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Abstract
Let BV = BV( R %) be the space of functions of bounded variation orR ¢ with
d 2 Let , 2 ,beawavelet system of compactly supported functions nor-
malized in BV, i.e. | jgyrey=1, 2 . Each f 2 BV has a unique wavelet

expansion , c (f) with convergence in Ly(RY). If n(f) is the set of N

indicies 2 folg which jc (f)j are largest (with ties handled in an arbitrary way),

then Gy (f) = 2 () C (f) s called a greedy approximation tof . It is shown
that jGy (f )jBV( RY) Cjf jBV( R with C a constant independent off . This answers
in the a rmative a conjecture of Meyer [15] (see p. 49).

AMS subiject classi cation: 42C40, 46B70, 26B35, 42B25.
Key Words: N -term approximation, greedy approximation, functions of bounded
variation, thresholding, bounded projections.

1 Introduction

The space BV := BV() of functions of bounded variation on a domain R % is impor-
tant in mathematics (geometric measure theory, di erentih geometry) and applications
(image processing, nonlinear PDES). The structure of BV isomplicated by the fact that
neither it nor the closely related Sobolev spac#/*(L1()) have an unconditional basis
(see [16]); BV does not even have a basis. Wavelet decomposi of BV functions, while
not characterizing this space, give ne information (see [20, 2]) about its structure and
these decompositions can be used to solve various extremadlgems.
Consider, for example, the extremal problem

K(f;t) = K(f;t;L2() ;BV()) = igggv() ki ki, + tidisvg) ; (1.1)
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where =[0 ;1P andt> 0is a parameter. The expression (1.1) is called a K-functiahin
interpolation of linear operators. It is used to describe terpolation spaces betweeh ()
and BV(). This and related functionals also occur in image pocessing in such problems
as denoising and deblurring. The rate of decay &f (f;t) ast ! 0 gives information
about the smoothness of relative to L,() and BV(). A function g= g is a called a
near minimizer (with constantC) to (1.1) if

kf ok, + tigdevy — CK(fit):

One would like simple constructive methods for nding mininezers or near minimizers to
(1.1).

In [4], it is shown that thresholding the Haar decompositiorof f provides a near
minimizer to (1.1). Namely, if H , 2 , is the Haar basis on [0; 1], then givenf 2
L»([0; 1%), we can write

X
f=" c(f)H;
2

with the H normalized in L,([0; 1) (which is equivalent to normalizing in BV([0; 1F)).
For eacht > 0, a near minimizerg is given by thresholding the Haar series:

X
O = Tef = c(f)H;
2 (2

where for anyt> 0
(f;t)y:=1f :jc(f)j>tg:

The proof that thresholding is a near minimizer relies on thee basic results concerning
Haar decompositions and BV. To describe these, we introdutiee concept ofN -term
approggimation using the Haar basis. We de ne | as the collection of all functions
S = » CH , where Is any index set with cardinality #() N. Given
f 2 L([0; 1F%), we consider the approximation of using the elements of ¥:

N (Lo = d0f, KB Sk o)
N

The rst of these basic results is the following direct estirate (see [4]) for the approx-
imation error:

N1y CoN Fjfjevoap; N =1;2::::

This inequality is called an inequality of Jackson type (caesponding to analogous in-
equalities in approximation by algebraic polynomials). Tk Jackson inequality is proved
by showing that the Haar coe cients of a BV([0; 1F) function are in weak ;. That is

#(f ) C 45 >0

This weak "; property was shown in [6] to hold in the more general settingf avavelet
expansions of functions in BVR %) using compactly supported orthogonal wavelets. This
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allows the generalization of the Jackson inequality to arbiary space dimensions and
arbitrary compactly supported orthogonal wavelet systemésee Lemma 4.2).

The second basic result (see [4]) is the Bernstein inequglithich (in the case of [01F)
says that

ijBV([O :1]2) CoN lzszkLz([O;l]Z); S2 \|Q|/ s N=1;2::::

We shall show inx5 that this inequality also generalizes toR ¢ and general compactly
supported orthogonal wavelet systems.

The Jackson and Bernstein inequalities are not enough to skdhat thresholding the
Haar expansion is an approximate minimizer for (1.1). One $d needs the stability of
thresholding in BV([0; 1]):

iT (Misvgoapy  Coif jevoap);  f 2 BV([0; 1P):

This remarkable property says that projecting onto any sumnvolving the N largest
wavelet coe cients of the Haar series of a function in BV([01]) results in a function
with controllable BV([0; 1) norm. Note that this property does not hold for projecting
onto an arbitrary N-term sum of the Haar series nor does it hold iR (seex7). This
stability result for Haar expansions was generalized to spa dimensionsd > 2 in [20].
Yves Meyer [15] (see p. 49) has conjectured that this propgrholds for any compactly
supported wavelet system. The main result of this paper is tprove this conjecture.

Theorem 1.1 Let' be a compactly supported univariate scaling function iBV(R ')

which generates the compactly supported orthogonal wawveleFor d 2, we consider the
multivariate orthogonal wavelet systenf ) , obtained from' and , and normalized
in BV(RY. Then this wavelet system has the followir§V stability property. If f 2

BV(RY, d 2 let

X
f=" c(f)
2

be the wavelet expansion @f. Let for any N, y(f) be the set ofN indices 2  for
which jc (f)j are largest. Then the nonlinear operator

X
Gu(f):= c (f)

2 n(f)

satis es
Gy (f )jBV(Rd) C(;d)if jBV(R“):

As a consequence of this theorem we shall also show thag(f ) realizes the K-

functional for the pair (Lq (R?);BV(RY) for d := 4.

Theorem 1.2 Let' be a compactly supported univariate scaling function iBV(R ')
which generates the compactly supported orthogonal wawveleFor d 2, we consider the



multivariate orthogonal wavelet systenf ) , obtained from' and , and normalized
in BV(RY). Then the greedy operator

X
Gu(f):= c(f)
2 N ()

with \ (f) the set ofN indices 2 for whichjc (f )] are largest, satis es
kf Gn(f)k, eyt N “IGu(Figyrey CCid)KEN 5 Lg (RY);BV(RY): (1.2)

2 The space BV

There are several treatments of the space BV. We mention twahiable references [15, 21]
which contain all of the properties of BV functions that we shll need. There are several
equivalent de nitions of BV. The approach we take below is siply the most direct and
convenient for our setting.

Let be an open set in RY9. We begin with the Sobolev spac&V(L.()) which is
the collection of all functions inL;() such that the distributional gradient r f is also in
L1(). The semi-norm on this space is

Fiwreay = kr fkeyg
and the norm for this space is obtained by adding the& () norm:
Kt kwi,op = iFlweay + Kikey

The space BV() can now be de ned as the set of allf 2 L;() for which there is a
sequencef(,) satisfying

kf fnkLl() I 0 Slr;lpjfnjwl(Ll()) <1: (21)

The semi-norm on BV is then de ned as
(ifrlf) Iimlinf ifniwi.o) ; (2.2)

where the in mum is taken over all sequences satisfying (3.1To see that this de nition
is equivalent to other de nitions of BV the reader should cosult Theorems 5.2.1 and
5.3.3 in [21].

We mention a couple of properties of the BV norm that we shallse in this paper.

Remark 2.1 Inthe case = RY, the functionsf, appearing in(2.1) and (2.2) can be
taken to be inC! (RY) with compact support.
Remark 2.2 Let |, be a dyadic cube irR® and lj, j =1;:::;m, be a nite collection
of disjoint dyadic cubes each of which is contained Im).PLet 1, be the characteristic
function of I, k =0;:::;m. Then the functionf = |, jmzl i, hasBV semi-norm
- X
IEVEE meag 1(@}); (2.3)

j=0

where@ denotes the boundary of a set RY and meag ; is the (d 1) dimensional
surface measure.



The second result can be proved directly or derived from theell known co-area formula
for BV functions (see [21], p. 231). We have equality in (2.3) the boundaries of thel,
j =0;1;:::;m, are disjoint.

Remark 2.3 If ; RYj=1;:::;m,is a partition of , then

ifisve ) 1 flsvg - (2.4)
j=1
This follows from the set additivity of the semi-norm in the asef 2 W(L.()) and by
taking limits in the general casef 2 BV().

3 Wavelet decompositions

We shall limit our analysis to the case of compactly supporteorthogonal wavelets on
R Y. The results we put forward in this paper hold equally well fobiorthogonal compactly
supported wavelets with the same proofs but somewhat morembersome notation.

Let ' be a compactly supported univariate scaling function with whogonal shifts
which satis es the two scale relation

X
F(x) = K (2x k)

k
where only a nite number of the  are nonzero. We shall assume throughout this paper
that ' is in BV(R?'). Let be the univariate wavelet function with compact support
which is obtained from' by multiresolution. Examples of such wavelets and scaling
functions were given by Daubechies [8].

We use the standard construction of multidimensional wavet bases. LetE° denote

the set of vertices of the cube [A]" and E denote the set of nonzero vertices. We shall
use the notation °:=' and !:= . For eache2 E® we de ne

®(X1; i1t Xa) == ®(X1) % (Xq):

Let D denote the set of dyadic cubes iR and let D, denote those dyadic cubes which
have sidelength 2% and D, := [« (Dk. For any dyadic cubel =2 X(j +[0;1]%) 2 Dy,
k2 2Z,j2 z9 we de ne the functions

f(x):= (l;e) *(2*x j);e2ES
with the (I;e) > 0 chosen so that
j IejBV(Rd)zl; 12D; e2 EO'

are scaled tol . It follows that the constants (I;e) = jlj ¥ (e)! with d := ;% and
therefore we have

¢ k Fk, rey C» |2D;e2ES

1Througout this paper, we shall use the notationjAj to denote the Lebesgue measure of asé& R Y.
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with constants ¢;; ¢, > 0 depending only on' and d. In other words, normalization in
BV is equivalent to normalization inLg .

To simplify the notation that follows, we introduce the indeing set which consists
of all pairs = (l;e)with | 2D, ande2 E (e2 E®if | 2 Dy). Wedenej j:= Kk
whenl 2 Dy. The set of functionsf g, is acomplete orthogonal system. Any locally
integrable functionf on RY has a formal wavelet series

X
f=c(f) ;

2

where the wavelet coe cientsc (f ) are given by
c(f):=c(f):=H() Y1) °@° Ji; =(1;€)2 ;1 =2 4G +[0;1;

where the normalization factors qe; ) of the dual wavelet scale are like{l;e) j Ij .

The set of functionsf g, is a basis for many function spaces. For example, they
are an orthogonal basis fot.,(RY). They are an unconditional basis for thel , spaces
1 <p< 1 and for the Besov spaces whenever they admit an unconditidnbasis.
They are a basis forW?*(L4()), but not unconditional (this space does not admit an
unconditional basis).

We shall use the abbreviated notation := ©30 for the function which is a tensor
product of scaling functions. Similarly, we write

)= T @% gy 1 =2 K +[0s1);
to index the scaling functions at levek. The shift invariant spaceSy := Si( ) is the span
of the functions |, | 2 Dx. Each spaceS, is a dilate of the spaceS,. At each dyadic
level k, the shifts |, 1 2 Dy sum to a constant:
X 1
r =gl (3.1)
12D ¢

with c a constant. Any wavelet or scaling function at a dyadic leve] <k (i.e.j j=])
is an element inS, and can be written as a nite linear combination of the |, | 2 Dy.

4  Approximation of BV functions

We shall use in the course of our proofs some results on appnoation of BV functions
by piecewise constant functions. Throughout this and the ¢ section, we assume that
d 2. The results we shall need are for the most part proved in twearlier works [4] (for
the cased = 2) and [20] (for the cased > 2).

We shall discuss three types of approximation by piecewisersstants. The rst of these
is N -term approximation using Haar functions. In this case, wean be more general and
treat N -term approximation using compactly supported wavelets. &Slet ( ) , be one
of the wavelet bases introduced in the previous section. Wakie the basis functions
to be normalized in BV.



We de ne the nonlinear space
X
N=Ff ¢ #) Ng:
2
Thus, each element in || is a linear combination of at mostN wavelets which can occur
at arbitrary positions or scales.
We de ne the error in approximating f 2 Lp(Rd) by the elements of { by

VNV(f )Lp(R d) = 5|ng kf SkLp(R d). (4.1)

A fundamental result in wavelet approximation [18] is that he approximation error

K\ll(f)Lp(Rd) can be obtained up to a constantC(';d ) by greedy approximation. We
describe this result only in the casg = d although it holds for all 1< p < 1 when
one uses wavelets normalized ihp(Rd). For eachN = 1;2;:::, we de ne the greedy
approximant

X
Gu(f) = c(f)

2 n(f)

where \ (f) is the set of theN indices of the largest coe cientsc (f), 2 , in absolute
value (ties in the size of these coe cients can be handled imaarbitrary way). Then, we
have the following proposition.

Proposition 4.1 Forany f 2 Ly (RY), we have
kf G n(f)k, rey C(;d) N(F)L, rY): (4.2)

Proof: This result can be derived easily from a result of [18] whereis shown that
(4.2) holds whenG, (f ) is replaced byG® (f). Here, Gj* (f) is de ned as above except
that one starts with the wavelet coe cients normalized inLy4 instead of BV.

Letf g, be as usual the wavelet basis normalized for BV;: jgy = 1. For each

2 , we choose  such that k k., rey = 1. The equivalence of the BV and
Ly normalizations gives thatc; k de (R4 C2, With ¢;;¢; > 0 independent of .
Because of the unconditionality of the wavelet basis fdry (R %), there are C;;C, > 0

such that for any sequence of coe cientsa g , |,

X X X
Clk a de (Rd) k a de (R d) C2k a de (R d). (4.3)
2 2 2

Given any functionf =~ , ¢ (f) nLs(R%), weletg:=" , g(f)  which
by (4.3) is also inLg (RY). If Gy(f) = , c(f) then G,bd (9) = o, c(f)
Hence, using (4.3), we have

Cikf G n(f)k,, gy K9 G |I\'|d @k, rey C(:d) VNv(g)Ld (RY)- (4.4)

On the other hand, if S = P , a is a bestN-term approximation to f in Lgq (R9)
then, using (4.3) again, we have

X
VNv(g)Ld RrY KO a k., rey Cokf Sk, (re)=C2 N (f L, ryy:  (4.5)



The estimates (4.4) and (4.5) combine to prove the proposin. 2
We are interested in quantitative estimates for the approxnation error (), (r¢

wheneverf 2 BV(RY). This will be provided by the following lemma.
Lemma 4.2 For any function f 2 BV(RY) we have the estimate
N, rey C(7d)N l:djijV(Rd); N=1;2::
Proof: The setA, (Lp,(RY)) of functions f 2 L,(R“) which satisfy
N(F)L,rey CN (4.6)

is called an approximation space. The norrif k, (. (r«) in this space is the smallest
C > 0 for which (4.6) is valid. For 1< p < 1, and > 0, it was proved in [5]
that f 2 A, (Lp(Rd)) if and only if the sequence kc (f) k_ rs) 2 is in the space
weak = (denoted byw ) with 1 =+ % Moreover, kf K, (. (ro) iS equivalent to
k(ke (f) K., (r®) 2 kw . In the case of interest to us, we have = d = ﬁ and
= l=dso that = 1. It was shown in [4] (for the case of Haar wavelets) and in |6
(for general wavelets) that the wavelet coe cients of a BV function f are in weak ; and

satisfy

k(ke (f) ki, re) 2 kwy,  C(3d)jf jpyroy:

Therefore, the lemma follows. 2

In the case of' = [oq), the wavelets , 2 , are the Haar wavelets and the
elements in || are piecewise constant functions which take at mo§tN values. We shall
now consider two other types of nonlinear approximation usg piecewise constants which
will be important for us later. For the rst of these, let

c X
n=F oo #() Ng;
12

where D is a set of dyadic cubes and for each sétin RY, g denotes the characteristic
function of S. Note that we do not require that the cubes in are disjoint. In analogy
with (4.1), we de ne

ﬁ(f )Lp(Rd) = 5|ng kf SkLp(Rd)

Since each Haar wavelel is a linear combination of at most 2 characteristic func-
tions of dyadic cubes, it follows that sy and hence from Lemma 4.2, we have

SE), ry  COd)IN Yfjgyrey N =172

Lastly, we shall consider approximation by dyadic rings. If andJ | are two distinct
dyadic cubes § may be the empty set), then we de ne the dyadic ringR = R(l;J) to
be the setR = | nJ. Consider the nonlinear space

X
n=f & r:#P) Ng

R2P



where P is a family of disjoint rings (i.e. any two R in P are disjoint). Note that
R= | 3, and therefore

N N -

In analogy with the approximation errors de ned above foN -term approximation by
wavelets and piecewise constants, we de ne

|r\l(f )Lp(Rd) = Slglf' kf SkLp(Rd)'

The following lemma concerning approximation by the elemé&nof [, was proved in
[4] for the cased = 2 and for the case of generatl in [20] (see Proposition 18).

Lemma 4.3 For any function f 2 BV(RY) we have the estimate
NE), mey  CCrd N Yfjgy ey N =152 (4.7)

This result was proved in [4, 20] for functions in BV([01]%). However, we can deduce
it for general functions in BV(R %) using the following argument which we will also apply
later in similar settings. First, it is enough to prove this esult for functions with compact
support since it then follows for generaf by a limiting argument (see the de nition of
BV(RY) given in (2.1) and Remark 2.1). Suppose then that is supported onQy :=
[ 2¢ %2 119 for somek 1. We consider the mapping (x) := 2X(x e=2), where
e:=(1:1;:::;1) 2 Zz9 Then , which is composed of a shift (bye=2) and then a
dyadic dilation (by 2¥), maps [Q 1] onto Q. Moreover, maps any dyadic cube properly
contained in [Q 1Y into a dyadic cube contained inQ,. Now let g := f ( ) and apply the
analggue of (4.7) for [01]° to g. This result gives a setP with #( P) N and a function
S=  Rrop CR r,WheretheR 2 P are all of the formR =1 J with |;J dyadic subcubes
of [0; 1]%. If one of theseR hasl =[0; 1]%, then we can replace thiR by at most 2 rings
corresponding to each of the children of {a]* and in this way we can assume that any
ring in P involves dyadic cubes with sidelengtk 1. The functionS( 1)isin L. From
the fact that S approximatesg in Ly ([0; 1]%) to the accuracyC(';d )N 1=djngv([O;1]d) we
deduce thatS( 1) approximatesf to the accuracyC(';d )N 1=djijV(Rd) (recall that
the Ly and BV norms scale the same under dilation). This then givegl(7).

Let us make one last observation about approximation usinghé elements of | .
Given a locally integrable functionf , for each measurable set RY, we denote byf
the average off over :

Lemma 4.4 If f 2 BV(RY), there is a collectionP of disjoint rings R, such that#( P)
N and the function

X
Rn(f) = fr r
R2P

satis es
kf R N(f)kLd (R C(;d )N 1=djijV(Rd): (4.8)
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Proof: Let S2 | satisfy
kf Sk, ®ey CCd)IN fjgyra: (4.9)

. . . P
The existence of such a function is guaranteed by (4.7). Wercavrite S = zop CrR R,
where P is a collection of at mostN disjoint rings. From the disjointness of the rings in
P, we have

X
kf R N(F)K (goy = ki frk! &)t Kfk! e P°:= RYn([rpR); (4.10)
R2P

and X
kf Sk go = 2 ki Grk! gy + KFK! (po: (4.11)
R2P

On the other hand,

kf kaLd (R) 2C|2n£ kf Cde (R) 2kf CRde (R) -

This follows from the fact that the mappingf ! f is a norm one projector orL4 (RY).
When this is used in (4.10), then (4.11) and (4.9) prove (4.8) 2

5 Inverse inequalities

There are certain inequalities (called Bernstein inequales) which are companion to the
Jackson inequalities. It was shown in [4] (for the casg = 2) and in [20] (for the case
d> 2)thatany S2 § satises

jSigvrey C(d)N 1:dkSde (RY): (5.1)

This inequality was proved whenS was supported on [01]% in the above references. If
S2 ¢, we can assume thasuppS [ K;K ]9 for someK and by dilation and shifts
we can map [ K;K ]! [0; 1] and deduce the general case (5.1) from that for;[D].

From (5.1), it follows that the same Bernstein inequality htds whenS 2 |, or
S 2 | when the wavelet is the Haar wavelet. It will follow from the esults of this
section that the Bernstein inequality also holds for {{ for general compactly supported
wavelets. However, our more general goal is to prove a Bergist inequality for functions
that are a sum of elements from both | and §.

We begin with a local Bernstein inequality between BVRY) and L4 (RY) with d =
d—dl. For any | 2 Dy, we denote byl °a general set of the forml n[ ,-Zile where each];

is a (possibly empty) subcube of the childret;, j =1;:::;29, of I.
Lemma 5.1 For eachf 2 S, and for eachl 2 D, and any of the setd °we have

jf |0jBV(Rd) C(';d )kf |ok|_d (RY)-
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Proof: First of all, by dilation and translation, we can assume thatk = 0 and that

| =[0;1]". We x one of the children I; of | and denote byljo := I; nJj. Itis enough to
show
it davrey  Cokf ook geys =152 (5.2)
d
with ¢y a constant depending only ol and d. Indeed, we have o= k and from
j=1
(5.2)
X X
if |0jBV(Rd) jf |jojBV(Rd) Co kf |j0kL1(Rd)
j=1 j=1

= Cokf |0kL1(Rd) Cokf |0de (R d),

where the last inequality uses Helder's inequality angl§ 1.
To prove (5.2), we letd be one of thel;, x J, and letJ°= J nJ;. The result for the
other I; will follow by translation. We rst observe that since the s@ceS; has dimension
C(;d ) on J, we have (by equivalence of norms on a nite dimensional spgcthat

kf JkL]_ (R d) C]_kf JkLl(R d), f 2 SO, (5.3)

and
Jf JjBV(Rd) k f JkBV(Rd) C]_kf JkLl(Rd); f 2 So, (54)

with ¢; depending only on' and d.
We consider two cases. The rst is thatl?is obtained fromJ by removing a cube
with measure , where will be speci ed in a moment. In this case, we note that

kf JkLl(Rd) k f JkLl(J(7) + jJ nJ(] kf JkLl )

k f ski,oo+ cjdndg kf sk re (5.5)

Now, we select = ﬁ Then, wheneverjJ nJ Y , we havec;jJ nJg % and therefore
(5.5) gives

kf JkL]_(R d) 2kf JOkL]_(R d) (56)

Next, we note that

Jf JOjBV(Rd) J f JjBV(Rd) + meaSj 1(\] nJ%kf JkL]_ (Rd)
c(l+measy 1(J nIYKE sk re
In the above inequalities, we have used relations (5.3), &, (5.6), and the fact that
measg 1(J nJ9 2%, Thus, we have proved (5.2) in the casg) nJY
To complete the proof, we consider the case when the dyadideuw] nJ®has measure

> . For each suchJ®we have (by equivalence of norms on the nite dimensional spa
Sojj0, see for comparison (5.4))

kf JOkBV (Rd) C(\]O;I,d )kf JOkLl(Rd):

11



There is a nite number of such sets]? and therefore by enlarging the constant from the
rst case (if necessary), we obtain (5.2) for all®in the second case as well. This proves
(5.2) and as noted earlier proves the Lemma. 2

We shall utilize a construction given in [10]. Let be any nite collection of dyadic
cubes. Givenl 2 , we de ne the set B(l1) = B(l; ) of maximal cubes in I:

B(I; ):= fJ2 :J 1;J61 andifd®2 with J° 1;0°61;0° J6;; thend® Jg
The following Lemma was proved in [10].

Lemma 5.2 If D is any nite collection of dyadic cubes, then there exists atsof
dyadic cubes™ such that

(i) Tand#( ) 2%() |

(i) For each cubel 2 =, #(B(l; ) 29, where theB(I; 7 are de ned relative to

(iif) each child ofl contains at most one cube fronB(I; 7 .

Let us note that in [10] this lemma was proved for the case whehe cubes in are
contained in [Q1]°. However, we can deduce the lemma as stated above from this by
using the following reasoning. It follows by shifts of dyadicubes that the lemma is true
if all of the dyadic cubes of are contained in a single dyadicube of sidelength one. In
the general case given in the above lemma, we can by dilatinf fecessary) assume that
all dyadic cubes in are contained in [ 1;1]°. We can then partition = 12d=1 i» Wwhere

i»j =1;:::;24 is the set of cubes in that are contained inl;, wherel; is one of the
29 dyadic cubes of sidelength one that make up [L; 1]°. We apply the lemma (as stated
in [10]) to each ; to receive ~j. Then ~:= J?il ~j satis es the above lemma.

We introduce one nal notation before stating the main resulof this section. Given

a dyadic cubel 2 D, let

S():=1f32D :jJj=jlj; supp '\ J 6 :0:

The cubes inS(1) are called thesupport cubesof . Itis clear that #( S(1)) C(;d)
becaus€ has compact support.

The following theorem is the main result of this section. It gtablishes a Bernstein
inequality for hybrid linear combinations of scaling funabns and characteristic functions
of dyadic cubes.

Theorem 5.3 If ;; , D each has cardinality at mosN (i.e. #( 1);#( 2 N),
then any function X X

f= ax k + b «; (5.7)
K2 1 K2 »

satis es

ifiav ey CCd INTUKIK (o
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Proof: By dilating f (if necessary), we can assume that each of the functiong and ¢
appearing in (5.7) are supported in [1;1]. (Recall again that the BV and Ly norms

one that make up [ 1;1]%. We de ne
0 1

= @! S(KYA[ [flj:j=1;:::;2%
K2 1

We now apply Lemma 5.2 and receive the §é1with #( Y C(;d)N.

s For eachl 2 “we now dene 1%:= I n s28()J, WhereB(l) = B(l; 7. We have
1»~19=[ 1,1 and the setsl °are pairwise disjoint. Therefore
X
f = f o (5.8)

Claim: For any | 2 ~with | 2 Dy, each summand appearing in the representation
(5.7)isin Sconl®

To prove this claim, we rst consider any ¢, K 2 1, appearing in the rst sum. If
jKj j 1jthen g 2 Sy and we have our claim for this term. In the cas¢Kj < jlj let J
be any support cube of « with J\ | 6 ;. Then jJj = jKj and hencel is contained in
one of the cubes oB(l) and henceJ \ 1°= ;. Thus such a ¢ is zero onl% Thus we
have established our claim for terms appearing in the rst samand.

We now consider an arbitrary term ¢ appearing in the second summand for which
K\ 1 6 ;. If jJKj < jljthen K is contained in one of the cubes iB(l) which in
turn means that ¢ is zero onl® If jKj j Ijthen g is identically one onl% Since
the constant functions are inSx, we have proved our claim for the terms in the second
summand as well.

We can now complete the proof of the theorem by returning to (8). Because of the
claim, we can apply Lemma 5.1 to each term in (5.8) and therelgbtain

. _ _ . X
iflsv (r9) it gy rey C(hd)  kfk  (roy:
12~ 12~
On the other hand, from the Helder's inequality,
0 11=q
X
KE rok | (re) #( ) e K |0kc|_]|d RHA
12~ |2~

= (#( ) Tk, gey CCdIN™KFk o

because the set$®2 ~are disjoint. 2
Theorem 5.3 contains many Bernstein inequalities as a spaccase. These are sum-
marized in the following Corollary

Corollary 5.4 The Bernstein inequality
iflgyrey C(5d YN Ak K, RO

is valid whenever
Mmf2 y,f2 §,f2 4.
i f2 ¥ N -
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Proof: Indeed, in each of these situationt can be rewritten in the form (5.7) with each
of the two sums in (5.7) having at mostC(';d )N terms. 2

6 Proof of Theorem 1.1 and Theorem 1.2

We can now prove Theorem 1.1. Giveh 2 BV(RY), let Ry (f) 2 & be the function in
y satisfying Lemma 4.4. We have

IG (F)isy (R4 IGn(f) R n(Fligy ey + IRN(Figy r9y
CCd NG (F) R W)k, @+ IR iy ey (6.1

In the last inequality we have used (ii) of Corollary 5.4 forhe function (Gy(f) R n(f)).
We estimate now the rst term in (6.1) by

N¥KG (f) R n(FKL, (r9) N¥9 kG (f) fk , roy* kI R n(F)k., ro
Cc(;d )jijV(R dy; (6.2)
where in the last inequality we have used (4.2) and Lemma 4.8 estimate the rst term

and Lemma 4.4 to estimate the second term. It follows from Colary 12 of [20] (see also
[4] for the cased = 2) that

IRN(B)igv rey  Cif gy roy: (6.3)
Here we have used our general arguments of dilation and shitio deduce (6.3). Using
the estimates (6.2) and (6.3) in (6.1) gives the desired esiate. 2

Theorem 1.2 can be proved exactly as Theorem 12 in [20].

7 Further discussion

We brie y discuss some further issues which will help put ouresults into perspective

7.1 Thecase d=1

Theorem 1.1 does not hold in the casd = 1. Consider, for example, the function
f = [01=3 Which is in BV([0;1]). We take the Haar basisH , 2 , normalized in
BV([0;1]): jH jsvo:1 = 1. This is the same as normalizing this basis it 1 ([0; 1]). For
each dyadic levelk = 0;1;:::, there is exactly one Haar coe cient that is nonzero (it
corresponds to the dyadic interval 2 Dy which contains 1£3). This coe cient ¢ (f) has
absolute value £3 so thatc (f )H (1=3) = 1=3. For any givenN, we can takeN of these
intervals so that all of the numbersc (f )H (1=3) have the same sign. Then, the function
G (f) obtained by retaining exactly theseN terms of the Haar expansion of will have
BV([0;1]) norm  N=3. If one wants to avoid the question of choosing arbitrarilyn the
case of ties, then one can perturb these coe cients slightly

14



7.2 Quasi-greedy bases

Let X be a Banach space anflb g , be a (Schauder) basis foK with kb kyx =1, for
all 2 . Each f 2 X has a unigue basis expansioh = » Cc (f)b. We de ne the
greedy approximantG (f ) as before:

X
Gu(f):= c(f)b;

2 n(f)

where \ (f) is the set of indicies corresponding to th&l largest coe cients in absolute
value (with ties handled in an arbitrary way).

The basisf b g for the spaceX is said to bequasi-greedyf kf G y(f)kx ! O,N !1
It is known that the Haar basis is not quasi-greedy fot;(R9) (see [13]). On the other
hand, it follows from what we have proved in this paper, thathe wavelet bases are quasi-
greedy inWX(L.(RY). Indeed, it was proved in [19] that a basis is quasi-greedgr X if
and only if

KGy(F)ky Ckfky: f 2X;

with C > 0 an absolute constant. From Theorem 1.1, we know that the walet bases
satisfy
IGOiwr,rey  COD)iflwie,ray: (7.1)

We want to change from semi-norm to norm in (7.1) which we cancaomplish as follows.
Since the basi§ g, is normalized in BV(R Y, it follows that

k kLrey C2% ji=k
Secondly, we have the embedding/*(L1(R?) B} (Li(RY) and
Kikey urey  CIAKE Ky, ray:
whereB} (L1(RY)) is the Besov space whose norm is given by

X - -
kf Ky (L, (rey = SUP jc (f)j:
k 0 op,

Therefore, taking any index set (not necessarily a greedyedection), we have

X X _

2 k=0 2 \D

Hence, we can add thé (R 9)-norm of Gy (f ) to the left side of (7.1) and replace the
WL, (RY) semi-norm off by the W(L1(R %)) norm and obtain that

kGN (f)kwl(Ll(Rd)) C(I,d )kf kwl(Ll(Rd)):
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7.3 Thresholding

Continuing with our setting of a wavelet basis g, normalized for BV(RY), for each
> 0, we de ne the hard thresholding operator

X
T(f):= c (f)
2(1)
where (f; ):=f :jc(f)j > g. It follows from Theorem 1.1 that this operator is
bounded on BVR 9):
IT (Bigyrey  C(rd)ifjgyrays f 2 BV(R):

There is another version of thresholding (calledoft thresholding which is preferred in
some problems of statistical optimization. To describe sahresholding, we x a function
(t) de ned on [0;1 ) such that is increasing and
0 (t)y 1 forall t;
(t)=0 for O t 1=2
(t)y=1 for t 1

Given > 0 andf 2 BV (RY), we de ne the soft thresholding operatorT by
X .
T (f):= (ic (F)i=)c (f)

2
Claim: For each > 0, we have

IT (Digvrey CCd)ifjgy(rey: 2 BV(R):

Proof of Claim: We order the coecients ¢ := c (f) of f in decreasing order as
jc.j jc, i We xintegers Ng<Nj;<:::<Ngandnumbers1=: 4> ;>
> > 44 :=1=2in such a way that
jij = 0 for J NO;
jc,i =2= su for j>Ng

jc;j= 1 for N;j<j Nis1; 1=05::0;8 L
One checks that -
T@E)= [0  (CilG(f);

i=0
so from the triangle inequality we get

x
T (f )ij(Rd) [ (i) ( i+)]iGy (f )ij(Rd)

N . x
CO;d)ifigwrey [ (i) (i)l
i=0
= C(d)jf jgyroy:

Note that the above claim and its proof, although stated fortie space BVR Y), hold
for any Banach spaceX (used in place of BVR %)) which has a quasi-greedy basis (used
in place off g).
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7.4 The case of domains R

Versions of Theorem 1.1 remain valid for BV() with certain domains inR®. We brie y
mention two of the typical settings.

For certain domains RY one can construct wavelet bases g, such that
supp( ) foreach 2 . The whose support is su ciently inside the interior
of the domain are the usual wavelets oR 9. Near the boundary, the  have a di erent
structure. The rst examples of such constructions were main [3] for an interval on
R . These constructions were then extended to certain multidiensional domains (such as
polyhedral domains) (see [7]) and then ultimately to quite gneral domains in [1]. These
constructed bases have the three main properties we need tmye Theorem 1.1. They
are of compact support. The scaling functions on a given dyadevel form a partition of
unity. The scaling functions and wavelets on a dyadic levéd can be written as a linear
combination of a xed number of scaling functions at levek + 1. Thus, an analogue
of Theorem 1.1 is valid for such bases where now the BRf) norm is replaced by the
BV() norm.

The second setting applies to quite general domains RY. For example, it is
su cient that is a Lipschitz graph domain (a minimally smoo th domain in the sense
of Stein (see [17], p.180)). Any function in BV() can be exteded to a function Ef in
BV(R Y) satisfying

KEf Kgyrey C() Kfkay() :

Such extension theorems are typically proved for the spad®!(L.()) and then follow
for BV() by a limiting argument. We can expand Ef in a wavelet expansion

X
Ef = ¢ (Ef)
2

This decomposition serves as a wavelet representation foon :

X
f = c (Ef) ;
2()

where () is the set of all indicies 2 for which does not vanish identically on .
Consider now the thresholding operatof applied tof andEf . SinceT (f) = T (Ef)
on , we deduce that

IT()ievg = JT(Ef)jevy 1 T (Ef)jgy(re)
C(5d)jEf jgyrey C(:d; ) kfkay() :

In general, we cannot replace the norm on the right by the sembrm.
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