EXCEPTIONAL CONGRUENCES FOR
POWERS OF THE PARTITION FUNCTION

MATTHEW BOYLAN

1. INTRODUCTION

A partition of a positive integer n is any non-increasing sequence of positive integers whose
sum is n. The partition function, denoted by p(n), enumerates the number of partitions of n.
By convention, p(0) = 1 and p(n) = 0 if n < 0. As is well-known by the work of Euler, the
generating function for p(n) is given by

S pm)g" =[] (1 —a) "

The study of the arithmetic properties of p(n) has a long history beginning with the fundamental
work of Ramanujan [R1, R2, R3, R4]. When r is an integer, we denote by P, the rth power of
Euler’s generating function. In this paper, we study arithmetic properties of the coefficients of
P, when r is positive. Therefore, we define the arithmetic functions p,(n), which we call the
rth powers of the partition function, by

P(q) =) p(n)g"=[[Q-¢") " =14rg+---, rek. (1.1)

The functions p,.(n) have been studied, for example, by Atkin, Gordon, Kiming, Newman,
Olsson, Ramanujan, and Serre [A, G, K-O, N1-N7, S3].

If £> 5 is prime and 0 < a </ — 1, then following Kiming and Olsson, we say that there is
a congruence for p at (£,r,a) if, for all integers n,

pr(fn+a) =0 (mod ¥).

Before presenting our results, we cite some facts from [K-O] concerning the classification of
congruences of this type. In what follows, (Z) denotes the Legendre symbol modulo Z.
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Proposition 1.1 ([K-O, Lemma 1, Theorem 2]). Suppose thatl > 5 is prime and0 < a < £—1.

(1) There is a congruence for p at (£,7,a) if and only if there is a congruence for p at
L,r+4,a).

(2) If r =0 (mod £), then there is a congruence for p at (¢,r,a) if and only if a # 0.

(3) There is a congruence for p at (£,£—1,a) if and only if

24a + 1
( 7 )‘_1‘

(4) There is a congruence for p at (£,£ — 3,a) if and only if
1
(8a2— > 41,

Items (3) and (4) of Proposition 1.1 follow from the following well-known g-series identities
of Euler and Jacobi together with item (1) of Proposition 1.1.

(1) (Euler)

- 0 n(3n+1)
1-¢")= > (-)"¢ =z ,
n=1 n=—00
(2) (Jacobi)
o o n(n+1)
[[a-¢*=> (-1)"@n+1)q 2
n=1 n=0

Following the terminology of Kiming and Olsson, we say that a congruence for p at (£,7,a)
is exceptional if 1 <r <f—1and r # ¢—1, £— 3. The main result from [K-O] is the following.

Theorem 1.2 ([K-O, Theorem 1]). If¢ > 5 is prime and if there is an exceptional congruence
forp at (£,r,a), then r is odd and 24a = r (mod £).

Therefore, we will say that ¢ is exceptional for r if there is an exceptional congruence in the
distinguished class 24~ 'r (mod ¥£).

Now suppose that £ > 5 is a fixed prime. One can classify all » for which /£ is exceptional
by a finite computation. In particular, by Proposition 1.1 and Theorem 1.2, it suffices to check
whether £ is exceptional for all odd r < £ — 1. Some details concerning computations of this
type are included in Section 6.

In this paper we consider the problem of classifying all exceptional primes £ for a fixed r.
This problem requires different methods; clearly, one cannot classify all exceptional primes for
r by checking each prime £ > r + 2 individually. In [A-B], the author and Ahlgren use modular
forms modulo ¢ to reduce the problem for » = 1 to a finite computation. In particular, they
show that the only congruences of the form p(¢n+a) = 0 (mod £) are the celebrated Ramanujan
congruences

p(dbn+4) =0 (mod 5),
p(7n+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).
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In Section 2, we state the main theorem of this paper, Theorem 2.1, which is a generalization
of the results in [A-B] to all odd r. In fact, for any odd r, we show (subject to a mild hypothesis)
how to obtain the complete set of exceptional primes. We also state a related theorem, Theorem
2.3, which explains the existence of many exceptional congruences. As an example of Theorem
2.1, we completely classify all exceptional congruences for r < 47.

Theorem 1.3. The following table gives the complete list of exceptional primes £ for r < 47.

r J2 r 12 r J2 r J2

1 5,7,11 13 17,19,23 25 29, 31 37 41,43,47
3 11,17 15 23,29 27 31,41 39 47,53,61
5 11,23 17 23 29 none 41 47

7 11,19 19 23 31 none 43 47

9 17,19, 23 21 29, 31,47 33 41,43,47,59 45 53,59, 71
11 none 23 none 35 none 47 none

The proofs of our results depend on a careful study of the reductions modulo primes of certain
modular forms related to the functions p,(n). Section 3 gives the necessary facts on modular
forms modulo primes. In Section 4, we prove Theorem 2.1, and in Section 5, we prove Theorem
2.3. In Section 6, we briefly describe how to computationally verify exceptional congruences.

2. STATEMENT OF RESULTS

Before we state our main result, we need to define our notation. If N and k are positive
integers and x is a Dirichlet character defined modulo N, then we denote by M (T'o(V), x) the
C-vector space of holomorphic modular forms of weight k£ and character x for I'g(/V). We denote
by Sk(To(N), x) the subspace of cusp forms in My (T'o(N), x). We identify f(z) € Mg (To(N), x)
with its Fourier series in the variable g := €272,

In particular, when k is even, we denote by M}y the C-vector space of holomorphic modular
forms of weight k with respect to I'g(1) = SL2(Z). The usual Eisenstein series of weights 4 and
6 on SLy(Z) are given by

Ey4(z) :==1+ 240 i Z d3q"™ € My N Z[[q]],
i
Eg(z) :=1-504) Y d°q" € Ms N Z[[q]].

n=1 d|n
d>0
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For convenience, we define E}(z) by

(1 if k=0 (mod 12),
E4(2)?Eg(z) if k=2 (mod 12),

Er(2) = | E4(2) ?f k f 4 (mod 12),
Eg(2) if k=6 (mod 12),

E4(2)? if k=8 (mod 12),

(| E4(2)Fs(z) if k=10 (mod 12).

We recall that Dedekind’s eta-function is given by
n(z) :=q» [J(1—q").
n=1
Then -
Az) =n**(2) =q [ (1 - ¢")** € My
n=1

is the unique normalized weight 12 cusp form on SLy(Z).
Throughout, we let r be a fixed odd positive integer, and we let
{ 43| if 7# 11 (mod 12),

12
3]~ 1 if r=11 (mod 12).

1

We define integers a, ; by

Zarﬂ:(n)qn = PT'E:—I—SEZL:’(OLT_I)A?; = qz +---, 0<i<a,.

We also let
Ar(0) :=(-r) 7,

and for each positive integer n, we define
A (n) := £(24n — T)rg_qua(n).
Next, we define the set
S:={(sQ1),...s(ar)) | s(j) € {+,—}, 1 <j<ar}.
For a fixed 5= (s(1),...,s(a,)) € S, we set
cro(35) = Ar(0),

|
—

Crn(S) == Ai(n) (n) — cri(S)ari(n), 1<n<a,.

Finally, we define the set of integers 9B,.(n) for each n > a,. + 1 by

Bo(0) 1= {AE0) = Y eri(ans()acs:

o

(2.1)

(2.2)

(2.3)

We observe that each 9B,.(n) contains 2% 1 integers. By Proposition 1.1, we need only consider

£L>r.
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Theorem 2.1. Let r be an odd positive integer.

(1) If £ = r + 2 is prime, then £ is not exceptional for r.

(2) If £ =r + 4 is prime, then £ is exceptional for r if and only if £ =2 (mod 3).

(3) If £ > r + 6 is an exceptional prime for r, then for every n > o, + 1, £ divides at least
one integer in B, (n).

As an obvious corollary, we have

Corollary 2.2. Ifr is an odd positive integer and if there is some n > «, + 1 for which all of
the integers in B,.(n) are nonzero, then the set of exceptional primes for r is finite.

If the hypotheses of Corollary 2.2 are satisfied, then Theorem 2.1 may be used to show
that all but finitely many primes are not exceptional for r. The remaining primes must be
checked individually to determine whether they are exceptional, which may be done by applying
Theorem 2.3 below or the methods of Section 6, as appropriate. In this way, the exceptional
primes for » may be determined by a finite computation.

For example, to compute the exceptional primes for » = 37, we find that all of the integers in
B37(4) and B37(5) are nonzero and that the only primes common to the prime divisors of the
integers in both sets are £ = 41,43, and 47. These primes are exceptional for 37 by Theorem 2.3.

For completeness, we include Theorem 2.3, which is well-known to experts. Its proof is
included in Section 5. In contrast to Theorem 2.1 and Corollary 2.2, Theorem 2.3 explains the
existence of many exceptional congruences.

Theorem 2.3. Suppose that £ > 5 is prime.

(1) Leti=4,8, or14. If £ =2 (mod 3) and £ — i > 0, then £ is exceptional for r = £ — i.
(2) Leti=6 or10. If £ =3 (mod 4) and £ —i > 0, then £ is exceptional for r = £ — i.
(3) Leti=26. If =11 (mod 12) and £ —i > 0, then £ is exceptional for r = £ —i.

We observe that Theorem 2.3 contains the Ramanujan congruences (1.2), (1.3), and (1.4) as
special cases. In fact, Theorem 2.3 appears to explain most, but not all, exceptional congru-
ences. Therefore, one might refer to congruences which are not explained by Theorem 2.3 as
superexceptional. For example, Theorem 1.3 indicates that 19,23 and 61 are superexceptional
primes for 7,5, and 39, respectively, and that these are the only superexceptional primes for
r < A47.

Theorem 2.3 also shows that if » = 11 (mod 12) and £ is exceptional for r, then £ must
be superexceptional for r. This “explains” why no congruences of this specific type have been
found (to our knowledge).

3. MODULAR FOrRMS MODULO /¢

We now record some relevant facts concerning modular forms modulo /. Details may be
found, for example, in [SwD] or [S1]. Throughout this section we will suppose that £ > 5 is a
fixed prime. If f =>"° ja(n)¢™ € My NZ[[g]], then

f=17 (mod ) eFlq]].
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We define the space of weight £ modular forms modulo ¢ by
My = {F : feMmnzq)}.
The filtration of a modular form f € M N Z[[q]] is defined by
w(f) :=inf{k' : fe€ My}

If we have f = § % 0 (mod £), then it must be that k¥ = k’ (mod ¢ — 1). Tt follows that if
f € MyNZ[q]] has f # 0 (mod £), then

w(f)=k (mod¥—1). (3.1)

Moreover, we see that w(f) = —oo if and only if f = 0 (mod £). We also recall the fact
[S1, §2.2, Lemme 1] that if f € My N Z[[q]] for some k, then for each i € N we have

w(f') = aw(f). (3.2)

We define the theta operator on formal power series by

) (Z a(n)q") = Zna(n)q". (3.3)

n=0

Lemma 3.1 is fundamentally important in what follows.

Lemma 3.1 ([SwD, Lemmas 3, 5]). The operator ©® maps Mk to Mk+£+1- Moreover, if

f € My N Zq]] for some k, and f # 0 (mod £), then for some o > 0, we have w(Of) =
w(f)+£+1—all—1), with a > 0 if and only if w(f) =0 (mod £).

Next, we define the operator Uy on formal power series by

(Z a(n)q") ‘Ug = Z a(fn)q". (3.4)

n=0 n=0
When N and k are positive integers and x is a Dirichlet character defined modulo N, the Hecke
operator Ty j, acts on a modular form f(z) =Y 7 ja(n)g™ € Mi(To(N), x) by the formula

(Z a(n)qn) Ter:= ) (altn) + x(O£" " a (%)) ¢ € My(To(N), x), (3.5)

n=0 n=0

where a (%) = 0 if £ { n. Comparing (3.4) and (3.5), we see that for £ > 2, the operators

Ty, and U, agree modulo £. It follows that Uy, : M} — Mk It is also well-known that if
f(z) =372 a(n)g" is a normalized eigenform for all of the T}, then

a(mn) = a(m)a(n) if ged(m,n) =1, (3.6)
a(f) =allYa(l) — x(O) a2 ift> 1. (3.7)

For all f € Z][[q]], the relationship between the operators © and Uy is given by
(f|U:) = f =01 (mod £). (3.8)

Using (3.8) and Lemma 3.1, wee see that the operator U, contracts the space M.
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Lemma 3.2 ([S1, §2.2, Lemme 2]). Suppose that £ > 5 is prime and f € My N Z][[q]].
(1) We have

w(f|Us) < £+ %

(2) Ifw(f) =£—1, then
’w(f‘Ug) =/—-1.

We also require a suitable basis for the space M, k. It is well-known that

k .
=] 4+1 if k# 2 (mod 12),
dy, := dimension(My) = { Ll,fJ 72 ) (3.9)
| 15] if k=2 (mod 12).
Using the forms E}(z) defined in Section 2, we see that a basis for M}, may be given as
By, = {BpEy B OA = g oyl (3.10)

Therefore, a basis for ﬂk consists of the reductions modulo £ of the basis forms in By.

4. THE PROOF OF THEOREM 2.1

The proof of Theorem 2.1 is an extension of the method of Ahlgren and Boylan [A-B] to
all odd positive integers r. As in [A-B| and [K-O], we will consider the sequence of filtrations
{w(f), w(O(f)), w(0*(f)),...}, where f is a suitable modular form. We remind the reader that
{ is prime and ¢ > r + 2. For the duration, we set

2-1
Ori=—51
and observe that 24(—rdy) = r (mod £). From (1.1) and (2.1) we deduce that

r r 0 1_qn rt* - n\r — n
I | ﬁ = [1a=a™*- Y pe(n—rs)q" (mod ¢),
n=0

n=1 n=1

which implies that

AU, = H (1—¢™)t- Zpr(én —1r0g)q" (mod £). (4.1)
n=1 n=0

Hence, if £ is exceptional for r, (4.1) implies that A™¢|U, = 0 (mod £). That is, we must have
w(A%|Up) = —o0.
Furthermore, by (3.2), it is clear that

r(f2—-1) £L—r
2

By (3.9) and (3.10), a modular form f € Mj has ordsof < &. Therefore, we obtain the
following.

w(A™) =16y - w(A) =

(mod £). (4.2)
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Lemma 4.1 (cf. [K-O, Lemma 2]). If m is a positive integer, then

w(OM™AT) > w(AT%).

Using (4.2) and iterating Lemma 3.1 give

L4+

w(©®2 A™) =0 (mod ), (4.3)
where j = “’TT is the smallest positive integer for which w(67A™¢) = 0 (mod £). We turn to
the proof of Theorem 2.1 (1).

The Proof of Theorem 2.1 (1).
Suppose that £ = r+ 2 is prime. If / is exceptional for r, then using 3.2 and 3.8, we conclude
that

1
w(A™|Up) = —c0 = Zw(AT‘S‘-' — O AT,

It follows that ©~1A™% = A% (mod £), and hence, that w(©"TA™) = w(A™¢). By (4.3),
we have w(©*"1A™) = 0 (mod £), but by (4.2), we have w(A"¢) # 0 (mod £). Therefore, the
prime £ = r 4+ 2 is not exceptional for r.

O

The Proof of Theorem 2.1 (2).
To prove Theorem 2.1 (2), we begin by defining, for every n > 1, integers A4(n) by

D " As(n)g" =" (62) € S2(T'0(36)).

We need the following proposition.

Proposition 4.2. If ¢ > 5 is prime and r = £ — 4, then £ is exceptional for r if and only if
A4(£) =0 (mod £).

Proof. We observe that

Z Ag(n)q" = ¢ H(1 )=y (1—g%)*

n=1 n=1 (1 - q6n)7’
= pa(k)g®™ > p(j)g¥ ! (mod £).
k=0 j=0
It follows that for all n, we have
Ag(6tn+£2) =3 pa(B)pe (Un— k) + £52)  (mod £). (4.4)
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We note that ﬁT_l = —76, (mod £). We let 6¢n+¢% = f's with ¢t > 1 and £ 1 s. Tt is well-known

that the modular form 7*(6z) is a normalized eigenform for all of the Hecke operators (since, for
example, the space S2(I'g(36)) is one-dimensional). By (3.6) and (3.7), we have the formulae

A Et N A4(£)A4(8) if t= 1,
1(t's) _{ (Aa(£= 1) Ag(l) — LAL(£52)) Aa(s) = Aa(£8-1) Aa(£) Aa(s) (mod £) if t > % |
4.5

If A4(¢) =0 (mod £), then by (4.5), we have A4(64n +£?) = A4(£ts) =0 (mod ¢) for all n. By
induction on n using (4.4) and the fact that p_;(0) = 1, we see that

2—-1
pr(fn +

)=0 (mod¥)

for all n, and hence, that £ is exceptional for 7.

Conversely, if £ is exceptional for r, (4.4) shows that for all n, we must have A4(6nf+£2) =0
(mod £). In particular, setting n = 0 and using (4.5) gives A4(£?) = A4(£)?> =0 (mod £). Hence
A4(£) =0 (mod ¢). O

To conclude, it suffices to show that A4(£) = 0 (mod £) if and only if £ = 2 (mod 3). This
is a consequence of the following.

Proposition 4.2 (c.f. [M-O, Theorem 3]). If ¢ > 5 is prime, then

A4(£):{0 if £=2 (mod 3),

2n- (2) if £=1 (mod 3), £=n?+ 3m?.

(4.6)

One may deduce (4.6) by combining the following g¢-series identities of Gauss, Kohler, and
Macdonald [A-A-R, Corollary 10.4.2], [K], [M].

(1) (Gauss)

(2) (Kohler-MacDonald)
5 62 o0 1— 6m\5 e i/m 2
1 O S e

We will revisit (4.6) in the context of Hecke newforms with complex multiplication in Sec-
tion 5. U

The Proof of Theorem 2.1 (3).
We now consider primes £ > r+ 6. In such cases, e# < £—2,s0 by (4.3), (4.2), Lemma 3.1,
and Lemma 4.1, there is an integer 0 < a < £ — 1 for which

r(é o 1)+(£’;r+1) (L+1)—all—1) (4.7)

> w(Ar(sl) — 7‘([27—1)

L4+T
2

w(@ +1Ar6£) —
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From (4.7), we have

L+ /+1 L+ 2 L+ r+3
<a< “To) = 2 )= .
1_a_( : +1)(£_1) (2 +1)(1+£_1) gt

Hence, since £ > r + 6, we find that

L+

1<a<
- = 2

+ 2. (4.8)

We would like to obtain the exact value of o when £ is exceptional for r so that we may explicitly
evaluate (4.7). If £ is exceptional for r, we recall that

1
w(AT*|Up) = 00 = Jw(A™ — OFTTAT),

Therefore, it is immediate that

w(©*1A75) = w(ars = D, (49)

If we suppose that w(©¢"2A™%) £ 0 (mod £), then Lemma 3.1 and (4.9) give

2 _
w(@é—lAws@) — w(@E—ZAMe) +£+ 1= T'(E 5 1),

implying that
w(@€—2Ar64) < w(Ar64)7

which contradicts Lemma 4.1. Thus, it must be that
w(©*2A™) =0 (mod ). (4.10)

From (4.3), (4.8), and (4.10), we see that there is a least positive integer j < 5= — 2 for
which o
w(©® 2 TTA™) =0 (mod £).

However, using (4.2), (4.3), and Lemma 3.1, we may also write

£4+Tr

w(O 2

+i AT — r(£? —1) N (Z-i—r

2 2
=j+a=0 (mod ¥).

+j) (+1)—a(f—1)

Since a, < “TT +2and 5 < E_TT — 2, we conclude that

I
o= +T+2
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Returning to the computation (4.7), we find that

wEF+Ary 2 (1) (“T + 1) €+1)+ (ég’" +2> (€—1)

2 2
2 -1
= %4—7“4—357“—1—3 (mod 12),
which shows that the reduction modulo ¢ of
O T HIAT = (pfy) T H g 4. £ 0 (mod £) (4.11)

lies in the space Mr( By (3.10), a basis for the space MT( may be given as

2D 143
re = B BT TIA = ¢ g (4.12)

Using (1.1), (2.1), (2.3), (4.11), and (4.12), it follows that for rd, < i < rd; + «,, there are
integers b; which satisfy

(=~

24" 5 @ H AT = e R b Er,  ELrorter =i Al
) = () ut S hE,

i=7dy

— r+3 * r
= A S (28 B BB
2=0

= q'f'(s[ H (]- - qn)T‘-eZ . Z Cr,iPrE:+3E2(ar_i)Ai

n=1 1=0
= "% H (1— MQ Z Z critri(n)g" (mod £),
n=1 =0 n=1 (413)

r43
= b;1r5,. Next, we observe that

S (ﬁu - q")r£2> =0 (mod #).

n=1

where ¢, ; := (_Tfi’") 24

Using this together with (1.1), (2.1), (3.3), and the fact that for all n, we have nT = (%)
(mod £), we compute

(—?7‘) 24r—;3 ®£+r+1Ar6;3 — (_TS;T) 24T42-3®l-|2-r+1 (H(l _ qn)re2 . Zpr(n)qn—{—rth)
n=0

3

n=1
3 - 2 2+ >
- 100" 0% (S )
n=1 n=0
o] r g
2 _ r43 T 52 —_— ]_ 2 + n
= ey ((%)24 : <n+7( 5 )> pr(n))q
n=0

7‘32 Z (’r(’r‘ 24”)) 2477; — T)Tt_Spr(’n,)qn (mOd K)
2 (4.14)

oo

¢ [[1—q")
n=1
00

q'r'ég H 1 _ q
n=1
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Comparing coefficients in (4.13) and (4.14) yields

ap oo a, n oo ar
Z Z Cr,iar,i(n)qn = Z Z CriQrg (n)qn + Z Z cr,iar,i(n)qn

1=0 n=1 n=0 =0 n=a,+1 i=0
= Z (r(r_ezzm)) (24n — T)TTHPT (n)g" (mod £). (4.15)
n=0

When 0 < n < a,, we note that a, ,(n) = 1. We also note that p,(0) = 1 for all 7. In particular,
when n = 0, we see by (4.15) that

Cro = (%) (—r) (mod #).

2

Since £ > r + 6, it follows that £ { r. Therefore, (TT) = 1, which gives

r43

cro=(=r)2 (mod¥). (4.16)

Similarly, when 1 < n < «,., we find that

n—1
Crn + Z Cri0ri(n) = (T(T%‘m)) (24n —r) T;r_sp,«(n) (mod 2),
i=0

which implies that
s n—1
— —24 r+3
Crm = (%) (24n — 1) p,.(n) — 2; Critri(n) (mod £). (4.17)
1=

When r #Z 9 (mod 12), using (2.2), we observe that 24n —r < r+6 < £, so £ { r — 24n.
Alternatively, when 7 = 9 (mod 12), using (2.2), we see that 24n — r < r + 6 < £. Hence, if
£ | r—24n, then £ = 24n —r. However, 24n—r is not prime when r = 9 (mod 12), so £ { r — 24n.

Therefore, when 1 < n < «a, we must have (W) = +1.

We recall that the integers A, (0) and AF(n) are defined by

r4+3

4,(0) == (=r) 7=,
AZ(n) := +(24n — T)T;r_spr(n), n > 1.

Using (4.16) and (4.17), we find that there is an

s€S:={s5=(s(1),...,8(a)) | s(4) € {+,-}, 1 <j<a,}
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for which

Cro = ¢r0(5) = Ar(0) (mod £),

[ay

Crm = Crn(3) = AX™M(n) =Y ¢ i(S)ari(n) (mod £), 1< n< o (4.18)
1=0

Suppose now that n > «, + 1. By (4.15) and (4.18), we see that there is an § € S for which
(T(T%‘m)) (24n—7") 3 pr(n ZC” 5)ari(n) =0 (mod ¥).
It follows that for every n > «,. + 1, £ must divide one of the integers in the set

{Ai Zcr 1(3 arz }seS

This completes the proof of Theorem 2.1 (3).
U

5. THE PROOF OF THEOREM 2.3

A formal power series F(q) = > a(n)g" is called lacunary if

Xli_{noo #{n < X)|(a(n) =0}

=1.

Serre [S2, Théoreme 17] proved that an integral weight modular form f(z) is lacunary if and
only if it is a finite linear combination of modular forms with complex multiplication (see, for
example, [Ri], for background on CM forms). In [S3], Serre classified all positive even powers
of the Dedekind eta-function which are lacunary.

Theorem 5.1 (Serre [S3, Théoréme 1]). Suppose that r > 0 is an even integer. The function
n" is lacunary if and only if r is equal to 2,4,6,8,10,14, or 26.

Moreover, in these seven cases, Serre gave an explicit decomposition of " as a linear combi-
nation of CM forms [S3, §2]. To see how Theorem 2.3 follows, we will prove (2) of that theorem
for ¢ = 10. We observe that Theorem 2.3 (1) for ¢ = 4 was proved in Section 4 as part of the
proof of Theorem 2.1 (2).

Following Serre [S3, §2.5], we write

S A" = 00122) = o (B, — brce):

n=>5
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where
OK e = Ea(122)1°(122) £+ 48n"°(122) Za:{: n)g" € S5 (To(2* - 3%), (71))

are two CM newforms associated to certain Hecke characters ci of the imaginary quadratic
field K = Q(+/—1) . (For our purposes, the definition of these characters is not important).
Suppose that £ > 11 is a fixed prime and that £ = 3 (mod 4). Suppose also that r = £ — 10.
Then

o) 0 O 12n l
D A" =n(122) = ¢° [[(1 - ¢ = ¢° H m
n=>5 n=1 n:l

i 12£ Z 12g+5 mOd E)

We deduce that

1
A(126n + 56%) = %(a+(12£n + 502) — a_(124n + 5£2))
- 52 -1
=S ot (#0-0) + X)) mod o),
k=0
and observe that @ = —rd; (mod £). Since the newforms ¢x ., arise from the field

= Q(v/—1), it must be that ax(¢) = 0 when £ = 3 (mod 4) is prime. Now we let 12/n +
5¢2 = ('s with ¢t > 1 and £ { s. The newforms ¢ ., are normalized eigenforms for the Hecke
operators. By (3.6) and (3.7), it follows that when £ = 3 (mod 4), we obtain the formulae

4 (éts)_{ai(f) +(s) =0 ift =1,
* | (ax (@ Yar () + rar (#72))a(s) =0 (mod £) if ¢ > 1.

Therefore, for all n > 0, we see that

N e 2@ DY
gp_1<k>pr(z(n B+ 2 )_o (mod £).

Theorem 2.3 (2) with 4 = 10 now follows by induction on n since p_1(0) = 1. The remaining
parts of Theorem 2.3 have similar proofs, observing from [S3, §2, §3] that 7°(4z) is a CM new-
form associated to the field K = Q(y/—1), that when r = 4,8, or 14, 5" is a linear combination
of CM newforms associated to the field K = Q(v/—3), and that n?¢(122) is a linear combination
of CM newforms arising from the fields K = Q(v/—1) and K' = Q(v/—=3). O

We also mention that one may deduce Theorem 2.3 from the perspective of modular functions
using the work of Newman [N2, Theorem 1].
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6. REMARKS ON COMPUTATION

Suppose that £ > 5 is prime and that r is an odd integer with 1 < r < /¢ — 1. Suppose also
that £ is exceptional for r, but not superexceptional for . The exceptionality of £ may then be
verified by Theorem 2.3. On the other hand, to verify that £ is superexceptional for r requires
a finite computation.

There are a variety of ways to computationally verify an alleged superexceptional congruence.
Suppose f = 3°°  a(n)q™ N Z[[g]] has f € My. By (3.9), if a(n) =0 (mod £) for all n < | £ ],
then f = 0 (mod £). Furthermore, by (4.1), £ is exceptional for r if and only if A" ‘Ue =
(mod £). Applying Lemma 3.2 together with (3.1) shows that w(A"|Uy) < r(£—1). Hence, to
verify the alleged exceptionality of £ for r, it suffices to check that the first [r(ﬁgl)J coefficients
of ATd |Ug vanish modulo £.

Other computational methods may also be used. For example, using methods different than
ours, Kiming and Olsson [K-O, Theorem 4] determined all r for which ¢ < 19 is exceptional.
We also note that, in recent work, Stanger [St, Theorem 1] used modular functions to develop
a different computational criteria. He used this criteria to classify all r for which a fixed £ < 71
is exceptional.
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