
orthogonal we obtain the following theorem.

Theorem 3.2. There exists a uniformly bounded orthonormal system ¥ =
{¢; }‘;‘;1 consisting of trigonometric polynomials which is a quasi-greedy basis
for L,[0,1] for all 1 < p < oo.

Proof. The quasi-greedy property holds for all p > 2 by the preceding dis-
cussion. It holds also for 1 < p < 2 by the duality result Theorem 2.2. [

Remark 3.1. The orthonormal system constructed in Theorem 3.2 will
also be a quasi-greedy basis for other function spaces, including the Lorentz
spaces Ly 40,1] for 1 <p < oo, 1 <¢q< 0.

Remark 3.2. Theorem 3.2 can also be obtained from the construction of
[15] by replacing the Walsh system by the trigonometric system. We thank
the referee for this observation.
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4 Uniformly bounded quasi-greedy systems

The main result of this section is that there is no analog of Theorem 3.2
for L1[0,1]. It is known that L;[0,1] has a quasi-greedy basis [1, Theo-
rem 7.1] and, by a theorem of Szarek [21], that L;[0, 1] does not admit any
uniformly integrable Schauder basis (see also [§]). On the other hand, the
trigonometric system is a uniformly bounded Markushevich basis. There-
fore, it is natural to ask whether L;[0, 1] admits a uniformly bounded (or
uniformly integrable) quasi-greedy Markushevich basis W. We answer this
question negatively.

First, we recall the relevant definitions. Let X be a separable Banach
space. Let W = {1;}22, C X be a semi-normalized fundamental system, i.e.
there exist positive constants a and b such that

(4.1) a<|yiff<b (G =1),

with biorthogonal sequence {w; 52, C X*. U is said to be a Markushevich
basis if the mapping f — {¥(f)}52; (f € X) is one-one. In other words,

e}

each f € X is uniquely determined by its coefficient sequence {¢7(f)}32;.

We say that VU is quasi-greedy if there exists a constant C' such that
(4.2) 1Gn(f, ) <ClfI (m=1,feX).

Wojtaszczyk [28] proved that (4.2) is equivalent to the norm convergence of
{Gn(f)} to f for all f e X.

It follows easily from (4.1) and (4.2) that {1);}22, is semi-normalized in
X*. Indeed, for f € X, we have

05 (D] < ar(f) < (1/a)[|[G (N < (C/a)ll 1],

and hence [|¢7]| < C/a. On the other hand, since 15 (1;) = 1, we also have
1051 = /11451 = 1/b.

The following result was proved for quasi-greedy bases (actually for the
larger class of thresholding-bounded bases) in [1, Lemma 8.2]. The proof
easily carries over to quasi-greedy Markushevich bases (cf. also the proof of
Lemma 2.3 above).

Proposition 4.1. Suppose that ¥ is a semi-normalized quasi-greedy Marku-

shevich basis for X. There exists a constant C' such that for all finite sets
A C N with |[A| = N > 2, we have

max | Y G (Nenl <CN|f| (f € X).

neA
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In particular,

[Sa(HIl < CI N[ f] - (f € X).

Recall that a bounded operator T: X — Y, where X and Y are Banach
spaces, is absolutely summing if there exists a constant C' such that, for all
n > 1 and for all finite sequences { f;}"_; C X, we have

DT < C'max | e
j=1 j=1

The smallest such constant is denoted 7;(7"). A Banach space X is called a
GT space [19] if every bounded operator T': X — /5 is absolutely summing.
X is a GT space if and only if there exists a constant B such that 71 (7") <
B||T|| for all bounded T: X — /5. Grothendieck [6] proved that L;(u)
spaces are GT spaces.

The proof of the following result is based on the methods used in |1,
Section §].

Theorem 4.1. Suppose that X is a GT space. Let U be a semi-normalized
quasi-greedy Markushevich basis for X. Then V is democratic and its fun-
damental function satisfies p(n) < n.

For 1 < p < oo, recall that a Markushevich basis U is said to be p-
Besselian if there exists a constant C), such that

Q_ (NP < Glfl - (f €X)

(with the obvious modification for p = o0). Since 1 is quasi-greedy, Cy, =
sup,,>; |[¥;]] < oo, so W is co-Besselian.
We will derive Theorem 4.1 from the following Theorem 4.2.

Theorem 4.2. Suppose that ¥ is a semi-normalized quasi-greedy Marku-
shevich basis for a GT space X. Then V s r-Besselian for all v > 1.

We need the following key lemma.

Lemma 4.1. Suppose that ¥ is a semi-normalized quasi-greedy Markushe-
vich basis for a GT space X. If ¥ is p-Besselian for some 2 < p < 0o, then
U is r-Besselian for all r satisfying 1/r < 1/p + 1/2.

Proof. We shall give the proof for the case 2 < p < oo as the case p = oo
requires only minor changes. Let 1/s = 1/p + 1/2. Suppose that A C N,



20 S. J. Dilworth, M. Soto-Bajo and V. N. Temlyakov

with |A| = N, and that (7,)rea is any fixed choice of signs. Choose f € X,
with || f|| = 1, such that

S nat(F) > 21 S il

neA neA

Next consider T: X — f5(A) defined as follows:

T(9) = (Wn(@Wn (NI nea (9 € X).
Then, applying Holder’s inequality and using the fact that W is p-Besselian,

we get

IT(9)l = O 1on (D2 len(9))?

neA
<O IO O (g )
neA neA
< GO 1INl
neA

Hence || T < Co(3X,cn [¢5(f)]*) 7%, Since X is a GT space, we have

S I OF =D WnHOINIT (W) |

neA neA
< B|T| sup. 1Y~ enti(f)enl
en=k neA
< BG(QY_[Wi(HI)' ™ sup 13 enthi(F)vall
neA en=dt neA

Thus,
QW)Y < BG, sup 1> enti(Heull

neA neA
Since |A| = N, Proposition 4.1 yields

sup 13 et (enll < C'N),

neA

where C" is independent of N. Hence

O () < BC'Cy(In N).

neA
Thus,
1> manl <23 mn(f)
neA neA
<2 Z|w l/le 1/s
neA

< BC'Cy(In N)N*~Y/,
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Now suppose that g € X with [|g|| = 1. For a > 0, let
Ala) ={n e N:[¢,(g)| = a} and N(a)=[A(a)].
Then, for some choice of signs (7,), we have

aN(@) < S nai(g)

neA(a)

<> mnl

neA(a)
< BC'C,(In N(a))N(a)'~V5.

Thus, for some constant C”; we have N(a) < C”a™" provided ¢ satisfies

1 1 1
- =< -,
r t S
Note that
sup |15 (g)] < sup [|¥7 |0 = Coc.
n>1 n>1
Hence
STl < STNETCR) (2O
n=1 n=0
<207y (27"Co0) ! < o0,
n=0
Hence ¥ is r-Besselian. O

Applying the lemma twice, starting with p = oo, it follows that ¥ is
r-Besselian for all » > 1, which proves Theorem 4.2.

Proof of Theorem 4.1. By Theorem 4.2, U is 2-Besselian with constant Cy <
oo. Hence, for every finite A C N, the mapping T: X — /l2(A) given by
= (0:(f))nea satisties ||T']| < Cs. Since X is a GT space the absolutely
summing norm of 7" satisfies m(7") < BC'. Thus,

A= S 1T (W)l < BCmax |3 0.

neA neA

Since VU is quasi-greedy, and hence unconditional for constant coefficients,
it follows that p(n) < n. O

From [2, Lemma 3.2] and Theorem 4.1 we obtain the following result.
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Corollary 4.1. Suppose that U is a semi-normalized quasi-greedy Marku-
shevitch basis for a G'T space X. There exists a constant C' such that for all
g € X we have

an(g) < Cn~Y|gl.

Recall that a system {f;} C Li[0,1] is uniformly integrable if, given
e > 0, there exists 6 > 0 such that if A\(A) < §, where X denotes Lebesgue
measure, then [, |f;|d\ < e for all j > 1. Clearly, uniformly bounded
systems are uniformly integrable.

Theorem 4.3. Let U be a semi-normalized quasi-greedy Markushevich basis
for L1[0,1]. Then no subsequence of W is uniformly integrable. Hence every

subsequence of W contains a further subsequence equivalent to the unit vector
basis of (7.

Proof. Let {f;} C L1[0, 1] be any uniformly integrable system. Given ¢ > 0,
choose M > 0 such that || f;xys,>n}][1 < € for all j. Then

Aver | > £ fill < ne+ Aves | £ fixqr e llz < ne+ My/n.
=1 j=1
Hence Avey || >0, +fjlli = o(n). Since L,[0, 1] is a GT space, Theorem 4.1
implies that {f;} is not a subsequence of any quasi-greedy Markushevich
basis. Finally, it is well-known that semi-normalized sequences in L;[0, 1]
are either uniformly integrable or contain a subsequence equivalent to the
unit vector basis of ¢;. O

Remark 4.1. Complemented subspaces of Ly spaces are GT spaces. Hence
the previous theorem extends to quasi-greedy Markushevich bases of com-
plemented (infinite-dimensional) subspaces of L1]0,1]. A related result of
Popov [20] asserts that complemented subspaces of L1]0,1] do not admit a
uniformly integrable Schauder basis.

Next we consider the Hardy spaces H,(D) (1 < p < o0) of analytic
functions on the disk D := {z € C: |z| < 1} equipped with the norm

1 2m ;

£l = sup (o= [ 15" pasy.
0<r<1l £T Jo

Using the system {z"}>°, instead of 7 in the proof of Theorem 3.2 yields

the following result.

Theorem 4.4. There exists an orthonormal system of uniformly bounded
analytic polynomials which is a quasi-greedy basis for Hy(D) for 1 < p < oc.
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Using some deep results from Banach space theory we can extend the
latter result also to the case p = 1.

Theorem 4.5. H{(D) admits a semi-normalized uniformly bounded quasi-
greedy basis of analytic polynomials.

Proof. By Paley’s inequality [18§]

NE

Q2= 1) f@)2(h <20 flh
n=1

n=1

Hence P(f) = 32°° f(2)22" is a bounded projection on H; (D). Let X :=
ker P and let H := [e;]7°

., where ¢; := z*'. Then H,(D) is linearly isomor-
phic to X @& H (equipped with the sum norm), which in turn is isomorphic
to X @/45. Since X contains a complemented subspace isomorphic to 45 (e.g.,
the subspace spanned by (z3j);?°;1), it follows that X is also isomorphic to
X @ ¢y and thus also isomorphic to H(D). Hence, by a theorem of Maurey
[14], X has a normalized unconditional basis (f;)52,. The intersection of X
with the linear space of analytic polynomials is dense in X. Hence we may
assume that each f; is an analytic polynomial. Since Hy(D) has cotype 2
(see (2.8)), it follows that {f;}32, is Besselian. Then ® = {f;}52, U {e;}32,
is a basis for H;(D) satisfying (3.2) and (3.3). Assume the matrices {A(n)}
satisfy M1-M3 and, in addition, that ny > ||fx||2%. By the construction,
the system W is a semi-normalized quasi-greedy basis. Moreover, by M2
and M3,

[/l

su oo < su 4+ Cssup|lex|| <1+ Cs.
Sup 145l RV el 5
Thus, VU is uniformly bounded. O

Finally, let us mention that Theorem 3.2 may be generalized to certain
closed subspaces of L,[0,1], for p > 2, including those spanned by any
subsequence of the trigonometric system. Recall that {¢,;} C L1[0,1] is a
Riesz sequence if || 3 cjthjll2 = (3 |ej|*)!/? for all scalars {c;}.

Proposition 4.2. Let X be a closed subspace of Ly[0,1] for 2 < p < oo.
Suppose that X has a uniformly bounded Schauder basis {1;} which is a
Riesz sequence in Ls[0,1]. Then X admits a uniformly bounded quasi-greedy
basis.

Proof. Since L,[0,1] has an unconditional basis and {t;} is weakly null,
it follows by a standard “gliding hump” argument that some subsequence
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{1 }jea is unconditional. Since L,[0, 1] has type 2 (for the upper estimate)
and {¢;} is a Riesz sequence in L]0, 1] (for the lower estimate) it follows
that [| > c4ci¥illy < (3 ea |c;|2)1/2 for all scalars {c;}, i.e., {1;}jca is a
sequence in X that is equivalent to the unit vector basis of ¢5. Since {¢,}
is a Riesz sequence in L]0, 1], we have, for all f € X,

132 st 2 1Y (sl = k(S e (D)2 2 kall S sl
jeA jeA

where k1 and k; are constants. Hence the projection Pf = ZjeA ci(f)v;
is bounded on X, which implies that X is linearly isomorphic to [¢);]j¢a &
[¢;]jea. The fact that {1;} is a Riesz sequence in L0, 1] implies that {i;}
is a (uniformly bounded) Besselian basis for X. The proof is completed as
in the discussion preceding Theorem 3.2.

U

5 Lebesgue-type inequalities I

Our main interest in this section is to prove Lebesgue-type inequalities for
greedy approximation in L,, 2 < p < oo, under different assumptions on a
basis V. In this section we assume that ¥ is a uniformly bounded basis. In
addition we assume that U is a certain type basis (quasi-greedy basis, Riesz
basis) in one of the spaces Lo, L,, 1 < ¢ < 2, or Ly, 2 < ¢ < oo. We will
often use the following lemma.

Lemma 5.1. Suppose that X CY are two Banach spaces such that |||y <
|- ||x. Assume that a basis of X U satisfies the following property: For any
set of indices A

[Sa(H)llx < wADIf]y-

Then for each f € X and any m-term polynomial

pm =Y by, |P|=m,

keP

we have
1f = Sp(Hllx < Nf = pullx +wm)||f = pully-

Proof. 1t is a simple one line proof. We have

[f=Se(N)llx = 1f=pm(f)=Se(f=pm(F)llx <N f=pmllx+w(m)[|f—pmlly

O
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We now proceed to a systematic presentation of new results.

Theorem 5.1. Assume that VU is a uniformly bounded Riesz basis of L.
Then for any m-term polynomial

tm - Zbkw/ﬁ |P| =m,

keP

we have for 2 < p < oo
1f = G £, O)lp < N = twallp + Co P f =t

Corollary 5.1. Assume that ¥ is a uniformly bounded Riesz basis of L.
Then we have for 2 < p < oo

If = Gl f, 0)lp < Cm"Plo,(f, ),

Proof. Denote by @ the set of indices picked by the greedy algorithm after

m iterations

Gu(f) = Gl £,0) = 3 i ).

keQ
We use the representation

(5.1) [ =Gn(f) = f=5q(f) = f = Sp(f) + Sp(f) = Sa(f).
First, we bound ||f — Sp(f)|l,- By Lemma 5.1 and Lemma 2.1 we get

(5.2) 1f = Sp(Dllp < 1f = twlly + C" P f =t -

Second, we write

ISp(f) = Sa(Dlly = [1Spa(f) = Sovp(£)ls

(5.3) < ISPQ(Nllp + 15 () llp-
Using Lemma 2.1 we obtain
(5.4) 1Sp(f) = So()lly < Cm" P ((ISpa(Hl2 + [1Sa\p(f)2)-

The definition of ) implies
1Spa(Hll2 < CCY - len( S

keP\Q
(5.5) <C(Y lalHF)Z < CllSove(f)]la-
keQ\P
Next,
(5.6) [Sovp (Nl = [1So\p(f = tm)ll2 < CIf = tml2-

Combining (5.1) — (5.6) we complete the proof of Theorem 5.1. O
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We now impose a little weaker assumption on a basis ¥ than the one in
Theorem 5.1.

Theorem 5.2. Assume that V is a uniformly bounded quasi-greedy basis of

Lo. Then for any m-term polynomial

tm - Zbkwb |P| =m,

keP

we have for 2 < p < oo
1f = G £, Oy < I = timllp + C" P In(m + 1| f =t -

Corollary 5.2. Assume that VU is a uniformly bounded quasi-greedy basis
of Ly. Then for2 <p < oo

If = G f. Oy < Om" P In(m + 1)ora(f, V),

Proof. This proof goes along the lines of proof of Theorem 5.1. However,
the details are different because we need to use properties of quasi-greedy
bases instead of properties of Riesz bases. We use notations from the proof
of Theorem 5.1 and the representation (5.1). By Lemma 5.1 and Lemma
2.6 we get for || f — Sp(f)llp

(5.7) 1f = Sp(N)lls < If = tally + Cm P In(m + 1| f — tia]]2
Using Lemma 2.6 we obtain from (5.3)

(5.8) 1Sp(f) = So(f)lly < Cm" P ([[Spro(H)llz + 1Sove (H)]l2)-

Next, we have by Theorem 2.1

1Sop(H)ll2 = [1Sorp(f = tm)ll2 < Ca(2) Y ™ 2an(Sq\p(f = tm))
n=1
<O 0 Pan(f —tw) =CD 07 (0 Pan(f —tm))
n=1 n=1

(5.9) < Cln(m 4+ 1) sup n'2a,(f —ty) < Cln(m + )| f — tmll2-

For the Sp\g(f) we have

m

I1SevQ()ll2 < Ca(2) Y 0™ an(Spalf))

n=1
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< Cy(2) Y nan(So\p(f) = C2(2) > 07 an(So\p(f — tm))

which has been estimated in (5.9)
(5.10) < Cln(m+ D f — tm|2-

Combining (5.7) — (5.10) we complete the proof of Theorem 5.2.
U

Theorem 5.3. Assume that ¥ is a democratic quasi-greedy basis of X.
Then for any f € X

If = G/, V)lx < Cln(m + ow(f, ¥)x.

Corollary 5.3. Assume that VU is a uniformly bounded quasi-greedy basis
of L,, 1 <p<oo. Then

[f = G (f; W)l < Cp) In(m + 1)om(f, ¥),.

Proof. Tt is known (see [2]) that a democratic and quasi-greedy basis is an
almost greedy basis. Therefore, the following inequality

holds for any f € X. It remains to apply Lemma 2.4 to complete the proof
of Theorem 5.3. Corollary 5.3 follows from Theorem 5.3 and Proposition
2.1. O

Theorem 5.4. Assume that V is a uniformly bounded quasi-greedy basis of
L,, 1 < q<oo. Then for any m-term polynomial

tm - Zbkwb |P| =m,

keP

we have for g < p < oo
Lf = G, Ol < N1 = timlly + Clp, @)m P2 In(m + )| f = tnlly-

Corollary 5.4. Assume that VU is a uniformly bounded quasi-greedy basis
of Ly, 1 < g < oo. Then for ¢ <p < o0

1f = G, 9)lp < Clp, ym =P 2 In(m + D)o (f, ¥),.
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Proof. This proof goes along the lines of proof of Theorem 5.2. We use
notations from the proof of Theorem 5.2 and the representation (5.1). By
Lemma 5.1 and Lemma 2.6 we get for ||f — Sp(f)|l,

(5.11) 11 = Sp()llp < I1f = tumllp + Clo,@)ym" P2 In(m + D)||f — tully-

Using Lemma 2.6 we obtain from (5.3)

(5.12)  [ISp(f) = So(Hll, < O PR((|Spo(f)lly + 1So\p(f)lla).

By Lemma 2.3 we estimate

1Sone(lla = [1S\p(f = tm)llg < Cn(m + D[Lf =ty

We give another proof of this bound because it will be used in estimating
1Sp\q(f)]lq- We have by Proposition 2.2

m

1So\p(Nlle = 150\p(f = tw)lle < Cla) Y0~ Pan(So\p(f — tw))

n=1

< C(Q) Z n_l/zan(f - tm) = C(Q) Z n_l(nl/zan(f - tm))

(5.13) < C(q)In(m + 1)sup n'ay(f — tm) < Clq) n(m + D[ f — ]l

n

For the Sp\g(f) we have

m

I1Spe(lle < Cla) Y n™an(Spio(f))

n=1
m m

< C(q) Y nPan(Sop(f) = Cl@) > n an(Sg\p(f — tm))

n=1 n=1
which has been estimated in (5.13)

(5.14) < Clg) In(m + D[f = tmlly.

Combining (5.11) — (5.14) we complete the proof of Theorem 5.4.
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6 Lebesgue-type inequalities 11

In this section we continue to prove Lebesgue-type inequalities for greedy
approximation in L, under different assumptions on a basis W. In this section
we assume that VU is a quasi-greedy basis for a pair of spaces: L,, 1 < g < 00,

and L,, ¢ < p.

Theorem 6.1. Assume that V is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < ¢ <2 < p < oo. Then for any m-term polynomial

tm = Zbk’l/}k, |P| =m,

keP

we have

Lf = G, O)llp < Wf = tmllp + Cp, ) In(m + D[ = tnllg-

Corollary 6.1. Assume that ¥ is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < ¢ <2 <p<oo. Then

If = Gu(f, O)lp < Clp, @) In(m + L)om (f, ¥)y.

Proof. This proof goes along the lines of proof of Theorem 5.2. We use
notations from the proof of Theorem 5.1 and the representation (5.1). By
Lemma 5.1 and Lemma 2.7 we get for ||f — Sp(f)|l,

(6.1) LF = Sp(Dllp < I = tmlly + C(p;g) n(m + )| f = tllq.
We obtain from (5.3)
(6.2) 157(f) = So(Hlle < [1Spr@(Hllp + 15\ ()l

Next, we have by Theorem 2.1

m

1Sop(F)lly = 1Sa\p(f = tm)lly < Ca(p) D 0™ 2an(So\e(f — tm))

n=1

< C(p) Z n_l/zan(f - tm) = C(p) Z n_l(nl/zan(f - tm))

n=1

(6.3) < C(p)In(m +1)supn'?an(f —tw) < Clp, @) n(m+ )| f — twlly-

n

For the Sp\g(f) we have by Theorem 2.1

m

I1Se@(f)lly < Ca(p) Y 0™ 2an(Spa(f))

n=1
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< Cs(p) Zn_l/zan(SQ\P(f)) = Cs(p) Zn_l/zan(SQ\P(f —tm))

which has been estimated in (6.3)
(6.4) < C(p,q) In(m + DI f = tmllq-

Combining (6.1) — (6.4) we complete the proof of Theorem 6.1.
]

Remark 6.1. The statement of Corollary 6.1 holds even if we drop the
assumption that U is quasi-greedy basis of L.

Proof. Assumption that ¥ is semi-normalized for both L, and L, ¢ < 2 < p,
implies that it is semi-normalized in L,. Then as in Proposition 2.1 we can
prove that ¥ is democratic with ¢(m) < m'/2. It remains to apply Theorem
5.3. ]

Now we prove sharper results for uniformly bounded orthonormal quasi-
greedy basis.

Theorem 6.2. Assume that V is a uniformly bounded orthonormal quasi-
greedy basis for L,, 2 < p < oco. Then for any m-term polynomial

tm - Zbkwka |P| =m,

keP

we have

(6.5) 1f = G, O)llp < NS = tmllp + C(p) In(m + D[ f = tnll,,

(6.6)  If = Gl fs Oy < I = tunlly + C)(I(m + 1)) 2| f — tua]lo

Corollary 6.2. Assume that ¥ is a uniformly bounded orthonormal quasi-
greedy basis for L,, 2 < p < oco. Then

If = Gu(f. O)p < Clp)(In(m+ 1) 20 (f, D),

Proof. By Theorem 2.2 W is a quasi-greedy basis of L,. Thus, (6.5) follows
from Theorem 6.1 with ¢ = p’. We now prove (6.6). As in the proof of
Theorem 6.1 we obtain by Lemma 5.1 and Lemma 2.8

(6.7) 1f = Sp(H)llp < I1f = twlly + C)(In(m + D)2 f — tin]l2-
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By Theorem 2.1 we obtain

1S\ (N)llp = 1S\p(f —tm)llp < Clp Zn Y20,(f = tm)
(6.8)
<O _n 2O an(f — tw))"? < Cp)(n(m + 1))2[|f = tul2-

As in the proof of Theorem 6.1 we get

ISPe(Hlls < Clp Zn‘m tm)

and by the intermediate step in (6.8)
< C(p)((m + 1))2|[f — tin]|2-
It remains to use representation (5.1) and inequality (6.2). O

If ¥ is assumed to be uniformly bounded, then the Lebesgue-type in-
equality of Theorem 6.1 holds whenever g < p.

Theorem 6.3. Assume that V is a uniformly bounded quasi-greedy basis
for both L, and L, with 1 < ¢ < p < oo. Then for any m-term polynomial

tm =Y bk, |Pl=m

keP

we have

Lf = G, O)llp < Wf = tmllp + Cp, ) n(m + DI = tnllg-

Proof. As in the proof of Theorem 6.1 we obtain by Lemma 5.1 and Lemma
2.9

(6.9) Lf = Se(Dllp < I = tmllp + Cp, @) n(m + D[ f = tmllg-

By Proposition 2.2 we obtain

m

1So\p (Nl = ISe\e(f = tw)lly < Clp,a) Y 0™ 2an(f = tum)

n=1

(6.10) <Cp, )Y 0 f = tmllg < Clo, @) n(m + D)||f = tull,-

n=1
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As in the proof of Theorem 6.1 we get

m

1Se@(Hlly < Cp,a) Y 0™ Pan(f = twm)

n=1

and by the intermediate step in (6.10)

< C(p, ) In(m +)|f = tmlly.

It remains to use representation (5.1) and inequality (6.2). O
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