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Abstract

Jim Propp’s P-machine, also known as ‘rotor router
model’ is a simple deterministic process that simulates
a random walk on a graph. Instead of distributing chips
to randomly chosen neighbors, it serves the neighbors in
a fixed order.

We investigate how well this process simulates a
random walk. For the graph being the infinite path,
we show that, independent of the starting configuration,
at each time and on each vertex, the number of chips
on this vertex deviates from the expected number of
chips in the random walk model by at most a constant
c1, which is approximately 2.29. For intervals of length
L, this improves to a dilerknce of O(logL) (instead of
2.29L), for t@e L, average of a contiguous set of intervals
even to O( logL). It seems plausible that similar
results hold for higher-dimensional grids Z¢ instead of
the path Z.

1 The Propp Machine

The following deterministic process was suggested by
Jim Propp as an attempt to derandomize random walks
on infinite grids zZ%:

Rules of the Propp machine: Each vertex
x [ZF is associated with a ‘rotor’ and a cyclic
permutation of the 2d cardinal directions of
Z<. Each vertex may hold an arbitrary number
of ‘chips’. In each time step, each vertex sends
out all its chips to neighboring vertices in the
following manner: The first chip is sent into
the direction the rotor is pointing, then the
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rotor direction is updated to the next direction
in the cyclic ordering. The second chip is sent
in this direction, the rotor is updated, and so
on. In consequence, the chips are distributed
highly evenly among the neighbors.

This process found considerable attention recently. It
turns out that the Propp machine in several respects
behaves highly similar to a random walk. Used to sim-
ulate internal di [udion limited aggregation (repeatedly,
a single chip is inserted at the origin, performs a ro-
tor router walk until it reaches an unoccupied position
and occupies it), it was shown by Levine and Peres [LP]
that this derandomization produces results that are ex-
tremely close to what a random walk would have pro-
duced. See also Kleber’s paper [Kle05], which adds an
interesting experimental results: Having inserted three
million chips, the closest unoccupied site is at distance
976.45, the farthest occupied site is at distance 978.06.
Hence the occupied sites almost form a perfect circle!

In [CS05, CS], the authors consider the following
guestion: Start with an arbitrary initial position (that
is, chips on vertices and rotor directions), run the Propp
machine for some time and compare the number of chips
on a vertex with the expected number of chips a ran-
dom walk (run for the same amount of time) would have
gotten to that vertex. Apart from a technicality, which
we defer to the end of Section 2, the answer is astonish-
ing: For any grid Z¢, this dilerknce (discrepancy) can
be bounded by a constant, independent of the number
of chips, the run-time, the initial rotor positions and the
cyclic permutations of the cardinal directions.

In this paper, we continue this work. We mainly
regard the one-dimensional case, but as will be visible
from the proofs, our methods can be extended to higher
dimensions as well. Besides making the constant precise
(approximately 2.29), we show that the dilerknces
become even better for larger intervals (both in space
and time). We also present a fairly general method
to prove lower bounds (the ‘arrow forcing theorem’).
This shows that all our upper bounds actually are sharp
(including the constant of about 2.29).

Instead of talking about the expected number of
chips the random walk produces on a vertex, we find
it more convenient to think of the following ‘linear’



machine. Here, in each time step each vertex sends
out exactly the same number (possibly non-integral)
of chips to each neighbor. Hence for a given starting
configuration, after t time-steps the number of chips in
the linear model is exactly the expected number of chips
in the random walk model.

2 Our Results

We obtain the following results (again, see the end
of the section for a slight technical restriction): Fix
any starting configuration, that is, the number of chips
on each vertex and the position of the rotor on each
vertex. Now run both the Propp machine and the linear
machine for a fixed number of time-steps. Looking at
the resulting chip configurations, we have the following:

* On each vertex, the number of chips in both models
deviates by at most a constant ¢; = 2.29. We may
interpret this as that the Propp machine simulates
a random walk extremely well. In some sense, it
is even better than the random walk. Recall that
in a random walk a vertex holding n chips only
in expectation sends n/2 chips to the left and the
right. With high probability, the actual numbers
deviate from this by Q(n/27¢).

< In each interval of length L, the number of chips
that are in this interval in the Propp model deviates
from that in the linear model by only O(logL)
(instead of, e.g., 2.29L).

= |f we average this over all length L intervals in some
larger interval of Z, things become even better.
The average squared discrepancy in the length L
intervals also is only O(log L).

We may as well average over time. In the setting
just fixed, denote by f(x, T) the sum of the numbers of
chips on vertex x in the last T time steps in the Propp
model, and by E(x, T) the corresponding number for the
linear model. Then we have the following discrepancy
bounds:

e The discrepancy on a single vertex over a time
interval of length T is at most [f(X, T)—E(X, T)| =
O(T1/2). Hence a vertex cannot have too few or
too many chips for a long time (it may, however,
alternate having too few and too many chips and
thus have an average Q(1) discrepancy over time).

* We may extend this to discrepancies in intervals in
space and time: Let | be some interval in Z having
length L. Then the discrepancy in | over a time

interval of length T satisfies

EI 1 I 1 E
f(x,T)— E(x,T)
T x 11
O(LTY?) ifL<T2
O(T log(LT ~/2)) otherwise.

Hence if L is small compared to T1/2, we get
L times the single vertex discrepancy in a time
interval of length T (no significant cancellation in
space); if L is of larger order than T1/2, we get
T times the O(log L) bound for intervals of length
L (no cancellation in time, the discrepancy cannot
leave the large interval in short time).

All bounds stated above are sharp, that is, for each
bound there is a starting configuration such that after
suitable run-time of the machines we find the claimed
discrepancy on a suitable vertex, in a suitable interval,
etc.

A technicality: There is one limitation, which we
only briefly mentioned, but without which our results
are not valid. Note that since Z¢ is a bipartite graphs,
the chips that start on even vertices (“even chips” for
short) never mix with those which start on odd positions
(*odd chips™). It looks as if we would play two games
in one. This is not true, however. The even chips and
the odd ones do interfere with each other through the
rotors.

In fact, there are initial positions such that the odd
chips suitably reset the arrows and thus mess up the
even chips. Note that the odd chips are not visible if we
look at an even position after an even run-time. Hence
in this general setting, no useful bounds on discrepancies
on a single vertex can exist.

We therefore assume that the starting configuration
has chips only on even positions (“even starting config-
uration™). Of course, nothing would change if we only
allowed odd chips.

An alternative, in fact equivalent, solution would be
to have two rotors on each vertex, one for even and one
for odd chips.

3 The Basic Method

For numbers a and b set [a..b] = {z [Z|a <z < b} and
[b] = [1..b]. For integers m and n, we write m [nlif m
and n have the same parity, that is, if m — n is even.
For a fixed starting configuration, we use f(x,t) to
denote the number of chips at time t at position x and
ARR(X, t) to denote the value of the arrow at time t
and position x, i.e., +1 if it points to the right, and —1



if it points to the left. We have:

f(x,t+1)

f(x—1,t)/2+f(x+1,1)/2
+ARR(x — 1, t)(f(x — 1, t) mod 2)/2
—ARR(x + 1, t)(f(x + 1,t) mod 2)/2,
ARR(x,t+1)

(—1)7@DARR(X, t).

Note that after an even starting configuration if
X [fldoes not hold, then we have f(x,t) = 0 and
ARR(x,t+ 1) = ARR(X, t).

We consider the machine to be started at time
t = 0. Being a deterministic process, the initial
configuration (i.e., the values f(X,0) and ARR(x,0),
X [Z) determines the configuration at any time t > 0
(i.e., the values f(x,t) and ARR(x,t), x [4). The
totality of all configurations for t > 0 we term a game.
We call a configuration even if no chip is at an odd
position. Similarly, a position is odd if no chip is at
an even position. Clearly, an even position is always
followed by an odd position and vice versa.

By E(X,t) we denote the expected number of chips
on a vertex x after running a random walk for t steps
(from the implicitly given starting configuration). As
described earlier, this is equal to the number of chips
on x after running the linear machine for t time-steps.

In the proofs, we need the following mixed nota-
tion. Let E(X,t1,t2) be the expected number of chips
at location x and time t, if a simple random walk were
performed beginning from the Propp machine’s config-
uration at time t;. In other words, this is the number of
chips on vertex x after t; Propp and t, —t; linear steps.

Let H(x,t) denote the probability that a chip
arrives at location x at time t in a smplemandorm
walk begun from the origin, i.e., H(x,t) = 27! (tﬂ)/z ,
if t X and H(x,t) = 0 otherwise. Let INF(y,t)
denote the “influence” of a Propp step of a single chip
at distance y with t linear steps remaining (compared
to a linear step). More precisely, we compare the two
probabilities that a chip on position y reaches 0 if (a)
it is first sent to the right (by a single Propp step) and
then does a random walk for the remaining t — 1 time
steps, or (b) it just does t random walk steps starting
from y. Hence,

INF(y,t) :==H(y +1,t—1) — H(y, t).
A simple calculation yields
3.1)

INF(y,t) = —=¥H(y, 1).

This shows in particular, that INF(y,t) <0 fory =0
and INF(y,t) =0 for y < 0. We have INF(0,t) = 0.

Note that

(3.2) INF(y,t) = iH(y+1,t—1)— itH(y —

Therefore, the first Propp step with arrow pointing to
the left has an influence of —INF(y, t).

Using this notation, we can conveniently express
the (signed) discrepancy f(x,t) — E(X,t) on a vertex x
using information about when “odd splits” occurred. It

su [ced to prove the result for the vertex x = 0. Clearly,
E(0,t,t) = f(0,t) and E(0,0,t) = E(0, t), so that

t
(3.3) f(0,t)—E(0,t) = (E(O,s+1,t)—
s=0
In comparing E(0,s + 1,t) and E(O0,s,t), note that
whenever there are two chips on some vertex at time s,
then these chips can be assumed to behave identically
no matter whether the next step is a linear or a Propp
step. Denote by ODD; the set of locations which are
occupied by an odd number of chips at time s. Then

E(O, S+1j ) E(0,s,t)

(H(y + ARR(y,s),t—s—1)—
y CODD

ARR(y, s) INF(y,t—5s).
y LODDs

1,t—1).

E(0,s,1)).

H(y,t—s))

Therefore, appealing to (3.3),

t
E(0,t) = ARR(Y, s) INF(y, t—s).
5=0 y [ODDs

f(,t)—

Let s;(y) be the it" time (up to time t) that y is occupied
by an odd number of chips, beginning with i = 0.
Switching the order of summation and noting that the
arrows flip each time there is an odd number of chips
on a vertex, we have

0. S EQ.1

ARR(Y, si(¥)) INF(y, t —si(y))
yIEMI [ —
B4 = ARR(Y,0)  (—=1)" INF(y,t —s;(y)).
y [Z1 =0

This equation will be crucial in the remainder of
the paper. It shows that the discrepancy on a vertex
only depends on the initial arrow positions and the set
of location-time pairs holding an odd number of chips.

In the remainder, we show that we can construct
starting configurations with arbitrary initial arrow po-
sitions and odd number of chips at arbitrary sets of
location-time pairs. This will be the heart of our lower
bound proofs in the following sections. Here Ng denotes
the set of non-negative integers.



Theorem 3.1. (Parity-forcing Theorem)

For any initial position of the arrows and any
m:ZxNg - {0,1}, there is an initial even configura-
tion of the chips such that for all x 4, t [CNp such
that x CELIf(x,t) and (X, t) have identical parity.

Since rotors change their direction if and only if the
vertex has an odd number of chips, the parity-forcing
theorem is a consequence of the following arrow-forcing
statement.

Theorem 3.2. (Arrow-forcing Theorem) Let
p(x,t) [CJ—1,+1} be arbitrarily defined for t = 0
integer and x [—1. Then there exists an even
initial configuration that results in a game with
ARR(x,t) = p(x,t) for all such x and t. Similarly, if
p(x,t) is defined for x [IH 1 a suitable odd initial
configuration can be found.

Proof. By symmetry, it is enough to prove the first
statement.

Assume the functions f and ARR describe the
game following an even initial configuration, and for
some T = 0, we have ARR(x,t) = p(x,t) for all
0=t<T+1and x 11 We modify the initial
position by defining f{x, 0) = f(x, 0)+ 27 for even X,
while we have fx,0) = 0 for odd x and ARRYx, 0) =
ARR(x,0) for all x. Here, 0,1} are to be
determined.

Observe that a pile of 27 chips will split evenly T
times so that the arrows at time t < T remain the
same. Our goal is to choose the values [ so that
ARRYx,t) = p(x,t) for 0 <t < T +2 and x [Tl
As stated above this holds automatically for t < T as
ARRx,t) = ARR(x,t) = p(x,t) in this case. For
t=T+1and x—T —1 even we have ARRYx, T +1) =
ARRYX, T) = ARR(X,T) = ARR(X, T +1) = p(x, T +
1) since we start with an even configuration. To make
sure the equality also holds for t = T + 2 we need to
ensure that the parities of the piles f(x, T) are right.
Observe that ARRYx, T +2) = ARRYx, T) if f'{x, T)
is even, otherwise ARRYx, T +2) = —ARRx, T). So
for x — T even we must make f{x, T) even if and only
if p(x, T +2) =p(X,T). At time T the “extra” groups
of 27 chips have spread as in Pascal’s Triangle and we
have 1

FT) = F T+ G pue
y 2
where X [Tland the sum is over the even values of y
with [y—x| = T. As f(x, T) are already given it su [ced
to set the parity of the sum arbitrarily. For T = 0 the

sum is [1so this is possible. For T > 0 we express
ﬂi 1
l;l TH+z—y =Lhr+h+Llr
2

where h depends only on [iwith x —T <y <x+T.
We now determine the [Jsequentially. We initialize by
setting 1= 0for —T <y <T. The values [Ifory > T
are set in increasing order. The value of L Jis set so that
the sum at x =y — T (and thus ¥y — T, T)) will have
the correct parity. Similarly, the values LJifory < —T
are set in decreasing order. The value of Lis set so that
the sum at x =y + T (and thus the iy + T, T)) will
have the correct parity.

Note that the above procedure changes an even
initial configuration that matches the prescription in
p for times 0 < t < T + 1 into another even initial
configuration that matches the prescription in p for
times 0 <t < T +2. We start by defining f(x,0) = 0 for
all x (no chips anywhere) and ARR(X, 0) = p(x, 0) for
even X, while ARR(x,0) = p(x,1) for odd x. We now
have ARR(x,t) = p(x,t) for0 <t <1 and x CL1We
can apply the above procedure repeatedly to get an even
initial configuration that satisfies the prescription in p
for an ever increasing (but always finite) time period
0 =<t < T. Notice however, that in the procedure
we do not change the initial configuration of arrows
ARR(X,0) at all, and we change the initial number of
chips f(x,0) at position x only if |[x] = T. Thus at
any given position x the initial number of chips will be
constant after the first |x| iterations. This means that
the process converges to an (even) initial configuration.
Itis simple to check that this limit configuration satisfies
the statement of the theorem.

4 Discrepancy on a Single Vertex

Theorem 4.1. There exists a constant ¢; = 2.29,
independent of the initial (even) configuration, the time
t, or the location X, so that
[F(x,t) — E(X )] <c;1.

The proof needs the following elementary fact. Let
X [R] We call amapping f : X - R unimodal, if there
is an m [X such that f is monotonically increasing in
{x X |x = m} and f is monotonically decreasing in
{x X |x=m}.

Lemma 4.1. Let f : X - R be non-negative and
unimodal. Let ty,...,t, X suchthatt; < ... <t,.

Then
E (- l)lf(t)@ maxf(x)

It su [ced to prove Theorem 4.1 for x = 0. In case t
is even we start with an even configuration, if t is odd,
then with an odd configuration (otherwise both (0, t)
and E(0, t) would be zero with no discrepancy).



First we show that INF(y,u) with a fixed y < 0
is a non-negative unimodal function of u if restricted
to the values u [yl We have already seen that it is
non-negative. For the unimodality lety <0 and u > 2,
u [y We have

INF(y,u) — INF(y,u+2)

__Y y
=—HOy.W+ —SHY.u+2)
4+3u—y?2

Twrayuezry O

whenever u =y. Hence the di[erknce is non-negative if
u = (y?> — 4)/3 and it is non-positive if u < (y? — 4)/3.
Thus we have unimodality, with INF(y, u) taking its
maximum at the largest value of u not exceeding (y? —
4)/3 with u 3 Let tmax (Y) ;= ¥ — 4)/300 1t is
easy to check that tmax (y) 3 hlways holds, so we have
that INF(y, u) takes its maximum for fixed y < —4 at
U = tmax (¥). For 1 < |y| < 3 we have min; [INF(y, t)| =
[INF(y, lyD]|, for y = 0, min; |[INF(y,t)] = 0, and, for
y = 4 we have, by symmetry, that —INF(y, t) is non-
negative and unimodal (again, restricted to u [y,
with maximum taken at u = tmax (y). Therefore, define
thax () = tmax (y) when |y| > 3, otherwise tmax (y) =

lyl.

Lemma 4.2. For y [Z, the function |[INF(y,t)| is
maximized over all nonnegative integers t with t [yl

at t = max{|ly|, {¥? — 4)/3}

To bound |f (0, t) —E(0, t)| we use the formula (3.4)
where the inner sums are alternating sums, for which
we can apply Lemma 4.1, as y [T+ s;(y) holds by our
even or odd starting position assumption. We get

CIrr 1
[FO.H-EO Y= H (F1'INFy, t—si(y))
y[Z1 i=0
1

<  max|INF(y,u)|
y 21 “

(4.5) =2

y=1

[INF(Y, trax ()1

Note that

[INF(Y, tmax (V)

Y ot trmax ()
tHax (¥) (tRax (Y) +¥)/2
O(y/ (tmax (¥))*/?) = O(y?).

Therefore, (4.5) implies that |[f(0,t) — E(0,t)| is
bounded. With

c1:=2  [INF(y, ti (¥)] = 2.29

y=1

we have therefore
|[f(0,t) — E(0,t)| <cy.

Amazingly, the constant c; defined above is best
possible. Indeed, let y > 0 be arbitrary and even
and let tg = tmax(y). We apply the Arrow-forcing
Theorem to find an even starting position that makes
ARR(X,t) = —1if x > 0and t < ty — tmax (X) Or
X<0andt>ty—thax (X) and makes ARR(X,t) = —1
otherwise. It is easy to verify that in this case at a
position |x| <y, x B 0 we have an odd number of chips
exactly once at time to — tmax (X) and the formula (3.4)
gives

r 1
f(0,10) —E(Q0,to) =2 [INF(X, tmax (X))I.

z=1

5 Intervals in Space

In this section, we regard the discrepancy in intervals in
Z. For an arbitrary finite subset X of Z set

1
f(x,t) = f(x, 1),
i
ECX, t) = E(x, t).
x X1

We show that the discrepancy in an interval of
length L is O(logL), and this is sharp. We need the
following facts about H.

Lemma 5.1. For all x CZ1
H ) {t (Nh [ x 3 - R;t B H(x, t)

is unimodal. H(x,t) is maximal for t = x> — 2 and
t = x?. We have H(x,x?> —2) = H(x,x?) = O(|x|™1).

Proof. Since H(x,t — 2) — H(Xx,t) = tt;fiH(x, ), we

conclude that H(x,t) is unimodal and it has exactly
two maxima, namely t = x> — 2 and t = x°.

Theorem 5.1. For any even initial configuration, any
time t and any interval X of length L,

[F(X,t) — E(X, t)| = O(log L).

There is an even initial configuration, a time t and an
interval X of length L such that

[F(X, ©) — E(X, 1)] = Q(log L).

Proof. Without loss of generality, let X = [-L + 1..0].
Fix any even initial configuration. By (3.4), we have

X, ) ZEQ 1)
= ARR(y,0)
y [Z1

(=1 INF(y — X, t = si(y)).
x [ X1i=0



Let us call

CON(y) := ARR(y, 0) (=1 INF(y—x, t—s;(y))
z [(X1i=0

the contribution of the vertex y to the discrepancy in the
interval X. We first regard vertices y that lie outside X.
By symmetry, we may assume y [N The contribution
of a vertex depends on its distance from the interval X.
If y is Q(L) away from X, its influences on the various
vertices of X are roughly equal, and all such influences
are quite small. In this case we bound its influence by
L times the one we computed in Theorem 4.1:
Lety > L. By Lemma 4.1 and 4.2,

[CON(y)| = (1)'INF(y — x, t—s;(y))
x =0
CH 1
= = (CLINF(y — X, t—s;(y))
[ X1 =0
 —

= m?x|INF(y — X, t)|
i e S
=0 (y—x)"2 =0(Ly 2.
x X1

Hence the total contribution of these vertices is

— L
[CON(y)|=0 Ly=2 =0().

y>L y>L

We now turn to vertices y [Il]. Here mainly those
vertices of X that are close to y contribute to CON(y).
Hence, the approach above is too coarse.

Let d;,&; [0, 1} such thaty+L —3; andy—1+¢;
have the same parity as t — s;(y) — 1. Then by (3.2),

Lemma 4.1 and 5.1,

|ICON(Y)|
I | 1
= % (1" INF(y —x,t—=s4(y))

1=0 r X1
[ | 1
= @ D" MHYy—x+1t—si(y)—1)
1=0 x X1
—Hy —-x—-1,t— S(y)—l))E
1
= D'Hy+L=20%,t—si(y)—1)
1=0
—H(y—1+si,t—si(y)—1))H
1
< CD)'HYy+L—=0;,t—si(y)— 1)
=0
e
+ CD)'HY —1+¢,t—s;(y)—1)
< %smr:}ja(a7l}H(y+L—6,s)
+%Smr£%§]7l}H(y—1+a,s)
= o(y™.

Iitpus Ver?ffi‘l [L]  contribute

Y O ICON(y)I =0( = y‘l) =O(logL).

Fory [XA, note that explomng symmetries, we can
employ the same reasoning as above: Denote the upper
bound for [CON(y)| computed above by b, ;. Note that
it is non-decreasing in terms of L.

We have INF(x,t) = —INF(—x, t) for all x [Zland
INF(0, t) = 0. Taking this into account, we see that for
each y X, there is a subinterval X, [X such that
y ' X, and

I INIg(y—x, t—s;(y)).
o [Xy

L 1
-

=0

CON(y) = ARR(Y,0)

Denote by d, the distance from y to X,, that is,
dy, = min, xy [y —X|. Then the above yields CON(y) <
bdy7|Xy| =< bg,r. Note further, t most two
di@yyield the same d,,. Hence y,:X]|CON(y)| =

2 m]CON(Y)I.
Combining all cases, we have

L1
|[CON(y)| = O(log L).
y [Z1

[FCX, ) —EX, D) =<

For the lower bound, we just have to place the chips
in a way the one of the logarithmic terms above actually
occurs. Without loss of generality, let L be odd.



Consider the following initial configuration (its ex-
istence is ensured by the parity forcing theorem): All
arrows point towards the interval X (arrows of vertices
in X may point anywhere). Let t = L. Choose an
initial configuration of the chips such that f(y, s) is odd
if and only if y [JI] is even and t —s = y2.

Now by construction, CON(y) = 0 forally [ZN[L].
For y L], we have

L 1
CON(y) =—  INF(y —x,y?)
z X1
= 3HY,y?) = 3HY +L+1,y%)
= JH(Y,y) — Hy +L+1,(y +L+1)%)
=Qy™).
Hence for this initial configuration,

1
CON(y)
y [Z]
1
= oy ™) = Q(logL).
y L],y (271

XX, ) —EX ) =

6 Intervals in Time

In this section, we regard the discrepancy in time-
intervals. For x [Zland finite S [N}, set

L 1
f(x,8) = f(x, 1),
i —
E(x,S) = E(x, t).
sl

We show that the discrepangy of a single vertex in
a time-interval of length T is O( T), and this is sharp.

Theorem 6.1. The maximal discrepancy |[f(Xx,S) —
E(x,S)| of a single vertex x in a time interval S of
length T is ©(T1/?).

In the proof, we need the following fact that “rolling
sums” of unimodal functions are unimodal again.

Lemma 6.1. (Unimodality of rolling sums) Let
f:Z-R Qgﬂmodal. Let k [CN. DefineF :Z -~ R
by F(z) = 5 f(z+1). Then F is unimodal.

Proof. If f is non-decreasing (resp. non-increasing),
then clearly so is F and thus it is unimodal. Hence let f
and m [Zbe such that f is non-decreasing in Z-,,, and
non-increasing in Z-,,,. We show that for some M [Z|
G(X) := F(x+1)—F(X) is nonnegative in Z<; and not
positive in Z=,,. This implies that F is unimodal.
Since G(xX) = f(x + k) — f(x) for all x 4, G is
non-negative in Z-,,—; and not positive in Z-,,. Let

X CAn[m-—Kk,m-—1]. Then G(x +1) — G(x) =
(Fx+k+1) — f(x +k)) — (F(x + 1) — f(x)) < 0,
that is, G is non-increasing in Z n [m —k, m]. Hence M
as claimed exists (and satisfies m—k =M = m).

Of course, analoguous statements hold for functions
defined only on even or odd integers.

The following result says that a single odd split
has an influence of exactly one on another vertex over
infinite time.

1
Lemma 6.2. For all x CZN{0}, , JINF(x,t)| =1.

Proof. W.l.o.g., let x CNL Then [INF(x,t)] = $H(x —
1,t—1)— 2H(x+1,t—1). Consider a random walk of
a single chip started at zero. Let X, ; be the indicator
random variable for the event that the chip is on vertex
y at time t. Let Y, be the indicator random variable
for the event that the chip is on vertex y at time t and
that it has not visited vertex x so far. Let T denote the
first time the chip arrives at x.

For any t > s > 0 we have by symmetry that
Pr(Xe—1,i-1 = 1T =8) = Pr(Xg+14-1 = 1|T =s).
Clearly, for t = T, Xz+14.—1 = 0, and for t > T,
Y;c—l,t—l =0. Thus

[ —|
[INF(x, )]
Q) m—
=3 (E(Xe—1,4-1) = E(Xy+1,4-1))
tFED_I I—l
= % Pr(T = S) E((Xw—l,t—l - X:c+1,t—1) | T= S)
. s B S—
= 5 Pr(T = S) E(Xz—l,t—l | T= S)
s [N t
— L1
=1  Pr(T =s)E Xoe14-1|T =5
s [N [[s]
E— L f— L1

Note that E( %IJY%_M_Q is just the expected num-
ber of visits to x — 1 before visiting x. This number
of visits is exactly k if and only if the chip moves left
after each of its first k — 1 visits and right after the
kthpvsty  This happgns—with probability 27%. Hence
E( t[NjYx—l,t—l) = “:N:iz_l =2

Proof. [Proof of Theorem 6.1] Fix any even initial
configuration. Let to [Np and S = [tp..tp + T —1].



Without loss, let x = 0. By (3.4), we have Theorem 7.1. Let X [4 and S [Ny be finite
intervals of lengths L and T, respectively. Then the

£(0,9) —EI_—(QLIS) maximal discrepancy |f(X,S)—E(X, S)| (taken over all
= (F(0,t) — E(0, 1)) odd or even initial configurations) is O(T log(LT ~1/2)),
if L=T%Y2, and ©(LT/2) otherwise.
) — s Y m— T
= ARR(Y,0) (=1)" INF(y,t—s;(y)).
y[Z1 i=0 t LS

By unimodality of rolling sums (Lemma 6.1),

L 1o ___1 Proof. Fix an even initial configuration. Without loss
If(0.5) —E@O.S) = max INF(Y, t=S)E  of generality, let X = [-L + 1..0]. Let to [Ny and
vtA e S=[to..to+T —1]. As in previgus proofs, by (3.4) we

— Ir :
We estimate the term max, 1|, g ANF(y, t—s)| for have F(X,S) —E(X,S) = - {CON(y) with
ally. For 1 <|y| < T2, we use Lemma 6.2 and simply

estimate
NPy -o e
(6.6) max INF(y,t—s) [INF(y, )| = 1. CON(y) =
s ¢ I 1 11
ARR(y,0)  (=1)' INF(y — X, t —s;(y)).
1 _
For |y| > T2, max, aINF(y, t — s)H < i=0 2 (X1t 5]
T max, i INF(y, t)] = TO(y™2) by Lemma 4.2. Hence
1 1
[f(0,S)—E(0,S)| = 1+T o(y™?)

Case 1: Let L=TY2,
_ 12 We analyze first the contribution of vertices y [N
= O(T~). Lety = L. Then

For the lower bound, we invoke the parity forcing
theorem again. By this, there is an even initial configu-
ration such that all arrows point towards zero, and such
that there is an odd number of chips on veggex x /4 |CON(Y)|

lS|y|ST1/2 |y|>T1/2

at time t CNp ifand only if x CX :=[ T.2 T] I 1 [ fEE—
and t = 4T — x?. For this initial configuration and = (—1)¢ INF(y — X, t —s;(y))
S =[4T + 1..5T], we compute i=0 s X1 t=to
_ L O a1
ITO.S) =505, < H D' INFy +j,t—si(y))E
= [INF(y, t — 4T +y?)| j=0 =0 t=to
t LSy X1 LFt I+t 1
= (1_IQ—(JI))T3/2 - = max INF(y +j,t—5)
min [INF(y,t)|  CX,t CT0 +1..5T],y CE] =0 t=to .
< LTmax max [INF(y+j,1)]
= Q(Tl/Z)_ t jOmL—1]
= LTO(y™)
7 Space-Time-Intervals
We now regard the discrepancy in space-time-intervals.
Extending the previous notation, for finite X [—Zland
finite S [Np set by unimodality of rolling sums, Lemma 4.1 and 4.2.
C T 1 1 12 <y < - — -
£(X,S) = F(x. 1), Nowlet T/ <y<L. LetH Ex, t): _max{H (x :
1,t),H(x,)}. In other words, H™(x,t) = H(x,1), if
”% x [fJand H™ (X, t) = H(x — 1, t) otherwise. Similarly,
E(X,S) = E(x,1). let HY(x,t) := max{H(x,t),H(x + 1,t)}. Then, by

o Xt L5 (3.2), total unimodularity of rolling sums, Lemma 4.1



and 5.1,

|CON(y)|
=H (-1’ INF(y —x,t—s;(y))
i=0 z X1 t=to

I R e | W |
:@ (-1) Hy—x+1t—s;(y)—1)

=0 t=to z[X1

—H(y—x—l,t—si(y)—l)EE
| Il M T |

= (=1 H (y+Lt—s;(y)—1)
=0 t=to

—HY(y—1,t—si(y) - 1))E

| I ROl St S |

< -1’ H (y+Lt—si(y)—1)
=0 t=to

@ I ] to+F=T—]
+ (=1’ H*(y —1,t—si(y) — 1)

=0 t=to
torf—T
== max H (y+L,t—s)
) t=to
to+|
+%m(§x H*(y—1,t—s)

t=to

<iT maxH™(y + L, 1) + T max H*(y—1,1)
=TOo(y™ ™).

Finally let y < T1/2. Now starting as above

|ICON(Y)|

to+f=r—]
< %mgx H (y+L,t—s)

t=to

HY*(y—1,t—ys)

IA
3
)
X

e
H(0,1t)
t=0

= O(T%?).

IA

Putting all this together, we obtain

1

CON(y)

y [N

L1 1
= |CON(y)| + |CON(y)| + [CON(Y)|
ySTl/Z T1/2 =L L<%%
= O(T*?) + TOy )+ LTO(y?
y=T1/2 TY2<y<L L<y

=O(T) + O(T log(LT ~%/2)) + O(T)
=O(T log(LT ~%/2)).

By symmetry, we have the same bounds for CON(y)
if y <= —L. Using the same resoning as in the proof
of Theorem 5.1, vertices y [X contribute at most as
much as those not in X.

Altogether, we have

 I—
ICON()| = O

y [Z1

L¢y——
[CON(Y)I
y [N

O(T log(LT ~1/2).

We now prove the corresponding lower bound. Set
Y = [TY¥2..L]. Choose an even initial configuration
such that f(x,t) is odd if and only if x [Y and
t = L2 — x?. Direct all arrows towards zero. Let
S =[L?..L?+T—1]. Thenfory Y], with d;,&; [JD,1}
appropriately chosen as before,

CON(y)
I | |
= [INF(y — x, t— (L% = y?))]
z[X] t=L2
yH=T
=3 Hy—1+g,t—1)—H(y+L—-1-3,t—1))
t=y2
]
=0 Hy—1+¢g,t—1)
t=y2
=Q(Ty™).
For y ¥, CON(y) = 0. H the discrep-
anc¥ in this setting is at least ymCON(y) =

v=rir2 O(Ty™) = O(T log(LT ~*/2).
Case 2: Let L<T2,
For the upper bound, we simply apply Theorem 6.1
as follows:

| —
[f(X,S) —E(X,S)|

x X1

< LO(TY?).

[FCK,S)—E(X,S)| =



For the lower bound, the setting of Theorem 6.1
works as well. Choose an initial configuration such that
f(x,t) is odd if and only if x [X :=[T%/2.2T%/?] and
t=4T —y2. Then

CON(Y)
C57E 1
= [INF(y — x, t— (4T —y?))|
x CXAt=4T
= LT min{|/INF(y,t)||y CZn [TY2.3TY?],
t [Zn[T.5T],y CIH
= Q(L)

fﬂly [CYl. Again, CON(y) = 0 for y FYl. Hence
,izCON(Y) = Q(LTY/?).

8 Intervals in Space, Revisited

We stated in Theorem 5.1 that the discrepancy in an
interval of length L is O(logL). Here we state that
intervals of length L with about log L discrepancy are
very rare, the quadratic average of the discrepancies of
a long contiguous set of intervals of length L is only
O( logL), and this bound is tight.

For a set X of vertices we denote by disc(X,t)
the discrepancy of the set X at time t, i.e.,, we set
disc(X,t) = f(X,t) — E(X, t).

Theorem 8.1. Let X be an interval of length L. For
M su LCciehtly large,

disc?(X +k,t) = O(log L).
k=1

Furthermore, for a given L and M there exists an even
initial configuration, and a time t and an interval X of
length L such that

—
disc?(X +k,t) = Q(log L).
k=1

Prq9f. For the first statement we need to prove an
O( logL) bound on the quadratic average of the dis-
crepancies disc(X +k,t) with k =1,..., M. First note
that changing the individual discrepancies by a bounded
amount we change the quadratic average by at most the
same amount. We use this observation to freely neglect
O(1) terms in the discrepancy of the intervals. In par-
ticular we can change the intervals themselves by adding
or deleting a bounded number of vertices. We use this
to make a few simplifying assumptions. As in Section 7
we assume that (i) the starting configuration is odd, (ii)
the interval X is X = [-LY.LY with LY EJand (iii) M
is even and we only consider even values of k, i.e., we

consider the average of disc?(X +k,t) for2<k <M,
k even (this can be justified by considering X + k + 1
instead of X + k for odd k).

First we show that discrepancies caused by odd piles
at time t— L2 or before can be neglected. We start with
(3.4) for the individual discrepancies disc(x, t).

disc(x.lt)
= ARR(y,0)

y [Z1
= disci(X,t) +discy(x,1);

discl(xf t?

1
(—1)'INF(y —x, t = si(y))

=0

1

= ARR(y,0) (=1)'INF(y — X, t = s;(y));

y[Z] si(y)>t—L?
|disca(x, t
= | ARR(,0) (=1’ INF(y — X, t = s4(y))|
z1 si(y)t—L?

= ma>§|INF(y—x, u)|.

v ﬁZL

We have seen that [INF(z, u)| is unimodal for fixed z
and its maximum is at u = [zf/3[ 50 we have

[disca(x, )]

| —
[INF(z,L?)| + 2

z=1

1
[INF(z, Z£/30)]

z>L

= 2

IA

| a— 1
2 FH(z, LH+2 0z ?)

z=1 z2>L

| —
H(z, L?)/L + O(1/L) = O(1/L).

z=1

Therefore the total contribution of disc, to the discrep-
ancy of an interval X + k is small. For

disc; (X +k,t) := disci(x, t)

x [XHE

we have

jdiscy (X + k) — disc(X + k1)

= | disca(x, t)]
= CX¥k

o).

We continue as in Section 7 collapsing a sum using
INF(z,u) = sH(z +1L,u—1)— IH(z —1,u—1). We
also use that disc(x,t) = disci(x,t) = 0 for x [Ths



the starting configuration is odd.

disci (X + k. t
= ARR(y,0)

x Xk y [Z]
X —+]

(—1)'INF(y — X, t = s;(y))

s-.E%f?>t—L2

—1
= ARR(y, 0) =1
yZ1 si(y)>t—L2

GH@Y —x+1,t—s;(y)—1)

—%H% -x—1,t— Si(¥) —1)) |
= 1 ARR(,0) (-1?
Mva si(y)>t—L2
(Hlyy —k+L5t—si(y)—1)

—H({y —k—L5t—s;(y) —1)).

We separate the two terms in this last expression. With

1
D(m) = 2 ARR(,0)
y [Z1
L1
D'Hy —m,t—si(y) — 1)
si(y)>t—L2
we have

disci(X +k,t) = %D(k -Ly- %D(k + LY.

Our original goal was to prove an O(\/m) bound on
the quadratic average of disc(X +k, t). As disc;(X +
k,t) dilerk from disc(X + k,t) by O(1) it is clearly
enough to prove the same bound for the quadratic
average of disc; (X +k, t). By the last displayed formula
it is enough to prove the O( TogL) bound on the two
parts D(k — LY and D(k + LY separately, both for
0 <k =< M even. It is therefore enough to bound the
quadratic average of D(m) for an arbitrary interval |
of length M. Here we consider only values m [L1for
other values of m we have D(m) = 0.

Let to = max(0,t — L? + 1) be the first time-step
considered. Fory [C4 and u [yH 1 we have an odd
pile at y if and only if ARR(y,u) 8 ARR(y,u+2) and
in this case ARR(y, u) = (—1)’ARR(y, 0) for the index

i with s;(y) = u. For any m e have

2ARR(Y, 0)

s-f%i>t—L2

(ARR(y,u) — ARR(y,u + 2))

(1)'Hy —m, t=si(y) — 1)

to=u<t
u CyH1
Hy—m,t—u-—-1
(ylil )
= ARR(y,WH(y —m,t—u-—1)
to+2=u<t
u [yH1

—ARR(Y,U)H(y —m,t—u+1)
+ARR(Y, t)) Hly —m,t—t; — 1)
—ARR(Y, t2)H(y —m,t —t; + 1),

where t; = t;(y) is either ty or to + 1, whichever makes
t; [y hH 1 and similarly to; = ty(y) is either t or t + 1,
so that t; [y # 1. With

DXm) :=

y [Z ko +2=su<t—2
u CyH1

ARR(y, u)

Hy—-mt—u—1)—H{y—-m,t—u+1))
we have
|D(m) —Iﬂ;mll
(ARR(y, ti(y))H(y —m, t—ti(y) — 1)

y 21
~ARR(Y L2(OH (Y M.t~ t(y) + 1))

< Hy—m,u) <4
w {01, t—to—2,t—to—1} y [Z1
As beforevwe ignore the small dilerknce and will

prove the O( TogL) bound on the quadratic average
of D{m) instead of D(m). Computing the square and
summing for m we get the following. The summations
are taken for m [, m L[] for yy, 4, and for

Up,up CJfh +2,t— 3], uy [Cud Cy# 1, respectively.

D“(m)
" C 11 1
= ARR(y1,U1)ARR(y2, u2)
- (Hyi—m,t—up—1)—H(y1—m,t—u; +1))

m

‘(Hyz—m,t—uz—1) —H(y2 —m,t—uz + 1)).

Let us estimate the contribution to this sum coming
from a fixed yq, Uz, and u,. Disregarding the signs and
extending the summation for all m (even outside 1) the
contribution of each of the four terms we get from the
multiplication is exactly 1. As u; and u, can take at



most L2/2 values each, the total contribution coming
from a single value of y; is at most L*.

Let us obtain the intervals 17and 1™from 1 by
extending or shortening it at both ends by L?, i.e., if
I =[a,b], then I”=[a—L? b+L?], ™™= [a+L2 b—L2].
If y; is outside 17we have H(y; — m,t —u; — 1) =
H(y:—m,t—u;+1)=0f m 1] therefore such y;
has zero contribution to — _"D%2(m). The contribution
for fixed y1, y2, Uz, and uy can usually be written in
closed form using the identity

1
H(ys —m,vi)H(y2 —m,v2) = H(y1 —y2,V1 + V2).
m
This identity works if we sum for all possible values of
m, but for y; CIPthe contribution of th sm 1
is zero. Therefore the contribution to — D?2(m) of
the fixed terms y; [T y,, uq, and us is

ARR(Y1, U1)ARR(y2, Uz)
(Hyp—m,t—u; —1)—H(ys —m,t—u; + 1))

~(Hyz—m,t—u; —1) —H(y2—m,t—uz + 1))
=ARR(y1, U1)ARR(y2, U2)

(H{y,v—=2) =2H(y,v) + H(y,v +2)),
wherey =y; —y, and v =2t — u; — Uy.

To estimate these contributions we first calculate
H(y,v—=2)—2H(y,v) + H(y,v + 2)
= O(*/V*+ 1/V?)H(y, v + 2).

The same y = y; — y» value arises exactly once for
every y; "™ a total of M — 2L? possibility. The
highest possible value of v is less than 2L2 and the
same value v can be the result of at most v pairs uq,
uy. There are 4L.2 possible values of y; outside 1™but

inside 1”contributing at most 4L®. Summing for all
these contributions we estimate
L 1

D?(m)

m

O S | —
< 4L°+0 Mv  (Y*/V* + 1/VvP)H(y, v + 2)
v=1 y [Z1
1,
4L°+0 M

1

(Y*/ve + 1/VH(y,v + 2)

v=1y[Z]

I P
= 4°+0 M 1/v =0(L° +Mlogl).

v=1
Here we used the estimate on the fourth moment of the
random walk:

y*H(y, v +2) = O((v + 2)*) = O(v?).
y [Z1

To finish the proof we set M > L® for our threshold
for large enough M. We did not make an e[lant
t imize for this threshold. This ensures that

m DZ(m) = O(M logL), so the quadratic gverage of
D%m) (and therefore of disc(X +k, t)) is O( logL) as
claimed.

It remains to construct a starting configuration
where the quadratic average of discrepancies in the
intervals of length L is large. For our construction
we do not even use the value L. For a given (even)
parameter t we define a probability distribution on
starting positions, such that for all L < t and all
intervals X of length L the expectation of disc?(X, t) =
Q(logL).

We let r(a,b) stand for independent random =1
variables for all integers a and b = 1. We look for an
even starting configuration (guaranteed by the Arrow-
forcing Theorem, such that ARR(x, u) = r(a,b) for all
even x and u satisfying 4> < u < 4**! and a2’ < x <
(a+ 1)2°. For simplicity we set ARR(x,u) = 1 for all
u and all odd x and we also set ARR(x,u) = 1 for all
X and u < 4.

Simple calculation similar to the one in Section 7
shows that for an interval X = [c, d] we have

1
h(a, b)r(a,b),

a,b

disc(X, t) =

where the coe [ciehts h(a,b) depend on X. Further
analysis shows that all coe [ciehts are bounded and
O(log L) of them are above a positive absolute constant
for each interval of length L. This implies that the
expectation of disc?(X, t) is Q(I@,;,IL)I' and therefore the
expectation of the average % k=1disc2(x +Kk,t) is
also Q(logL). This proves the second statement of the
theorem.

9 Conclusion
In this paper, we elaborated that Jim Propp’s rotor

[—fouter model is a very good simulation for random walks

on Z. Not only that there is a constant bound for
errors on single vertices, these bounds become stronger
in several forms of averages.

We are optimistic that similar results hold for
higher-dimensional grids. For errors on single vertices,
this was shown by Cooper and Spencer [CS05, CS].
For higher-dimensional intervals, that is, products of
intervals, we note that interesting things mainly happen
along the boundary. Hence we expect the discrepancy
in a product of d intervals of length L to be of order
L YlogL. Note that the arrow-forcing theorem can
be extended to higher-dimensional grids, so our lower
bound proofs can be extended as well.



From this work a number of open problems arise.
One is the following: The arrow/parity-forcing theorem
yields a simple, yet general way to produce lower
bounds. It is, however, quite wasteful in the number
of chips. To obtain a desired behavior for t time steps,
we will have ©(2¢%) chips on many vertices. For actual
simulations, this is not desirable. Therefore, it seems
to be an interesting problem to look for sparser setups
that still produce large discrepancies.
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