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Frames

A sequence {¢}aen is a frame for a Hilbert space H if

AIFIP < YK e < BIFIP
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If A = B, the frame is tight.
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A sequence {¢)}aren is a frame for a Hilbert space H if
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If A = B, the frame is tight.
Trivial description of H by means of frame coefficients:
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Frames are not bases (in general) but still,
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Frames of Curvelets and Shearlets
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Frames of Curvelets and Shearlets
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Definition (Candes, Donoho: Curvelets '03)

bnzt: R? — C with parameters n € Z (shape AND scaling),
z € 72 (location), and 1 < k < 2["/21+2 (direction).

(6n21) (€)= Wall€]) Vi (&/1€]) €2 ner®
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Definition (Kutyniok, Labate: Shearlets on the cone '05)
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Definition (Kutyniok, Labate: Shearlets on the cone '05)

bnzt: R? — R with parameters n € Z (shape AND scaling),
z € 72 (location), and —2" < k < 2" (direction/shear).
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> W, (|€1]) “first coordinate” window.
> V,k(&2/&1) slope window.
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Different frames?

» Same
spatial localization, scaling, directional sensitivity, sparsity.

» Different
frequency localization, generation at different levels.
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How to prove equivalence of these two frames?

» Same description of Smoothness Spaces




How to prove equivalence of these two frames?

» Same description of Smoothness Spaces

» Same Approximation Spaces

XN = {ZeeANCK b #AN = N}
As(HAXR  ven}) = AS(HAXR ™ ven})
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Approximation Spaces

A;(H, {Xn}nen) = {f eH: (i %(nSE(f, Xn)H)q>1/q < oo},

n=1

Az (H A X nen) = {f € H i supn* B(f, Xo) < o0},
neN
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Approximation Spaces
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Decomposition Spaces (Feichtinger, Grébner) "80s

» {Q)}acn a covering of R? satisfying:

aN > O,V)\o,ﬂ{)\ QANQN, 7'&@} < N.

» {1\ }rea a partition of unity satisfying:

> Suppt/ulc Q1A X
> /s\uR|Q,\| P F ||, ey < 0o for 0 < p < 1.
S

» A moderate weight w = {w) = w(z))}rea:
» w: R? — R satisfying w(z) < Cw(y), =,y € Qx.
> I\ € Q)\.
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Decomposition Spaces (Feichtinger, Grébner) "80s

» {Q)}acn a covering of R? satisfying:
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» A moderate weight w = {w) = w(z))}rea:
» w: R? — R satisfying w(z) < Cw(y), =,y € Qx.
> I\ € Q)\.
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Besov Spaces (Frazier, Jawerth, Weiss) "91

feB;(L R2 1ffz</ (1+2°")?|D f(:n)|pdw>q/p<oo

neL

Is N N

> Atoms (Dyf) (€) = ¥n(€)F(€),

where
supp ¢, = {27 < [¢] < 27,
Y onez ¥n(§) = 1.

» Weights w, =1+ 2°"




Besov Spaces (Frazier, Jawerth, Weiss) "91

» A=7. ( N
» Covering:

Qn = {27171 < ’E‘ < 2n+1}.
» Partition of Unity: i, radially

symmetric, >, n(§) = 1 for all
¢ € R?\ {0}.
» Moderate weight: w, =1+ 2™,

B (Ly(R?)) = D({Qu}, {¥n}) " )
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Curvelet Decomposition Spaces

» A={neNk=1,...,2["/2+2,
» Covering:

@nk = SUDPD Pnok-
» Partition of Unity:

wnk = |¢n0k’2-
» Moderate weight: w,; = 2™°. e
L A Ve =
<{an’} {wnk}> ( ot e

oMl




Theorem (B-S ’09)

Define Yk = |pnor|*, Quk = supp tur, A = {(n,k)}. Then, for
the same moderate weight w,

zD({ cutn}A7 {wcurn}A)Zq A]R;; _ ({Qsheat} {¢5heut )fq (Aw)

(R2)

with equivalent norms.




Function Spaces via Frame Decompositions

Sketch of the Proof
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Sketch of the proof

» The coverings Qeueo — {Q;L]lftn} and 9shear — {szeat} are
“equivalent”:

QU is subordinate to {[Q]?h“‘t Q€ QSheat}
099 i subordinate to {[Q];‘“‘“ Qe chw}

on




Sketch of the proof

» The coverings Q™™ = {Q5} and Qehear — {stw} are
“equivalent”:
QM is subordinate to {[Q]?hm Q€ Dshwt}
09 i subordinate to {[QI5** : Q € Q™}

» The families {1} and {wﬁbmt} are partitions of unity
satisfying

sup | Q| P F bl < oo for all 0 < p < 1
(n,k)eA




Sketch of the proof

» The COVerings Qeure {chw} and Qshea’c {steat} are
“equivalent”:

QU is subordinate to {[Q]?h“‘t Q€ QSheat}
099 i subordinate to {[Q];‘“‘“ Qe chw}

» The families {1} and {wﬁbmt} are partitions of unity
satisfying

sup | Qui| /P F il < 0o for all 0 < p < 1
(n,k)eA

» Under these conditions, a Theorem by Feichtinger and
Groebner (1985) states that the corresponding
decomposition spaces must be equal, with equivalent

norms. @ IMI
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Future Work
From Decomposition Spaces to Approximation Spaces
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Next steps?

» Embedding Theorems

Theorem (Borup, Nielsen '06)

For0<p<oo,0<s,q<o0ands = max(lal/p)z—min(lvl/q)’

B0 (L,(R?)) — D% (L, (R%)) — B~ (L,(R?))




Next steps?

» Embedding Theorems

Theorem (Borup, Nielsen '06)

For0<p<oo,0<s,q<o0ands = max(lal/p)z—min(lvl/q)’

B0 (L,(R?)) — D% (L, (R%)) — B~ (L,(R?))

» Equivalence of Approximation Spaces
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